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1. Introduction

For undirected graphs with nonnegative weights, the normalized graph Laplace operator A is a
well studied object, see e.g. the monograph [8]. In addition to its mathematical importance, the spec-
trum of the normalized Laplace operator has various applications in chemistry and physics. However,
it is not always sufficient to study the normalized Laplace operator for undirected graphs with non-
negative weights. In many biological applications, one naturally has to consider directed graphs with
positive and negative weights [3]. For instance, in a neuronal network only the presynaptic neuron
influences the postsynaptic one, but not vice versa. Furthermore, the synapses can be of inhibitory or
excitatory type. Inhibitory and excitatory synapses enhance or suppress, respectively, the activity of
the postsynaptic neuron and thus the directionality of the synapses and the existence of excitatory
and inhibitory synapses crucially influence the dynamics in neuronal networks [3]. Hence, a realistic
model of a neuronal network has to be a directed graph with positive and negative weights in which
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the neurons correspond to the vertices and the excitatory and inhibitory synaptic connections are
modeled by directed edges with positive and negative weights, respectively.

In contrast to undirected graphs not much is known about normalized Laplace operators for di-
rected graphs. In [9] Chung studied a normalized Laplace operator for strongly connected directed
graphs with nonnegative weights. This Laplace operator is defined as a self-adjoint operator using the
transition probability operator and the Perron vector.! For our purposes, however, this definition of
the normalized Laplace operator is not suitable since by the above considerations we are particularly
interested in graphs that are neither strongly connected nor have nonnegative weights. In this article,
we define a novel normalized Laplace operator that can in particular be defined for directed graphs
that are neither strongly connected nor have nonnegative weights. In contrast to Chung’s normalized
Laplace operator our normalized Laplace operator is in general neither self-adjoint nor nonnegative.
Moreover, our definition of the normalized Laplace operator is motivated by the observation that it
has already found applications in the field of complex networks, see [2,3].

The paper is organized as follows. In Section 2 we define the normalized Laplace operator for di-
rected graphs and in Sections 3 and 4 we derive its basic spectral properties. In Section 5 we characterize
directed acyclic graphs by means of their spectrum. Extremal eigenvalues of the Laplace operator are
studied in Sections 6 and 7. In Section 8 we prove several eigenvalues estimates for the normalized
Laplace operator. Finally in Section 9 we introduce the concept of neighborhood graphs and use it to
derive further eigenvalue estimates.

2. Preliminaries

Unless stated otherwise, we consider finite simple loopless graphs.LetI" = (V, E, w) be a weighted
directed graph on n vertices where V denotes the vertex set, E denotes the edge set,andw : VxV — R
is the associated weight function of the graph. For a directed edge e = (i, j) € E, we say that there is
an edge from i to j. The weight of e = (i, j) is given by w;; 2 and we use the convention that wji = 0if
and only ife = (i, j) ¢ E.The graph I" = (V, E, w) is an undirected weighted graph if the associated
weight function w is symmetric, i.e. satisfies w;j = wj; for all i and j. Furthermore, I' is a graph with
nonnegative weights if the associated weight function w satisfies w;; > 0 for all i and j. For ease
of notation, let G denote the class of weighted directed graphs I". Furthermore, let GY, G and G'*
denote the class of weighted undirected graphs, the class of weighted directed graphs with nonnegative
weights and the class of weighted undirected graphs with nonnegative weights, respectively. The in-
degree and the out-degree of vertex i are given by d;" := >; w; and dout = > wji, respectively. A
graph is said to be balanced if d%“ = d?“t for all i € V. Since every undirected graph is balanced, the
two notions coincide for undirected graphs. Thus, we simply refer to the degree d; of an undirected
graph. A graph I' is said to have a spanning tree if there exists a vertex from which all other vertices
can be reached following directed edges. A directed graph I' is weakly connected if replacing all of its
directed edges with undirected edges produces a connected (undirected) graph. A directed graph I' is
strongly connected if for any pair of distinct vertices i and j there exists a path from i to j and a path
from j to i. An undirected graph is weakly connected if and only if it is strongly connected. Hence, we
do not distinguish between weakly and strongly connected undirected graphs. We simply say that the
undirected graph is connected if it is weakly (strongly) connected.

Definition 2.1. Let C(V) denote the space of complex valued functions on V. The normalized graph
Laplace operator for directed graphs I' € G is defined as

A C(V) = C(V),

1 A similar construction is used in [22] to study the algebraic connectivity of the Laplace operator L = D — W defined on directed
graphs.

2 We use this convention instead of denoting the weight of the edge e = (i, j) by wijj, since it is more appropriate if one studies
dynamical systems defined on graphs, see for example [2].
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v(i) — di > wiv(j) if di #£ 0.

else.

Av(i) =

If d}:“ # 0foralli € V, then A is given by
A=I1-D""w,
where D : C(V) — C(V) is the multiplication operator defined by
Dv(i) = d™v(i) 2)
and W : C(V) — C(V) is the weighted adjacency operator
Wv(i) = ZWUVU).

jev

When restricted to undirected graphs with nonnegative weights, Definition 2.1 reduces to the well-
known definition of the normalized Laplace operator for undirected graphs with nonnegative weights,
c.f. [16].

The choice of normalizing by the in-degree is to some extend arbitrary. One could also consider the
operator

A C(V) — C(V),
v(i) — o > w;iv() if P 5 0.

0 else.

Av(i) = (3)

Note however, that both operators A and A are equivalent to each other in the sense that A(I') =
A(T), where T is the graph that is obtained from I" by reversing all edges.

Since we consider a normalized graph Laplace operator, i.e. we normalize the edge weights w.r.t.
the in-degree, vertices with zero in-degree are of particular interest and need a special treatment. We
define the following:

Definition 2.2. We say that vertex i is in-isolated or simply isolated if w;; = 0 for all j € V. Similarly,
vertex i is said to be in-quasi-isolated or simply quasi-isolated if d;" = > wij =0.

Note that every isolated vertex is quasi-isolated but not vice versa. These definitions can be extended
to induced subgraphs:

Definition 2.3. LetI" = (V,E,w) € G be agraphand I’ = (V/, E’, w’) be an induced subgraph of
IieV CV,E =EN{V'xV) CEandw : V' xV — R,w := w|g. We say that '’ is isolated if
wj; = Oforalli € V'andj ¢ V. Similarly, I'"is said to be quasi-isolated if >;cy\» wy = Oforalli € V.

We do not exclude the case where V' = V. Thus, in particular, every graph I is isolated.
It is useful to introduce the reduced Laplace operator Ag.

Definition 2.4. Let Vx C V be the subset of all vertices that are not quasi-isolated. The reduced Laplace
operator Ag : C(Vg) — C(VR) is defined as

1
Agv(i) = v(i) — — D" wyv(j) i€ Vg, (4)
i jeWg

where d" is the in-degree of vertex i in I".
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As above Ay can be written in the form Ag = I — DE1 Wk where Iy is the identity operator on V.
It is easy to see that the spectrum of A consists of the eigenvalues of Ag and |V \ Vg| times the
eigenvalue 0, i.e.

spec(A) = (]V \ Vg| times the eigenvalue 0) U spec(Ag). (5)

We remark here that Ay can be considered as a Dirichlet Laplace operator. The Dirichlet Laplace
operator for directed graphs is defined as in the case of undirected graphs, see e.g. [13]. Let 2 C V and
denote by C(£2) the space of complex valued functions v : 2 — C. The Dirichlet Laplace operator Ag
on C(R2) is defined as follows: First extend v to the whole of V by setting v = 0 outside 2 and then

Aqv = (AV)|q,

i.e. foranyi € Q we have

Aqv(i) = v(i) - dmzwuvo)—va)— dmeuv(n

i jev i jeQ

since v(j) = Oforallj € V \ Q.Hence, Ag = Agq if we set Q = V.

As already mentioned in the introduction, we are particularly interested in graphs that are not
strongly connected. However, every graph that is not strongly connected can uniquely be decomposed
into its strongly connected components [6]. Using this decomposition, the Laplace operator A can be
represented in the Frobenius normal form [6], i.e. either I" is strongly connected or there exists an
integerz > 1s.t.

Ay Ay o Aqg

0 Ay -+ Ay,
A= . | (6)

0 0 - A,

where A1, ..., A, are square matrices corresponding to the strongly connected componentsI'y, ...,
I'; of T'. In the following, the vertex set of I'y is denoted by V. Then the off-diagonal elements of Ay are
ofthe form W“ foralli, j € Vi 1fd‘“ # 0and zero otherwise and the diagonal elements are either zero (if

the in- degree of the corresponding vertex is equal to zero) or one (if the in-degree of the corresponding
vertex is non-zero). If Vi, does not contain a quasi-isolated vertex, then Ay is irreducible. Furthermore,
the submatrices Ay, 1 < k < | < z are determined by the connectivity structure between different
strongly connected components. For example, Ay contains all elements of the form %I i L foralli € Vi

1

and allj € V). A simple consequence of (6) is that

z

spec(A) = [ spec(A)). (7)
i=1

Note that A;,i = 1, ..., z, is a matrix representation of the Dirichlet Laplace operator of the strongly
connected component I';, i.e. A; = Aq for @ = V;. To sum up our discussion, the spectrum of the
Laplace operator of a directed graph is the union of the spectra of the Dirichlet Laplace operators of its
strongly connected components I';.

We conclude this section by introducing the operator P := I — A. We have

P:C(V)— C(V),
di > wyv(j) if di #£ 0.

v(i) else.

Pv(i) =
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For technical reasons, it is sometimes convenient to study P instead of A. Clearly, the eigenvalues of
A and P are related to each other by

A(A) =1—A(P), 9

i.e.if A is an eigenvalue of P then 1 — A is an eigenvalue of A. When restricted to graphs I" € G,
P(T") is equal to the transition probability operator of the reversal graph I'. Furthermore, we define

the reduced operator PR = Ig — Ag = DE]WR.

3. Basic properties of the spectrum
In this section, we collect basic spectral properties of the Laplace operator A.
Proposition 3.1. Let I' € G then following assertions hold:

(i) The Laplace operator A has always an eigenvalue Ly = 0 and the corresponding eigenfunction is
given by the constant function.
(ii) The eigenvalues of A appear in complex conjugate pairs.
(iii) The eigenvalues of A satisfy

n—1 n—1
D k=D Ry = Vgl
i=0 i=0

(iv) The spectrum of A is invariant under multiplying all weights of the form wy; for some fixed i and
j=1,...,nbyanon-zero constant c.

(v) The spectrum of A is invariant under multiplying all weights by a non-zero constant c.

(vi) The Laplace operator spectrum of a graph is the union of the Laplace operator spectra of its weakly
connected components.

Proof.

(i) This follows immediately from the definition of A since

Av) — %zmwwo—m»ﬁ@¢a
0 else.
(ii) Since A can be represented as a real matrix, the characteristic polynomial is given by
det(A —Al) = ag+ ajh + - + a1 A",
withg; € Rforalli = 0,1,...,n — 1. Consequently, det(A — Al) = 0 if and only if det

(A — A =0.
(iii) The equality Zf:ol A= Z;:J N (X;) follows from (ii). By considering the trace of A, one obtains
S0 hi = [Val-

(iv), (v) and (vi) follow directly from the definition of A. O

From Proposition 3.1(v) it follows that it is equivalent to study the spectrum of graphs with non-
negative or nonpositive weights. Moreover, because of Proposition 3.1(vi), we will restrict ourselves
to weakly connected graphs in the following.

Proposition 3.2. The spectrum of A satisfies
spec(A) € D(1,r1) U {0} € D(1,rp) U {0} € D(1,1) U {0},

where D(c, r) denotes the disk in the complex plane centered at ¢ with radius r and
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Sicve, Wil
= max max — ——,
p=1,....zieVg |di |
ZjevR [wij|
r2 1= max =C
ieVg |dl |
and
r = maxr(i), (10)
ieV
where r(i) = sz{;,Jr’ijl. Here, Vg 1, ..., Vg ; are the strongly connected components of the induced sub-
i

graph I'r whose vertex set is given by Vg. We use the convention that ry, r, and r are equal to zero if
d" = 0.
1

Proof. Clearly, i < ry < r and the proof follows from Gersgorin’s circle theorem (see e.g. [15]) and
(5)-(7). O

For undirected graphs with nonnegative weights Proposition 3.2 reduces to the well-known result
[8], that all eigenvalues of A are contained in the interval [0, 2].

The radius r in Proposition 3.2 has the following properties: r > 1 ifand only if Vg = #andr = 0
if and only if Vg = @.

Lemma 3.1. Let I" be a graph without quasi-isolated vertices and let r(i) = r = 1 for alli € V. Then
there exists a graph I'T € G that is isospectral to T

Proof. Since r = 1 it follows from the definition of r that for every vertex i € V the sign sgn(wj) is
the same for allj € V. By Proposition 3.1(iv) the graph '™ € G that is obtained from I" by replacing
the associated weight function w by its absolute value |w| is isospectral to I". O

In the following, I'" is called the associated positive graph of I".

Corollary 3.1. For graphs I' € G the non-zero eigenvalues satisfy

V
1—r< min Ry) < [Vl < max W) <1+, (11)
i:)\.i;éo n—mo i:)\,';éo

where mg denotes the multiplicity of the eigenvalue zero. In particular, we have
1 < max N).
S max, (A4)
Proof. This estimate follows from Propositions 3.1(iii) and 3.2. The last statement follows from the
observation thatn — mg < |Vg|. O
Later, in Corollary 7.4, we characterize all graphs for which max;.;; o %(%;) = 1 + r. Similarly, in
Corollary 7.7, we characterize all graphs for which min;;3; 20 W(A;) = 1 — r, provided thatr > 1.
For graphs with nonnegative weights, Proposition 3.2 can be further improved.
Proposition 3.3. Let " € G, then all eigenvalues of the Laplace operator A are contained in the shaded
region in Fig. 1.
Proof. This follows from the results in [11], see [19] for further discussion. [J

We close this section by considering the following example.
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Fig. 1. For a graph T' € G™ with n vertices, all eigenvalues of A are contained in the shaded region.

(a) "2 (b) 1
®
5
-1 112 1 1
¢ 12 1

Fig. 2. (a) The eigenvalues of A are 1.45 % 0.46i, 1.10, 0. (b) The eigenvalues of A are 1.65, 1.18 £ 0.86i, 0.

Example 1. In [8] it is shown that the smallest nontrivial eigenvalue A; of non-complete undirected
graphs I' € G“* with nonnegative weights satisfies A; < 1. It is tempting to conjecture that
min;xo N(A;) < 1 for all non-complete undirected graphs with positive and negative weights and
for all non-complete directed graphs with nonnegative weights. However, the two examples in Fig. 2
show that this is, in general, not true. For both, the non-complete graph I'y € G" in Fig. 2(a) and the
non-complete graph I’ € G in Fig. 2(b) we have min;.g N(A;) > 1. Thus, there exist non-complete
graphs 'y € GY and I'; € G for which the smallest non-zero real part of the eigenvalues is larger
than the smallest non-zero eigenvalue of all non-complete graphs I' € GUT. This observation has
interesting consequences for the synchronization of coupled oscillators, see [1].

4. Spectrum of A and isolated components of I’
We have the following simple observation:

Lemma 4.1. Consider a graph T' € G and let T';, 1 < i < r be its strongly connected components.
Furthermore, let the Laplace operator A be represented in Frobenius normal form (6). Then we have:

(i) IfT;isisolated, then Ajj = 0 forallj > i.
(ii) If T'; is quasi-isolated, then the row sums of A (i+1) - . . Ay add up to zero.

Moreover, if T € GT then

(ifi) I';is isolated if and only if Ajj = 0 forallj > i.
(iv) T is quasi-isolated if and only if the row sums of A; (i+1) . . . Ajr add up to zero.
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Lemma4.2. Everygraph" € G contains at least oneisolated strongly connected component. Furthermore,
I' € G contains exactly one isolated strongly connected component if and only if I' contains a spanning
tree.

Proof. This follows immediately from the Frobenius normal form of A. O

In particular, every undirected graph I' € G" is strongly connected and isolated.
In general, it is not true that the spectrum of an induced subgraph I’ of T is contained in the
spectrum of the whole T, i.e. spec(A(T")) Q spec(A(T")). However, we have the following result:

Proposition 4.1. Let I' € G and I'’ be an induced subgraph of T. If one of the following conditions is
satisfied

(i) T/ consists of 1 < p < r strongly connected components of I" and is quasi-isolated,
(ii) T is isolated,

then
spec(A(I")) C spec(A(T)).
Proof.

(i) First, assume that I'’ is quasi-isolated and consists of p strongly connected components of I".
Without loss of generality we assume that I’ = Uf=1 I;. Since I' is quasi-isolated we have for
all verticesi € V':

dt =3 wi= 2wt D wi= 2wy
jev jev’ Jjev\V/ jev’
Thus, the in-degree of each vertex i € V' is not affected by the vertices in V \ V. Using (6) and
(7) we obtain

p r
spec(A(T')) = U spec(A;) C U spec(Aj) = spec(A(T)).
i=1 i=1

(ii) Now assume that I'/ is isolated. Observe that each isolated induced subgraph I'’ of I" has to
consist of p, 1 < p < r strongly connected components of I'. Thus, the second assertion follows
from the first one. O

We will make use of the following theorem by Taussky [20].

Theorem 4.1 [20]. A complex n X nmatrix A is non-singular if A is irreducible and |A;;| 2> > ;i |Ajj| with
equality in at most n — 1 cases.

Lemma 4.3. Let ' € G be a graph with nonnegative weights and let T;, 1 < i < r be its strongly
connected components. Furthermore, let A be represented in Frobenius normal form. Then, zero is an
eigenvalue (in fact a simple eigenvalue) of A; if and only if T'; is isolated.

Proof. We observe thatsinceI" € G, it follows that d}“ # Oforallj € I';and hence A; is irreducible.
First assume that I'; is not isolated. Assume further that I'; consists of more than one vertex. Then there
exists a vertex k € V; s.t. wy; # 0 for some [ ¢ V;. For vertex k we have

2 jev; Wil [wig|
(Al = 1> S0 =5 20 = 7 (A,

. n
2jev Wil jev; Id}| jev;
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For all other j € V; we have

(Al =1 Z:d,’n’: S 1Al

leV; leV;

and hence by Theorem 4.1, 0 is not an eigenvalue of A;. If ['; consists of one vertex, then 1 is the only
eigenvalue of A; and hence 0 is not an eigenvalue of A;.

Now we assume that I'; is isolated and consists of more than one vertex. We consider the operator
P; := I; — Aj, where I; is the identity operator on I';. Since all row sums of P; are equal to one, it
follows that the spectral radius p of P; is equal to one. Moreover, since I' € G™, it follows that P; is
nonnegative and irreducible. The Perron-Frobenius theorem implies that p = 1is a simple eigenvalue
of P; and hence, by (9), 0 is a simple eigenvalue of A;. If I'; is an isolated vertex, then clearly 0 is a simple
eigenvalue of A;. O

Theorem 4.2. ForagraphT" € G™ the following four statements are equivalent:

(i) The multiplicity my (P) of the eigenvalue one of P is equal to k.

(ii) The multiplicity mo(A) of the eigenvalue zero of the Laplace operator A is equal to k.
(iii) There exist k isolated strongly connected components in T".
(iv) The minimum number of directed trees needed to span the whole graph is equal to k.

Proof. (i) < (ii) follows from (9). (ii) < (iii) follows from Lemma 4.3 and (7). (iii) < (iv) follows
from the Frobenius normal form and Lemma 4.1 (iii). O

A similar result was obtained for the algebraic graph Laplace operator L = D — W in [21]. In the
presence of negative weights, Theorem 4.2 is not true anymore. However, for general graphs I' € G
we have the following:

Corollary 4.1. ForagraphT" € G we have:

(i) my(P) = mp(A).
(ii) The number of isolated strongly connected components in I' is equal to the minimum number of
directed trees needed to span T".
(iii) The number of isolated strongly connected components in I is less or equal to the multiplicity of the
eigenvalue zero of A.

Proof. The first two statements follows exactly in the same way as in Theorem 4.2, since the proof is
not affected by the presence of negative weights. The third assertion follows from the observation that
for every isolated strongly connected component I'; the Laplace operator A; has at least one eigenvalue
equal to zero. This observation follows immediately from Propositions 4.1 and 3.1(i). O

5. Directed acyclic graphs

Definition 5.1. A directed cycle is a cycle with all edges being oriented in the same direction. A vertex
is a cyclic vertex if it is contained in at least one directed cycle. A graph is an directed acyclic graph if
none of its vertices are cyclic. The class of all directed acyclic graphs is denoted by G*°.

Note that a directed acyclic graph is not necessarily a directed tree, because we do not exclude the
existence of topological cycles in the graph. If A is represented in the Frobenius normal form, then we
immediately obtain the following:

Lemma 5.1. The following three statements are equivalent:
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(i) T € G is a directed acyclic graph.
(ii) Every strongly connected component of I' consists of exactly one vertex.
(iii) A represented in Frobenius normal form is upper triangular.

Theorem 5.1.

(i) IfT € G“ is a directed acyclic graph, then spec(A) C {0, 1}. Furthermore, mg(A) = |V \ Vg| and
my(A) = |Vgl.

(ii) T € GT and spec(A) C {0, 1} ifand only if I € G 7.

Proof. The first part follows immediately from Lemma 5.1, the definition of A, and (7). Thus, we only
have to prove thatif ' € G and spec(A) C {0, 1} thenI" € G . Assume the converse, i.e. assume
that I' € G* and spec(A) € {0,1} but I' ¢ G . Then, by Lemma 5.1 there exists a strongly
connected component I'; in I consisting of at least two vertices. First, assume that I'; is isolated. Then,
by Lemma 4.3 exactly one eigenvalue of A; is equal to zero. Using Proposition 4.1 and Corollary 3.1 we
conclude that there exists an eigenvalue A € spec(A) s.t. R(L) > n‘"_"l > 1wheren; = |V;| > 1.This
is the desired contradiction. Now assume that I'; is not isolated. By Lemma 4.3, all eigenvalues of A; are
non-zero.SinceI" € G, P;is nonnegative and irreducible. The Perron-Frobenius theorem implies that
the spectral radius p of P; is positive and is an eigenvalue of P;. By (9), 1 — p is an eigenvalue of A; that
satisfies1 > 1 — p > 0. Hence, we have a contradiction to the assumption that spec(A) C {0, 1}. O

Corollary 5.1. If k eigenvalues of A are not equal to 0 or 1, then there exists at least k cyclic vertices in the
graph.

6. Extremal eigenvalues

In this section, we study eigenvalues A of A that satisfy [1 — A| = r, i.e. eigenvalues that are
boundary points of the disc D(1, r) in Proposition 3.2.

Definition 6.1. LetI" € G and I'’ be an induced subgraph of I'. The induced subgraph I'” is said to be
maximal if all vertices i € V' satisfy

r(i) = mlax r() =r,

where as before

Note that, if we exclude isolated vertices, then every graph with nonnegative weights I' € GV is
maximal. Thus, in particular, every connected graph I' € G"* is maximal.

Proposition 6.1. Let ). 7 0 be an eigenvalue of A that satisfies |1 — A| = r. Then T" possesses a maximal,
isolated, strongly connected component that consists of at least two vertices.

Before we prove Proposition 6.1, we consider the following lemma.
Lemma 6.1. Let . # 1, be an eigenvalue of P that satisfies |A| = r. Then A is an eigenvalue of the Dirichlet
operator Py, that corresponds to the strongly connected component I'y, for some k. Furthermore, I'y, consists

of at least two vertices and the corresponding eigenfunction u for A satisfies |u(i)| = const for alli € V.

Proof. From (6) and (7) it follow that A is an eigenvalue of Py for some 1 < k < z. Since we assume
that A # 1 it follows that Vg # ¥ and hence r > 1. This in turn implies that I consists of at least two
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vertices because otherwise by Theorem 5.1 and (9), Py has only one eigenvalue which is either equal
to zero or one. So we only have to prove that |u(i)| = const for all i € V.

Assume that |u| is not constant on V. Since Iy is strongly connected, there exists two vertices i, j in
Vi that satisfy wj; # 0 and [u(j)| < |u(i)| = maxey, |u(l)|. Again, since A # 1 it follows thati € Vg
and hence we have

1

Pru(i)| = < —
|Pu(i)| ]

> wallu()]

leVy

1
g > wiu(l)

i leVy

< r(i) max |u()] < rmax |u(l)|.
leVy leVy

On the other hand we have

[Peu()] = [Allu(@)] = r max Ju(})]. (12)
leVy
This is a contradiction to the last equation. [J
Now we prove Proposition 6.1.

Proof. For simplicity, we consider P instead of A. Formulated in terms of P we have to show the
following: Let A # 1 be an eigenvalue of P that satisfies [A\| = r then I" possesses an isolated,
maximal, strongly connected component consisting of at least two vertices. As in the proof of Lemma
6.1 one can show that X is an eigenvalue of the operator Py that corresponds to a strongly connected
component Iy consisting of at least two vertices.

First we show that all vertices in I'y are not quasi-isolated. Assume that at least one vertex, say
vertex [, in 'y is quasi-isolated. Then

Pru(l) = u(l) = ru(l).

Since A # 1 it follows that u(I) = 0. Thus, we have |u(l)| < maxjey, |u(j)| which is a contradiction to
Lemma 6.1.

Now we prove that 'y is isolated. Assume that T is not isolated, then there exists a vertex i € Vj
and a neighbor j ¢ Vj of i. Thus, we have for the vertex i that

1
< — > |wallu(D)|

in
|di | leVy

1
g > wiu(l)

i leVy

[Pru(i)| =

1
< — wj| max |u(l)| = r(i) max |u(l
g 2 il max O] = ) max D)

< rmax |u(l)].
leVy

On the other hand, we have

[Peu@] = [Alfu@®] = rlu@]. (13)
Comparing these two equations yields

lu@®| < max lu(D.
Again, this is a contradiction to Lemma 6.1.

Finally, we have to prove that the strongly connected component I'y is maximal. Assume that I'j
not maximal. Then there exists a vertex, say i € Vy, such that r(i) < r. We conclude that
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> wallu)]

leVy

1
[Pu(i)| = dﬁ > wiu(h)| <

1qin|
i leVy |d |

|dm| IZ‘; il max luD =r() max IU(I)I < rmax lu()].
€

Together with (13) thisimplies that |[u(i) | < maxjey, |u(l)|. Again, thisisacontradictiontoLemma6.1. [

In Proposition 6.1 we have to exclude the eigenvalue A = 0. However, if we assume that all vertices
are not quasi-isolated, Proposition 6.1 also holds for A = 0.

Proposition 6.2. LetI" € G and assume that all vertices are not quasi-isolated. If .. = Qis an eigenvalue of
A that satisfies |1 — A| = r, then there exists a maximal, isolated, strongly connected component consisting
of at least two vertices in T.

Proof. Since V = Vi we have for alli € V that r(i) > 1. By assumption, we have 1 = r and hence
r(i) = 1 foralli € V. This implies that every strongly connected component in I" is maximal. By
Lemma 4.2 every graph contains an isolated strongly connected component. Since A = 0 and we

exclude quasi-isolated vertices it follows that there exists an isolated maximal strongly connected
component in I" that consists of at least two vertices. [J

7. k-Partite graphs and anti-k-partite graphs
7.1. k-Partite graphs

Definition 71. T € G is k-partite, k > 2, if d}“ # 0 foralli € V and the vertex set V consists

of k nonempty subsets Vi, ..., V such that the following holds: There are only edges from vertices
j € Vg1 toverticesi € Vg, q=1,...,k, if% > 0 and if k is even from vertices j € Vg to vertices
ieVgq=1,... kif 2::{ < Owherel = 5 — 1 € Nand we identify V41 with V;.

The condition I = 5 — 1 € N implies that, in a k-partite graph, there can only exists weights

satlsfymg ” < 0if k is even. The special choice of I ensures that the distance between different

l

neighbors of one particular vertex, say vertex i, is a multiple of % If the distance of two neighbors s, t
of i is an odd multiple of ’21 then s, t belong to different subsets and x—‘i < 0. If the distance between

s, t is an even multiple of ’21 then s, t belong to the same subset and x—'j > 0.
1

Theorem 7.1. I € G contains a k-partite isolated maximal strongly connected component if and only if
A1
1 — re®™27i% gre eigenvalues of A.

Proof. Again, for technical reasons, we consider P instead of A. Since the eigenvalues appear in com-

-1
plex conjugate pairs (Proposition 3.1(ii)), it is sufficient to show that re*™'x is an eigenvalue of P.
Assume that I' contains a k-partite isolated maximal strongly connected component I',. We claim

that the function
-k
e ifj eV

k=1

K ifj eV,

u' () =

il . .
ek ifj € Vyy,
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where V) 1, ..., V} i is a k-partite decomposition of V), is an eigenfunction for the eigenvalue re?™ i

of Py.Foranyj € V4,1 < q < k, we have

1
1/: 1
Ppu (]) = ﬁ Z Wit (f)
J tevy
1 1 1
= gn 2 wen' O+ L weu'(0)
j tEVp‘q_] tGVp,q_H
1 1 . .1
=— ( z theZNlEul (]) + z the—meZmEul (]))
d] teVp g—1 teVp g+i
1 1 . .1
2mwi 1/ — 27Ti+ 1,
= Z [wjc|e* ku” (j) — o Z lwicle™™e“ ku’ (j)
Idj | teVp q—1 |dj | tEVp q+i
2 2
— > wle¥T ' G) = —— 3wl R u ()
|d | tEVp |d | teVv

_r(’)eanku (]) kau (])

. - . il
where we used that the k-partite component I'y is isolated and maximal. We conclude that re*"'x is

1
an eigenvalue of P, and, by Proposition 4.1, re*™'k is an eigenvalue of P.

i . . i1 i1 .
Now assume that re?™ ' is an eigenvalue of P. Since |re?™'k| = r and re?™'k # 1, Proposition

1
6.1 implies that I" contains an isolated maximal strongly connected component I', and re?™ix is an
eigenvalue of the corresponding Dirichlet operator P,. We only have to prove that I'y, is k-partite.

Letu € C(V,) be an eigenfunction for the eigenvalue re?” ’%. On the one hand, since I', is maximal
and isolated, all j € V), satisfy

. i1

Ppu(j) = re*™ku(j) = | dm| S e le¥ k) (14)
teVv

= dm| > [wiele¥™ku(). (15)

tevp

On the other hand

Pyu(j) = dm Z wicu(f). (16)

tevy

Comparing these two equations yields

Z |th| _ Z @@8—2711%. (17)

n n
tev, |d;"| tev, di" u(j)

Lemma 6.1 implies that the eigenfunction u satisfies [u(t)| = |u(j)| for all j, t € V,. Thus, ”((3 —2mig

is a complex number whose absolute value is equal to one. Since we consider only real weights, we
have equality in (17) if

u(j) = e~ Ziku(), (18)
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Wit

1n
di

whenever > 0and

-1 . -1
u() = —e 2Tru(t) = e "o 2 R u(t),

Wit
i
i
First, assume that

whenever < 0.

Wij
"
satisfy Eq. (18). Since T' is strongly connected we can uniquely assign to each vertex i a value u(i) such

> 0 for all edges in I'. If t is a neighbor of j then the eigenfunction has to

1
that every k-th vertex in a directed path has the same value since (e_2” '*) = 1.Now decompose the

vertex set into k nonempty subsets s.t. all vertices with the same u-value belong to the same subset of
V). This yields a k-partite decomposition of T'p.

If there also exist edges s.t. % < 0 is satisfied, then the crucial observation is that if % < 0 for
i j
wj

1
some j and t then there has to exist another neighbor s of j s.t. de > 0. We conclude that every vertex
i

Y5~ 0. Thus, there exist k different u-values and we can find a

dn
)
k-partite decomposition of V,, similarly as in the case studied before. [

j has at least one neighbor s such that

Even if we do not require that the k-partite component is maximal we have:

Corollary 7.1. LetT" € G contain a k-partite isolated strongly connected component T, and let r(j) = ¢

1
forallj € Vy, and some constant c. Then 1 — ce™2i% qre eigenvalues of A.

Theorem 7.1 can be used to characterize the graph I' € GT whose spectrum contains the distin-
A1
guished eigenvalues 1 — et27in in Fig. 1. As a special case of Theorem 7.1 we obtain:

-1
Corollary 7.2. Let " € G™ be a graph with n vertices. Then, 1 — et2in is an eigenvalue of A(T") iff T is
a directed cycle.

Definition 7.2. The associated positive graph '™ € G of agraph I' € G is obtained from I' by re-
placing every weight wj; by its absolute value |w;;|. The eigenvalues of 't are denoted by )»3', e, A,T_l

and the Laplace operator defined on the graph I'" is denoted by A ™.

Clearly, a graph I' € G™ with nonnegative weights coincides with its associated positive graph,
e =rT.

Remark. It is also possible to define the associated negative graph I' ™ of a graph I" that is obtained
from I" by replacing every weight w;; by —|w;;|. Note however, that by Proposition 3.1(v) the graphs
'™ and I'" are isospectral. Thus, we will only consider '™ in the following.

Theorem 7.2. Let T € G be a k-partite graph and r(j) = r for allj € V. Then, the spectra of A* and A
A1
satisfy the following relation: AT € spec(A1) iff 1 — re™™% (1 — A1) € spec(A).

Proof. Let the function u satisfy A*u = AT u. We define a new function v in the following way:
() if e Vs

. 2TiuG) if jeVs
vo) =1 (19)

e2miku) if j € Vi
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where V1, ..., Vi is a k-partite decomposition of V. We show that v is an eigenfunction for A and the
.1
corresponding eigenvalue is given by (1 — re 2"t (1 — A1)). Foranyj € Vgand 1 < q < k, we have

1
Av(j) =v(j) — > wiv() — I > wiev(©)

m
d tevqfl J tEVqu[
q
e lru(j) — d‘“ > w7 u(t) 4+ —— — > wje|e™ e T ()
I |tqu . | | tévpn
2mid s 2
= e hu() — —— 3 jwele®™ T u(t)
Id | tev

2mid o omitl 2L : 1
=e“"ku(j) —re - u(j) +re k (u(]) - |w~t|u(t))
2rev Wit Zrev g

=Atu@)=rtu()

= (1 = re 2Tk (1 — AF)v(j).

Since the edge weights are real, A can be represented as a real matrix and hence v is an eigenfunction

for the eigenvalue 1 — re? i 1 =xh).
The other direction follows in a similar way. To be more precise, for an eigenfunction v of A we
define the function u by

i) jew
. 2TEvG) if je Vs

ug) =4 . (20)
ezm%v(i) if j €Vg.

—27{1',1(

As above, one can show that u is an eigenfunction for A1 and corresponding eigenvalue 1—%e
(1-»). O

Note that in Theorem 7.2 we do not assume that I' is strongly connected. However, if we assume in
addition that I' is strongly connected, then we have the following result:

Corollary 7.3. Let " € G be a strongly connected graph, and r(j) = r for allj € V. Then, T is k-partite if
-1

and only if the spectra of At and A satisfy the following: 1T is an eigenvalue of AT iff 1 —ret 2™t (1— A ™)

is an eigenvalue of A.

Proof. One direction follows from Theorem 7.2. 1The other direction follows from the observation that
zero is an eigenvalue of AT and thus 1 — re=27ik is an eigenvalue of A. Since I' is strongly connected,
it follows from Theorem 7.1 that the whole graph is k-partite. [

Moreover, a k-partite graph has the following eigenvalues:

Proposition 7.1. LetT" € G be a k-partite graph and r(I) = r foralll € V. Then, 1 — re? it € spec(A)
for1 < m < k —1and modd. If, in addition, “ > 0 forallj, t € V, then 1 — e*™'% & spec(A) for all

dln
o<m<k—1.
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Proof. In order to prove that 1 — re?™ 1% is an eigenvalue of A, it is sufficient to show that re?™ 1% is an
eigenvalue of P. Consider the functions

eZJTimTk lf] c V]
~m(k—1)
eZm X lf] eV,
u"G) =1 (21)
T ifjev,
form=0,1, ...,k — 1.0ne easily checks that these functions are linearly independent if k > 2.

Foralljqu,qzl,...,k,andogmgk—lwehave

Pu’"(i)— i > wiu (t)+ = > wiu™(0)

j teVg—q j teVgy
1 m
_ | p2mig M s 27i™  m
= W z [wicle*" k™ (j) — |dm| Z |wicle™ a u"(j)
J 1 teVg— teVgi
1 m
_ | p2miT M Zm( —mim, m
=1 ; lwije|e”™ ku™ (j) — | ; [wje e ke U (). (22)
] teVg— teVgq
If m is odd, then e~ ™™ = —1 and thus
il .
Pu™(j) = |d‘“| > Iwgle™ k™ ()
t€Vq_1UVgyi
1 m
2™ .
= Z [wie ek u™ (j)
|d;"| tev
= ™% U™ (j).
Hence, 1 — 2™ for 1 < m < k— 1and m odd is an eigenvalue of A.
Ifin addmon d{,ﬁ > OforalljandtinV,thenr = 1 and there are only edges from vertices in V44

to vertices in Vj. Thus the second term on the r.h.s. of (22) vanishes and we can conclude that

. 1 m .
PUT() = —— D il R um () = —— S [wiele?™ E u(j)

in in
|dj | teVg—1 |d | teV
.m .m
_ reZmTum(j) — eZﬂl?um(’-).

This shows that 1 — ¥ % forallm = 0,...,k— 1isaneigenvalue of A. [J

7.2. Anti-k-partite graphs

In this section, we study graphs that are closely related to k-partite graphs. We call those graphs
anti-k-partite graphs since they have the same topological structure as k-partite graphs but compared

to k-partite graphs, the normalized welghts d‘“ in anti-k-partite graphs have always the opposite sign.

Definition 7.3. I" € G is anti-k-partite, for k > 2 and k even, if d}:“ = Oforalli € V and the vertex set
V consists of k nonempty subsets Vi, .. ., Vj such that the following holds: There are only edges from
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vertices j € Vq_1 to vertices i € Vg if ;VT“{ < 0 or from vertices j € Vg4 to verticesi € V if dlﬁ >0

wherel = 5 — 1 € N and we identify Vi1 with V;.

In contrast to k-partite graphs, anti-k-partite graphs can only be defined if k is even. This follows
from the observation that every vertex i has at least one neighbor j such that "i > 0.Hence, every

1n

vertexi € V, has at least one neighbor in Vg, forq = 1, ..., k. Since we require that | = % —1€eN,
it follows that k has to be even.
We mention the following simple observation without proof:

Proposition 7.2. Let ' € G™ be an anti-k-partite graph and k = 2 + 4™, wherem = 0, 1, . ... Then, T’
is disconnected and if m > 1 T" consists of two %—partite connected components.

Theorem 7.3. LetI" € G contain an anti-k-partite maximal, isolated, strongly connected component, then

1+ reﬂ”’% € spec(A). Furthermore, if 1 4 reﬂ’“% € spec(A) and one of the following two conditions
is satisfied

(i) k=4"form=1,2,...
(i) k=2+4"form=0,1,...andr > 1,

then I" contains an anti-k-partite isolated maximal strongly connected component.

Proof. Assume that I" contains an anti-k-partite maximal, isolated, strongly connected component. In
-1
exactly the same way as in Theorem 7.1 one can show that 1 + ret?it is an eigenvalue of A. We will

.1 21
omit the details here. Now let 14 ret>"'% be an eigenvalue of A. Note that 1+ re27 ik # 0 and thus,
by Proposition 6.1, I' contains an maximal, isolated, strongly connected component I',. Furthermore,

1
we have that 1 + re>"'x is an eigenvalue of A,. By a reasoning similar to the one in the proof of
Theorem 7.1 it follows that the corresponding eigenfunction for A, satisfies

u(j) = —e¥iku(r) (23)

whenever d'; > 0and
i)

u() = ¥k u(r) (24)

whenever %X < 0. Now assume that k = 4™ and 2¢

in m
dj dr

Since Fp is strongly connected, k = 4™, and neighbors have to satisfy Eq. (23), we can uniquely
assign to every vertex an u-value such that every k-th vertex in a directed path has the same u-value.
Now decompose the vertex set into k nonempty subsets such that all vertices with the same u-value
belong to the same subset. This yields an anti-k-partite decomposition of I'),.

If there also exists edges s.t. % < 0Ois satisfied then, again, the crucial observation is that if d,’rf <0
Wijs

for some j and t then there also has to exist another neighbor s of j s.t. @ > 0. Thus, there exist k

> Oforallt,j € V.

different u-values. Similar to above, we can find an anti-k-partite decomposmon of V.
Ifk=24+4™" m=0,1,..., the situation is different. If le-frf > Qforalljandt, thenr = 1.In
j
this case, we cannot conclude that there exists an anti- k partite component since already every “-th
vertex in a directed path has the same u-value, i.e. (—1) (32”'k)2 =1fork=2+4""m=0,1,....
Thus, we crucially need that r > 1. In this case, every vertex i has at least one neighbor j such that
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% < 0. By (24) it follows that there has to exist k different u-values. Thus, we can obtain an anti-
i

k-partite component of I, in the same way as before. [

A simple example that shows that the assumption r > 1 is necessary if k = 2 + 4™ in the last
theorem. If 1 — r = 0 is an eigenvalue of I', then this does not imply that there exists a 2-partite
isolated maximal strongly connected component in I'.

The next theorem shows that there also exists a relationship between the spectrum of an anti-
k-partite graph and its associated positive graph.

Theorem 7.4. Let I' € G be an anti-k-partite graph and r(I) = r for all | € V. Then, AT € spec(A™) iff
1
1+ re™27% (1 — A1) € spec(A).

We omit the proof of this theorem because it is the same as the proof of Theorem 7.2.
The next proposition is the corresponding result to Proposition 7.1 in the case of anti-k-partite
graphs.

Proposition 7.3. Let ' € G be an anti-k-partite graph, s.t. r(l) = r foralll € V, then 1 + re? it ¢
spec(A) for0 < m < k — 1, if mis odd. If in addition % > Oforalli,j € Vthen1— e*™ % € spec(A)

foro <m< k—1,mevenand 1 +e2m',%‘ € spec(A) for0 < m < k— 1, modd.

Proposition 7.4. LetT" € G be astrongly connected graph and r(I) = r foralll € V. Assume thatk = 4™,
m =1, 2, ....Then, I is k-partite iff [" is anti-k-partite.

.l
Proof. Assume that I" is k-partite. By Proposition 7.1, 1 — re?" '« € spec(A) for0 < [ < k—1and!

.5+l .
odd. Since k is of the form k = 4™, g 4 1is odd, and so we have 1 — re?™i*r~ = 1 +r62”’% € spec(A).
From Theorem 7.3, it follows that I is anti-k-partite. The other direction follows in the same way by
using Proposition 7.3 and Theorem 7.1. O

This proposition shows that if k = 4™, m = 1,2, ... then a k-partite decomposition can be
obtained from an anti-k-partite one, and vice versa, by relabeling the vertex sets V.

7.3. Special cases: bipartite and anti-bipartite graphs

7.3.1. Bipartite graphs
As a special case of k-partite graphs we obtain:

Definition 7.4. A graph I' € G is bipartite (or 2-partite), if dli-“ # 0foralli € V and the vertex set V

can be decomposed into two nonempty subsets V1, V5 such that for neighbors i and j % > 0ifiandj
1

belong to different subsets and < 0ifiandj belong to the same subset.

In the case of undirected graphs with nonnegative weights, Definition 7.4 reduces to the usual
definition of a bipartite graph.

Corollary 74. A graph I' € G contains a maximal, isolated, bipartite strongly connected component if
and only if 1 + r is an eigenvalue of A.

Using Corollary 3.1 we can reformulate this as follows:

Corollary 7.5. The spectrum of A contains the largest possible real eigenvalue if and only if the graph
I’ € G contains a maximal, isolated, bipartite strongly connected component.
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For undirected graphs with nonnegative weights, Corollary 7.4 reduces to the well-known result
that I is bipartite if and only if 2 is an eigenvalue of A.

Corollary 7.6. Let ' € G be a bipartite graph and r(I) = r for all | € V. Then, At € spec(A™) iff
14 r(1 = A1) € spec(A).

In particular, if ' € G™ is strongly connected, then I" is bipartite if and only if with A also 2 — A is
an eigenvalue of A, i.e. the real parts of the eigenvalues are symmetric about one.

7.3.2. Anti-bipartite graphs
As a special case of anti-k-partite graphs we obtain:

Definition 7.5. A graph I' € G is anti-bipartite, if di»“ # 0 for alli € V and the vertex set V can be
decomposed into two nonempty subsets such that for neighbors i and j, (‘;Vfﬁ < 0ifiandj belong to

different subsets and % > 0if i and j belong to the same subset.
i

Lemma 7.1. T € G™ is anti-bipartite if and only if the graph T is disconnected and dg" # 0 for all i.

Proof. One direction follows from Proposition 7.2. )
Now assume that the graph I' € G is disconnected and di™ # 0 for all i. Then there exists at
least two connected components such that ZVT’,{ > 0 for all neighbors i and j. Distribute the connected
i
components (there exist maybe more than two) into two nonempty subsets V7 and V5. This is an
anti-bipartite decomposition of the graph. O

Corollary 7.7. Letr > 1,then1—risan eigenvalue of A if and only if the graph contains an anti-bipartite
maximal isolated strongly connected component.

Using Corollary 3.1 we can reformulate this as follows:

Corollary 7.8. Assume that r > 1 is satisfied. The spectrum of A contains the smallest possible real
eigenvalue if and only if the graph T € G contains a maximal, isolated, anti-bipartite strongly connected
component.

Example 2. Consider the graph in Fig. 3. It is easy to calculate the spectrum of this graph by using the
results derived in this section. First, note that the graph in Fig. 3 is bipartite and anti-bipartite. Since
r(i) = 3 for all i, we have 1 &= 3 € spec(A). Zero is always an eigenvalue of A. The last eigenvalue is

equal to 2 since > ; A; = |Vg| = 4. So we have determined all eigenvalues of the graph in Fig. 3.
® = ®
2 2
@ @

1

Fig. 3. Eigenvalues of A are 4, 2, 0, —2.
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8. Bounds for the real and imaginary parts of the eigenvalues

In this section, we will derive several bounds for the real and imaginary parts of the eigenvalues
of a directed graph. In the following, we also allow loops in the graph. This slight generalization is
particularly important in the next section where we introduce the neighborhood graph technique. It
is straightforward to generalize the Laplace operator A to graphs with loops. The normalized graph
Laplace operator for directed graphs with loops is defined as:

A C(V) = C(V),
v(i) — g5 3 wiv() if di" # 0

else.

Av(i) = (25)

The only difference to graphs without loops is that now wj; is not always equal to zero. As for graphs
without loops we define P = I — A. Furthermore, we say that vertex i is in-isolated or simply isolated
if wj = Oforallj € V. Similarly, vertex i is said to be in-quasi-isolated or simply quasi-isolated if
d:-“ = 0. In particular, an isolated vertex cannot have a loop. As before, Vg :={i € V : d}“ = 0} is the
set of all vertices that are not quasi-isolated.

8.1. Comparison theorems

In this section, we show that the real parts of the eigenvalues of a directed graph can be controlled
by the eigenvalues of certain undirected graphs. Together with well-known estimates for undirected
graphs these comparison results yield estimates the realparts of the eigenvalues of a directed graph.

We need the following definition:

Definition 8.1. Let ' € G be given. The underlying graph U(I') € G" of I is obtained from I' by
replacing each directed edge by an undirected edge of the same weight. In U(T") we identify multiple
edges between two vertices with one single edge. The weight of this single edge is equal to the sum
of the weights of the multiple edges. Furthermore, every loop in I" is replace by a loop of twice the
weight in U(T).

Note that the correspondence between directed graphs and their underlying graphs is not one to
one. Indeed, many directed graphs can have the same underlying graph.
We recall the well-known concept of majorization:

Definition 8.2. Leta € R" and b € R" be given. If the entries of a and b are arranged in increasing 3
order, then b majorizes a, in symbols a < b, if

k k

D <D b k=1,...,n—1 (26)
i=1

i=1
and
n n
z a; = Z b;. (27)
i=1 i=1

We will need the following two results:

3 The definition of majorization is not unique in the literature. Here, we follow the convention in [15]. In other books, see e.g. [18],
majorization is defined for vectors arranged in decreasing order. Reversing the order of the elements has the following consequence:
If a and b are two real vectors whose entries are arranged in increasing order, and A and B denote the vectors with the same entries
arranged in decreasing order, then a < b if and only if B < A.



E. Bauer / Linear Algebra and its Applications 436 (2012) 4193-4222 4213

Lemma 8.1 (Rado, see e.g. [14, p. 63] or [18]). Ifx < yon R" and a < b on R™ then (x, a) < (y, b) on
R™™ where (x, a) is the vector composed of the components of x and a arranged in increasing order, and
similarly for (y, b).

In particular, Lemma 8.1 shows that the majorization property is preserved if we append the same
entries to both x and y (choose a = b in Lemma 8.1).

In the sequel, let the symmetric part of a matrix M be denoted by S(M) := %(M + MT). We make
use of a classical result by Fan [12]:

Lemma 8.2. Let A(S(M)) and R[X(M)] denote the column vectors whose components are the eigenvalues
of S(M) and the real parts of the eigenvalues of M, respectively. If the components of A(S(M)) and R[A(M)]
are arranged in increasing order, then for every matrix M we have

AS(M)) < R[AM)].
Using Definitions 8.1 and 8.2 we state the following comparison result.

Theorem 8.1. IfT" € G is balanced, then
A(AUT))) < RAAT)],

i.e. the eigenvalues of the underlying graph U(T") are majorized by the real parts of the eigenvalues of .

Proof. Recall the definition of the reduced Laplace operator Ag = Iz — DEl Wr in Eq. (4). It is straight-
forward to generalize Ay for graphs with loops. Here however, instead of Ag we consider the reduced

normalized Laplace operator Ly := Ig — DEl/z WRD;UZ. In the sequel, we will study matrix repre-
sentations of Ag and Ly that will also be denoted by Ag and L. Since D,lz/2 is non-singular and
Ag = Dy D%,

it follows that £ and Ag are similar and hence have the same spectrum. We claim that the reduced
Laplace operator Ly satisfies

S(Lr(T)) = Lr(U(T)).
Since I" is balanced, the degrees of the vertices satisfy
2d™(I") = di(U(T)). (28)

Thus, in particular, the number of quasi-isolated vertices in U(I") and I' is the same and so the matrices
S(Lr(I")) and Lg(U(T")) have the same dimension.
By definition, the diagonal elements satisfy

Wi
SULr(TM))ii =1 — =
Jai"(M)d™(T)
and
2wi 2w
LrUM))ii =1 — =l-—=1-
VaUr)a ) 2d(1)2d}"(T) din(1)di (1)
by (28). For the off-diagonal elements, we have
W,‘j Wj,‘
S(Lr(D))j = —1/2 A A + = A
Jdr@dhr) - Jdhrdr)
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and

Wij + Wji
di(U(I")d;(U(I"))

LrUT))jj = —

Wi -+ Wji
Jdrmydnr)’

where we used (28). This proves our claim. Now it follows that

=-1/2

A(AR(U(I))) = A(Lr(UT))) = A(S(Lr(I))) < M(A(Lr(T))) = R(A(AR())),

where we used Lemma 8.2 and the fact that £z and Ay have the same spectrum. By (5), the spectrum
of A(T") (A(U(T"))) consists of all eigenvalues of Ar(I") (Ar(U(I")))and |V \ V| times the eigenvalue
zero. From (28) it follows that the number of quasi-isolated vertices is the same in U(I") and I". Hence
Lemma 8.1 implies

AAUM))) < R[AAaT)]. O

Theorem 8.1 is used in [1] to compare the synchronizability of directed and undirected networks
of coupled phase oscillators.

In particular Theorem 8.1 implies:
Corollary 8.1. For a balanced graph " € G we have

min 2;(A(U())) < minNR(2;(A(T)))

i£0 i£0
and

max N(A;(A("))) < max A;(AU(T))),

1 1

where Ag = 0 is the eigenvalue corresponding to the constant function.

Corollary 8.1 can now be used to derive explicit bounds for the real parts of the eigenvalues of a
balanced directed graph by utilizing eigenvalue estimates for undirected graphs. For that reason, we
recall the definition of the Cheeger constant and the dual Cheeger constant of an undirected graph.

Definition 8.3. For an undirected graph the Cheeger constant h is defined in the following way [7]:

e m [E(W, W)
‘= min — —, (29)
wcV min{vol(W), vol(W)}

where W and W = V \ W yield a partition of the vertex set V and V\LW are both nonempty. Here the
volume of W is given by vol(W) := > ic\y d;. Furthermore, E(W, W) C E is the subset of all edges
with one vertex in W and one vertex in W, and |[E(W, W)| := >\ e Wi is the sum of the weights

of all edges in E(W, W). Similarly, the dual Cheeger constant h is defined as follows [4]: For a partition
V1, Vo, V3 of the vertex set V where V; and V, are both nonempty, we define
- 2|E(V1, V2)

h:=max —————. (30)
V1,V2 vol(Vy) 4+ vol(V3)

Although, it seems that h does not depend on V3, h is well-defined. In order to see this we note that
for a partition Vy, V, and V3 of V, the volume of V; can also be written in the form
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3
vol(Vi) = > E(Vi, V) (31)
j=1
Consequently, h is given by

E_ max 2|E(V17V2)|
Viva 324 E(V, Vil + X0 [E(V2, V)

and hence depends on V3.

(32)

It is well known that the Cheeger and the dual Cheeger constant control the eigenvalues of undi-
rected graphs with nonnegative weights.

Lemma 8.3. For an undirected graph with nonnegative weights I' € G** we have:
(i) [7] The smallest nontrivial eigenvalue A satisfies
1— m <A < 2he
(ii) [4] The largest eigenvalue A,,—1 satisfies
2h < A1 <141 — (1 —h)%
Combining Lemma 8.3 with Corollary 8.1 we obtain:
Theorem 8.2. Let " € G™ be a balanced graph, then

0<1—y1-rUT) < H;g(l)l R(AT)))

and

max NO(AT))) <1441 - (1 —RUMN2 <2,

where h(U(T")) and h(U(T")) are the Cheeger constant and the dual Cheeger constant of the underlying
graph U(T").

Proof. Corollary 8.1 implies that min;xo A;(A(U(I'))) < minjzo R(A;(A(T"))) and max; N(A;(A(T)))
< max; Ai(A(U(IN))).Since U(I") € GYT, we can use the estimates in Lemma 8.3 to control the eigen-
values of A(U(T")). This completes the proof. [

Theorem 8.2 allows us to interpret the smallest nontrivial realpart and the largest realpart of the
eigenvalues of a balanced directed graph I' € G in the following way: If the smallest nontrivial
realpart of a balanced directed graph is small, then it is easy to cut the graph into two large pieces
and if the largest realpart is close to 2 then the graph is close to a bipartite one. We illustrate this by
considering the following example.

Example 3. We consider the directed cycle C, of length n. Since C, is a n-partite graph its eigenvalues
-k

are given by 1 — e?™n fork = 0, 1, ..., n — 1. This implies that min;£o N(A) =1 — cos(zT”) -0

asn — oo and max; N(A;) = 2 if nis even and max; H(A;)) = 1 — cos(%n) — 2ifnisodd as

n — o0. Since C;, is balanced, Theorem 8.2 implies that it is easy to cut C, into two large pieces (if n is

sufficiently large) and G, is bipartite if n is even and close to a bipartite graph if n is sufficiently large
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and odd. Indeed, G, is bipartite if n is even, close to a bipartite graph if n is odd, and we only have to
remove two edges in order to cut C, into two large pieces.

Of course, any other eigenvalue estimate than the Cheeger estimate and the dual Cheeger esti-
mate leads to similar estimates as in Theorem 8.2. In particular, one can control, min;o N (A; (A(I")))
and max; H(A;(A(T))) in terms of the diameter [8,17], the Olliver-Ricci curvature [5] or arguments
involving canonical paths [10].

Now we derive a second comparison theorem that leads to further eigenvalue estimates. Instead
of using the underlying graph U(T"), we use in the following a different undirected graph I" to control
the eigenvalues of directed graphs.

We say that the operator P = I — A is irreducible if its matrix representations are irreducible. It is
easy to see[15] that P is irreducible if the graph I' is strongly connected and Vg = V,i.e.d;" # Oforalli.
If we restrict ourselves to strongly connected graphs with nonnegative weights, the Perron-Frobenius
Theorem [15] implies that there exists a positive function ¢ (i.e. ¢ (i) > 0 for all i € V) that satisfies

2 dlﬁ¢0) = pp() = $(i) Vi, -

where p = 1 is the spectral radius of P. The function ¢ is sometimes called the Perron vector of P and
is used in the following construction.

Definition 8.4. Let " = (V, E) € G be a strongly connected graph. The graph T' = (V, E) € G
is obtained from I" by replacing every weight w;; by

Wy = d‘“¢()+ qub(z)

Since the weights of the edges are nonnegative and the function ¢ is positive, [ € G"Fisan
undirected graph with nonnegative weights. The degree d; of any vertex i € V in the new graph T is

given by

di =D Wy = de¢><>+zdlﬁ¢>o> = 26i). (34)
J

where we used the definition of the in-degree d%“ and (33).
Theorem 8.3. Let I' € G be an strongly connected graph, then

mjn r(AD) < min RA(AC)) < max RA(AT))) < max ri(A(D)).

Proof. For ease of notation we set A = A(T) and hi = 1i(A(T)). We consider the inner product for
functions f, g € C(V),

(f.&) =D df (g,
i
where f (i) denotes complex conjugation. Using (34), we obtain the following identity:
~ ~— 1 o
(f, Af) =D dif DIf () — o > wif ()]
i i

=0 - Z T MFDFG) — de¢(l)f(l)f(l)

in
d Y
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= - Z f(l)Z d,;{f(z) Z f(nz dlﬁf(l)

=(f,f)—5(f,Pf)—5(f,Pf)

Letugand yx, k = 0, ..., n—1 be the eigenfunctions and the corresponding eigenvalues of P. Without

loss of generality, we assume that ug is given by the constant function1 = (1, .. ., 1" and Yo = 1.
Suppose for the moment that (uy, 1) = (ug, ug) = 0 for all k # 0. Since I' € G we can use the
usual variational characterization of the eigenvalues. For all k # 0 we have

- (f Af) (ug, ZUk)
A= <
fL1 N (u, ug)
_ (u, ug) _ 1 (u, Pug) _ 1 (ug, Puy)
(up, up) 2 (U, ug) 2 (ug, ug)

1 1

where we used the fact that if uy is an eigenfunction for the eigenvalue yj then i is an eigenfunction
for the eigenvalue y4. Similarly, we obtain for the largest eigenvalue A4

~ (f, Af) _ (uk, Aug)
An—1 = > = N(A
e N T S

for all k. Therefore, it only remains to show that (ug, 1) = 0 for all k # 0. The Perron-Frobenius
Theorem implies that p = yp = 1 is a simple eigenvalue of P and hence y; < 1 for all k # 0. Using
(33) and (34) we obtain

(ug, 1) = Za',-uk(i)
=;2¢(i)uk(i)
—Z Z dlﬁqso)uk(z)
—zzqs(nzdmuk(z)
:2;¢U)Vkuk(i)

This implies that

(2 —2y) Z¢(i)w<(i) =0.

Since y, < 1ifk # 0, we conclude that >°; ¢ (i)u (i) = 0 and hence (ug, 1) = 0. This completes the
proof. [J

By combining Lemma 8.3 with Theorem 8.3, we immediately obtain the following eigenvalue esti-
mates:
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Theorem 8.4. Let I' € G be a strongly connected graph, then
0<1—y1—h¥T) < mm R(A(A))) < max R(A(AT))) < 14+y/1 — (1 = h(I))? < 2,
1

where h(T") and h(T") are the Cheeger constant and the dual Cheeger constant of the graph T.

Remark. The estimates in Theorem 8.1 are in particular true for graphs with both positive and negative
weights. In contrast, the estimates in Theorem 8.3 only hold for graphs with nonnegative weights.
However, the assumption in Theorem 8.3 that the graph is strongly connected is weaker than the
assumption in Theorem 8.1 that the graph is balanced. Indeed, it is easy to show that every balanced
graph is strongly connected but not vice versa.

8.2. Further eigenvalue estimates

In the last section, we derived eigenvalue estimates for directed graphs by using different compari-
son theorems for directed and undirected graphs. In this section, we prove further eigenvalue estimates
that do not make use of comparison theorems. By considering the trace of A2, we obtain estimates for

the absolute values of the real and imaginary part of the eigenvalues.

Theorem 8.5. Let I' € G be a graph. Then,

2 W
VRl + Zievg ((dm)z 2%) +2 2 jeu (%) + X, S(10)?
i 9j

n—mp

in RO <
&Qg' ()] <
< max [R(Ay)]

1

where U C Vg x Vg is the set of distinct mutually connected vertices that are not quasi-isolated, i.e. (i, j) €

U, ifi # j, and d:”, d]”‘, wij, wji # 0. As before, mg denotes the multiplicity of the eigenvalue zero of A.

Note that for undirected graphs, the set U is a subset of the edge set E. In particular, if Vg = V, and
there are no loops in the graph then U = E.

Proof. First, we note that the trace of AZ satisfies

Tr (Az) = Tr( ) Z M= Z W= ”_Z‘j R — ”_i I, (35)

where the last equality in (35) follows from the observation that the eigenvalues appear in complex
conjugate pairs. An immediate consequence of Eq. (35) is:

2 n—1
(n— mo) ( min 90 >|) <1 (a3) + 3 3007 < -mo) (maxinol) 69

i:mo
On the other hand, the trace of A,Z2 is given by:

Tr (Aﬁ) =Tr(Ig) — 2Tr(Dy 'Wg) + Tr((Df 'Wg)?)

2
Wii Wij Wji
|VR|_22dm Z(dm) Z dTnE

ieVg ieVg i,j€VR,i#j

e _—
e My (M) gy e (37)
d d di" dj

ieVg ieVg (i,j)eu
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Combining (36) and (37) completes the proof. O

From this theorem, we can derive interesting special cases.

Corollary 8.2. If there are no loops and no mutually connected vertices in Vg, i.e. w;j = 0 for all i, and
U = (, then

mm IR <

< max [R(A)].
itAj# i

Vel + 300 X(Ry)2
n—mp
Corollary 8.3. Let I be a loopless, undirected, unweighted, and regular graph, i.e. wij € {0, 1}, w;j = wj;,
andd; = >;wyj =k , Vi€V, then

V| + ZIE n(k +1
minA; < M kz' | = ( ) < max Aj.
i#£0 n—1 (n— 1k i

The next example shows that this estimate is sharp for complete graphs.

Example 4. For a complete graph on n vertices the estimate in Corollary 8.3 yields

min A; <

] < max A;.
i#0 n—1 i

On the other hand, all non-zero eigenvalues of a complete graph are given by % Hence, the estimate
in Corollary 8.3 is sharp for complete graphs.

In the same way, we can obtain bounds for the absolute values of the imaginary parts.

Theorem 8.6.
7‘1 1 WIZI
) N Z?:mo SJi()\'1)2 -2 Z(i,j)EU (dmdm) + ZIEVR (2 :;‘:n - (d::n)z) - |VR|
min [JI()] <
i:Ai#0 n—mop
< max [I(A)]
1
We obtain the following special case:

Corollary 8.4. If there are no loops and no mutually connected vertices in Vg, i.e. w;j = 0 for all i, and

U = {J, then

5) Ai 2
min |3(4)] <JZ’ mo NOD” — WVl max |3 ).
i:Ai#0

n—mop

9. Neighborhood graphs

In [4] we introduced the concept of neighborhood graphs for undirected graphs I' € GY*. Here,
we generalize this concept to directed graphs ' € G without quasi-isolated vertices. As already
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mentioned above, for the concept of neighborhood graphs it is crucial to study graphs with loops.
Hence, we will consider graphs with loops in this section.

Definition 9.1. LetI' = (V, E) € G and assume that dj" 0 for all i € V. The neighborhood graph
I'[l] = (V, E[l]) of order | > 2 is the graph on the same vertex set V and its edge set E[I] is defined in
the following way: The weight w;;[I] of the edge from vertex j to vertex i in I'[I] is given by
1 1
Wl][l] = z “in 7 Sin Wlk] Wk]kz qu,]j'
ki, k-1 Tk ki—1

In particular, j is a neighbor of i in I'[[] if there exists at least one directed path of length [ fromj toiinT.

Another way to look at the neighborhood graph is the following. The neighborhood graph T[I] of
the reversal graph T" encodes the transition probabilities of a [-step random walk on T". For a more
detailed discussion of this probabilistic point of view, we refer the reader to [5].

The neighborhood graph I'[I] has the following properties:

Lemma 9.1.
(i) The in-degrees of the vertices in I" and I'[l] satisfy
d" =d"[I] VieVandl>2
(ii) If T is balanced, then so is I"'[I] and the out-degrees of the vertices in I" and I"[l] satisfy
dM = dM™[l] VieVandl > 2

Proof. (i) We have

. 1 1
inppp o )
d,’ [T= ZWU [l = Z d T Wiky Wiaky s Wii_oki—q Zwkl,u
J ki,.oki—1 Tk ki—1 j
1 1
= Z i Tin WikiWkiky t Z Whi—2ki—1
Ky, k=2 Tkq ki—2 ki—1

in
= Zwik] = di .
k1

(ii) Since I' is balanced, we have d™* = di" for all i € V and thus

1 1
out
=2 will= > o Fon Whake " Wik Wi i 2 Wik
J ki,.ki-1 Tk ki—1 J
dout 1 1
= Z T “in d Wk2k3 W’<172k1,1Wk1,1i Z Wk]kz
ka,..oki—1 Tky Yko ki—1 k1

out
= Zwk,_ﬂ‘ = di .

ki—1

Consequently, if " is balanced, then we have for all i, d}:“[l] = d}“ = d{"" = d?""[I] and hence I'[I] is
balanced. O
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The next theorem establishes the relationship between A and A[l].

Theorem 9.1. We have
I—(d—A)'=1-P =A[l, (38)
where A[l] is the graph Laplace operator on T'[1] and A is the graph Laplace operator on I.

The proof is essentially the same as the proof given in [4] for undirected graphs. So we omit the
details here.

Corollary 9.1. The multiplicity mq of the eigenvalue one is an invariant for all neighborhood graphs,
ie.mq(A) = my(Al[l]) foralll > 2.

Proof. I" and I'[I] have the same vertex set, thus both A and A[l] = I — (I — A)! have n = |V|
eigenvalues. By Theorem 9.1, every eigenfunction uy, for A and eigenvalue Ay is also an eigenfunction for
A[l]and eigenvalue 1—(1—2)'. Thus, the corollary follows from the observation that 1—(1—A;)! = 1
iff A, =1. O

As in [4], the relationship between the spectrum of a graph and the spectrum of its neighborhood
graphs can be exploited to derive new eigenvalue estimates. For example we have the following result:

Theorem 9.2. Let I' be a graph and I"[I] be its neighborhood graph of order | > 2.

() If1 < A[l] < minjg [Ai[1]], then (A[l] — 1)% < |1 — Aj| foralli # 0, where A[l] is any lower
bound for min;o |A;[1]].
(i) If minjzo [A:[1]] < B[I] < 1, then (1 — B[I])
for minjq |A;[1]].
1
(iii) If1 < c[l] < max; [Ai[1]], then (C[1] — 1)T < max; |1 — A;|, where C[l] is any lower bound for
max; |Ai[l]]. 1
(iv) If max; |[Ai[1]] < D[] < 1, then (1 — D[I])T < |1 — A4 for all i, where D[] is any upper bound
for max; |Ai[1]].

1 < max; |1 — Aj|, where B[l] is any upper bound

Proof. (i) From Theorem 9.1 we have A;[l] = 1 — (1 — A;). Thus, we have for all i #0
AN <=0 =) <1+ =2,

where we used the triangle inequality.
(i) We have

B > min|1 - (1= aH =1 — (max |1 — n]),
1 1

where we used the reverse triangle inequality.
(iii) We have

cll] < max |1 — (1 —A)'| <1+ (max |1 — ],
1 1

where we used again the triangle inequality.
(iv) For all i we have

D= 11— -2 =1-1-nl,

where we used again the reverse triangle inequality. O
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One can exploit the neighborhood graph technique further. For instance, by using similar arguments
as in [4] one can obtain estimates for M (A;) and [J(A;)].
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