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Spectral properties of matrices associated with
some directed graphs

E. B. Davies and P. A. Incani

ABSTRACT

We study the spectral properties of certain non-self-adjoint matrices associated with large
directed graphs. Asymptotically the eigenvalues converge to certain curves, apart from a finite
number that have limits not on these curves.

1. Introduction

In an earlier paper we studied the spectral properties of small, possibly random, perturbations
of an n x n Jordan matrix, and proved that most, but not necessarily all, of the eigenvalues
lie close to a certain circle as n — oo. In this paper we consider a similar question when the
perturbation is a sparse matrix, whose entries need not be small.

It turns out that this problem is naturally associated with a type of directed graph that is
relevant to a variety of problems involving unidirectional flows along one-dimensional channels
between several junctions. Since the entity flowing may be a fluid (for example, blood flow
through the network of veins and arteries), traffic or electronic data, the ideas here have
potentially wide applicability. The results in this paper also provide asymptotic spectral
information for a special class of large directed graphs.

The spectral theory of a directed, acyclic graph is not particularly interesting. By labelling
the vertices appropriately one may make the adjacency matrix of the graph upper triangular,
so that its eigenvalues coincide with its diagonal elements. This correctly suggests that the
interesting spectral properties of directed graphs are highly dependent on the structure of its
cycles.

Let S be a finite set and let A; ; be real or complex numbers indexed by 4,j € S. We make
S into a directed graph (S, —) by putting ¢ — j if A; ; # 0. We see that S can be partitioned
into disjoint ‘junctions’ Ji,Js, ..., Ji linked by one-dimensional ‘channels’ C7,Cs,...,C). A
natural way of constructing the graph is to draw the junctions as disjoint localized regions,
and then join them by directed channels. However, one may also represent the channels by
a sequence of horizontal lines, possibly of varying lengths, all directed from left to right. The
junctions collectively may then be regarded as quasi-periodic boundary conditions that join the
right ends back to the left. In many of the applications the entries of A are non-negative and
the spectrum of A may also be investigated by using the Perron—Frobenius theory, (see [6]).
The theorems in this paper do not depend on this assumption, which is not appropriate in
some contexts.

Given the above assumptions, we construct a new graph (S (n), —) for every natural number
n as follows. We leave the junctions unaltered and replace each channel C; by a new channel
C’Z-(n) with the same endpoints but with #(Ci(n)) =n x #(C;). Under suitable assumptions the
matrix A induces an associated matrix A whose coefficients are parametrized by pairs of
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points in S, Our goal is to investigate the asymptotic behaviour of Spec(A(™) as n — co.
Many of the techniques used in our analysis were anticipated by [10], which is considered the
pioneering work on the subject.

The continuous analogue of our problem replaces each channel by a continuous bounded
interval within which the relevant operator is aD + bI, where D is first-order differentiation
and the constants ¢ and b vary from one interval to another. Instead of junctions one has to
specify suitable boundary conditions connecting certain groups of endpoints. In contrast to [2],
we do not restrict attention to self- or skew-adjoint problems. We finally mention that the wave
equation on an undirected graph can be modelled in these terms by replacing each unoriented
edge by a pair of oriented edges with the same ends and associating the operators =D with
the two edges; see [3].

Every constant in this paper is independent of the asymptotic parameter n.

2. Zeros of some analytic functions

The material in this section is needed for the proofs of many of the later theorems, but does
not mention graphs explicitly. The results that we attain are to some extent analogous to
calculations in [1, 5, 7-9], but the details are different.

We shall often need to count the number of zeros that an analytic function has in a particular
region. The following elementary result enables us to use a change of variable to simplify this
task.

LEMMA 2.1. Let U and V be open subsets of C and let g : U — V be conformal (that is,
analytic with analytic inverse). If F': V' — C is analytic, then F o g has a zero of order m at
ug € U if and only if F has a zero of order m at g(uo).

We shall be concerned with the limiting behaviour of a particular sequence of sets. Let {4, }
be a sequence of subsets in some metric space (X, d) and let A be a closed subset of X. We say
that A, converges to A as n — oo if the following two properties are satisfied. (i) For every
z € A there exists a sequence {z,} with z, € A, such that z, — z as n — oo. (ii) For every
z ¢ A there exists an open set U containing z such that A, N U =  for all large enough n. We
say that A is the limit set of the A, as n — oco. Insisting that A be closed ensures that the
limit is unique.

We shall make repeated use of a contour that forms the boundary of a sector of an annulus
centred at the origin. The contour C g g, 9, is completely determined by four parameters
r, R, 01,605 where r < R correspond to the two radii of the annulus and 6 < 65 correspond to
the angular sweep of the sector. More precisely, the contour C'. g .g,.0, = {71, V2, 73,74} is the
concatenation of the following four curves

7 (t) = teiel7 r<t<R,

Yo(t) = Re™, 01 <t < 0o,
y(t)=(r+R—1)e'™, r<t<R,
Ya(t) = 'Ot g <t < 6.

We note that C g, 9, encloses the open region {z € C: 7 < |z| < R,6h < argz < 0s}.

2.1. Basic examples

Before launching into the general analysis that starts with Theorem 2.4, we begin by studying
some simpler cases that illustrate the key features of our analysis.
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LEMMA 2.2. Let p, denote the polynomial
pn(2) = (z2—a)"(z = b)" +a(z —a)" + B(z = b)" +7, (2.1)

where a # b. If «, 3 and ~ are all non-zero, then the roots of p, converge as n — oo to the
union of the two circles |z —a] =1 and |z — b = 1.

Proof. Given € > 0, put
Se={zeC:lz—a|>214+en{zeC:|z—b <1—¢€}.

If z € S, then we have

Mla(zb)nJrﬂ(Zb)nJr( :

(z—a) z—a

Therefore

pn(2) o Oz‘ < M
(z—a)" 2
for all large enough n, uniformly with respect to z € S.. This implies that p,(z) # 0. By
carrying out similar calculations for the remaining regions, we find that every root of p,, lies
in the e-neighbourhood N, of the union of the two circles, provided n is large enough.

We now show that if zy lies in the union of the two circles, then there exists a sequence
z, of complex numbers such that z, — zo and p,,(z,) = 0 for all n. There are essentially two
cases to consider, depending on whether z lies on one or both of the circles |z —a| = 1 and
|z — b = 1.

Firstly, suppose zg lies on only one of the circles. For the sake of definiteness we suppose that
|z0 —a] =1 and |zg — b| < 1. Let U be a small open neighbourhood of zy so that [(z —a)(z —
b)|<c<1and |[z—b <c<1 for all z in U. This implies that ¢,(z) = (z —a)"(z — b)" +
B(z — b)™ is uniformly exponentially small for z in U as n — oo. This suggests that inside U
the roots of

Pa(2) = a(z = a)" + 7+ qn(2)

should be close to the roots of f,(z) = a(z —a)™ + 7.
Suppose that zp = €'® + a. Let w,, = |y/a|'/™e'" + a be a root of f,(z) which is closest
to z. Since |y/a|Y" —1 and ¢, — ¢, we see that w, — z;. Let C, be the contour

1 1
Crr B 010, + 0 Where 1, = (3]7/0])", Ry = (3y/al) ", 01 = ¢ — m/2n and 6y, =
o&n + 7/2n. The region enclosed by C,, contains w,,.

Let M = |v|/2. We show that z € C,, implies |f,(z)| = M, where we note the bound is
independent of n. Since C,, = {v1,7v2,73,7V4}, there are four cases to consider. If z € 4y, then
z = petin 4 a, where r, < p < R,, and so

|[fu(2)] = lap™ e’ on /2 4

= ap"e! T2 oy — (aly/ale™ O + )]

= la|li(=p") = Iv/all

= l,
where the second equality uses afy/ ale™®n +~ = f,.(w,) = 0. The case z € y3 is similar. If
2 € ¥o, then z = R,e" 4 a for some 6 and so

[fa(2)] = | lv/ale™ + 4]

3l =1l
1
zhl-

WV
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The case z € 7, is similar. Therefore |f,,(2)| > M for all z € C,, and all n.
By taking N large enough we can ensure, for all n > N, that C, is completely contained in
U and that |¢,(z)| < M/2 for all z in U. Therefore, for n > N and z € C,, we have

lgn (2)] < M/2 < |fu(2)].

Hence by Rouche’s theorem f,,(z) and f,,(z) + ¢,,(z) have the same number of roots inside C,,.
Therefore p,,(z) has a root z, inside C,,. Furthermore, z,, — 2o as n — oo because

rn < |2n —al < Ry,
01, < arg(z, —a) < bz,

and r,, R, — 1 and 61 ,,, 02, — ¢o.

The remaining cases for when zg lies on one of the circles are very similar, but may involve
an extra step. For example, if |z —a| = 1 and |29 — b] > 1, then we apply the above analysis
instead to the equation p,(z)/(z — b)" = 0 with

h&) =G+ ad w=a(225) 40 ()

The final case is when z lies on both circles, that is |20 — a] = 1 and |z — b] = 1. We first

choose a sequence {z0™},, such that z{™ — z, with each z{™ belonging to only one of the

circles. By the previous case, for each m there exists a sequence {z,(Lm )}n such that pn(zgm)) =0
and 27(1m) — z(()m) . There exist positive integers My < My < M3 < ... so that for each m we have

m 1
|2{m) —z(() )| < Zm for n > M,,.

The sequence {z,} defined by putting z, = z£Z’” when M,, < n < M,,41 satisfies p,(z,) =0

and z, — zq, as required. |

If one of the coefficients a or 3 vanishes, then the form of the limit set changes. This is
illustrated in Figures 1 and 2 and proved in Lemma 2.3.

LEMMA 2.3. Assume that o #0, 3 =0, v # 0 and b = —a, so that
Pal2) = (2= )" (2 4+ )" + alz — a)" + 7.

If 0 < a < 1, then the roots of p,, as n — oo converge to the union of two arcs within the circles
|z —a| =1 and |z + a| = 1 together with an arc in the fourth-order curve |(z — a)(z + a)| = 1.
The ends of all three arcs are at i\/1 — a2. However, if a > 1, then the roots of p,, converge
to the entire circle |z + a| = 1 together with the closed fourth-order curve |(z — a)(z +a)| =1
contained in {z € C : R(z) > 0}.

Proof. First suppose that 0 < a < 1. Let a1 =1, as = «, ag = 7y and
fi(z) = (z=a)(z +a),
fa(2) = (z —a),
fs(z) =1,
so that
pn(2) = a1 f1(2)" + azfo(2)" + az f3(2)".
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FIGURE 1. The constant a in p,(z) of Lemma 2.3 satisfies 0 < a < 1. The actual parameter values
for this example are a = 0.8, n = 20, a = v = 1.
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FIGURE 2. The constant a in py(z) of Lemma 2.3 satisfies a > 1. The actual parameter values for
this example are a = 1.1, n =20, a = v = 1.
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We will prove that as n — oo the roots of p,, converge to the union of the following subsets of
C, which we denote by L.

Lip={z€C:[/i(z)| = ()| > [fs(2)[} ={z € C: |z +a| =1, R(2) <0},
Lig={ze C: (2 =f3(2)| > [f2(2)[} ={z € C: |(z —a)(z + a)| = 1, R(2) > 0},
Lyg={2€C:[f22)| = [s()| > [i(2)[} ={z € C: |z —a| =1, R(2) <0},

Lend = {:l:i\/ 1-— a2, },

where Leyq is the set of endpoints of the arcs Ly 2, L; 3 and Lo 3. Let L. be the e-neighbourhood
of L. We will show that C\L. is contained in the union of finitely many sets of the form

B,s={z€C:|fr(2)(1 =) > max{|fs(z)| : s #r}}, whered e (0,1).

Since L. is bounded and since fi(z) dominates both fo(z) and f3(z) in absolute value as
|z| — oo, there exists R > 0 and 1 > ¢; > 0 such that L. C B(0, R) and such that z ¢ B(0, R)
implies that

[f1(2)(1 = 61) > max{[ f2(2)], | f3(2) }-

Therefore C\B(0, R) C By s,. Let K = B(0,R) \ L. For each z € K there is an 7, € {1,2,3}
and 1 > 4, > 0 such that z € B, ;5,. Since each B, s, is open and K is compact, we can cover
K with finitely many such B, _ ;.. In fact, if we take ¢ small enough, then we conclude that

3
C \Ls g U BT,(S-
r=1
Inside the set B, s the term a, f,(2)" dominates the remaining terms of p,(z) so that for
large enough n we have p,(z) # 0 for all z € B, 5. More precisely, if z € B, s, then f.(z) # 0
and

Pn(2) _ a.la fs(2) "
mfA@n“1+2;(””<an
>1- Z las/ar|(1—0)"
s#T
>0

for n large enough, where we note that the bound is uniform for z € B, 5. Consequently p,,(z) #
0 for all z € B, 5 for n large enough. Since C\L. is contained in the union of finitely many
such B, s, it follows that all the zeros of p,(z) are in L. for n large enough, as required.

We now show that if zg is in L, then there is a sequence {z,} such that p,(z,) =0 and
zn — zp. There are a number of cases to consider, but the proofs are similar. We prove the
case 29 € L1 3 in a manner that emphasizes the general technique. Since zy € L; 3, we have

[f1(z0)| = |fs(20)[ > [f2(20)]-

By continuity there is an open neighbourhood U of zy such that |f2(z)/f5(2)] < ¢ <1 for all
z € U. We want to solve p,(z) = 0 for z close to zg, that is

a1f1(2)" + a2 f2(2)" + as f3(2)" = 0.
After dividing both sides by a; and f3(z)™ this is equivalent to solving
fl(z)>" as | Gy <f2(2)>" _
(ﬁ@) o ta\he) T
Putting f(2) = f1(2)/ f3(2), a = az/a1 and gn(z) = (a2/a1)(f2(2)/ f3(2))", we want to solve
fE)"+a+gn(z)=0 (2.2)
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for z near zy. We note that f'(z0) #0, f(z0) = €% for some 6y and g,(z) is uniformly
exponentially small in U because |g,(z)| < |az/a1|c™, where ¢ € (0,1).

Since f’(zp) # 0, the inverse mapping theorem implies that there exist open sets V and W
such that zo € V, f(z20) € W and f:V — W is conformal with analytic inverse g: W — V.
By reducing V, if necessary, we may assume that V C U.

Under the change of variable w = f(2) equation (2.2) becomes

w" +a+ gp(w) =0,
where ¢, (w) = gn(g(w)). We want to solve this equation for w near f(zp). Since g, (w) is
uniformly exponentially small in W as n — oo we expect the solutions to be close to those of
w'+a=0 (2.3)

by Rouche’s theorem. Let w,, = |a|'/"e?" be a solution of (2.3) with argument ¢,, closest to .
This ensures w,, — f(z0) as n — oc. Let C,, be the contour Cy., R, 0, ,,.6., Withr, = (%|a|)1/n,
R, = (%|a\)1/n, 01 = ¢n — /20 and Oy, = ¢y, + 7/2n. We note that w,, lies in the interior
of C),. Routine estimates show that w € C,, implies that
[w" + af = |al/2
for all n. For n large enough we have C,, and its interior completely contained in W. Since
Jgn(w) — 0 uniformly as n — oo for w € W, for n large enough we have
|gn(w)] <al/2 < [w" +a

for all w € C),. Therefore by Rouche’s theorem w™ + a + ¢, (w) = 0 has a solution w,, inside
Chp. Let 2z, = g(uy,). The sequence {z,} satisfies p,(z,) = 0 and z, — z, as required.

The case a > 1 is handled very similarly, with the only difference being that now the set L
is the union of

Lipg={z€C:[i(z) = f2(2)| > [fs(2)]} ={z € C: |z +a[ = 1, R(z) <0},
Lig={zc C:[i(a)=f3(2)| > [f2(2)[} ={z € C: |(z = a)(z + a)| = 1, R(2) > 0},
Ly ={z € C:|f2(2)| = fs(2)| > [f1(2)[} = 0,

along with the point 0 in the case a = 1. The proof now continues as before. |

2.2. The general case

The correct context for understanding Lemmas 2.2 and 2.3 involves functions of the type
Fu(z) = ar(2)fr(2)", (2.4)
r=1

where {f,}7, and {a,}-, are non-zero analytic functions on an open connected set R, and
m > 2. We impose the following hypotheses on the f;.
(1) There exist a compact set K C R and constant ¢ € (0,1) such that z € R\ K implies
that

If-(2)/f1(2)| < c ifr#1.

(2) For each r # s the function f,./fs is not constant.
(3) For all choices of the three distinct integers r, s, ¢ the set

{ze R:[fr(2)] = |fs(2)] = [ /e(2) [}

is finite.
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The set
L=J{z€R:|f(2)] = max{|f(2)| : s # r}}

is the union of what might be called the anti-Stokes lines of the function F,,. We shall show
that the zeros of F;, converge to L as n increases, except for a discrete set of zeros that converge
to certain zeros of the a,..

Recall that a function f : (u,v) — C is said to be real-analytic if it is C°° and if for all a in
(u,v) there is a corresponding d, > 0 such that

> £(n)
flx+a)= Z ! n'(a):c"
n=0 ’

is an absolutely convergent series for |z| < d,. Note that f is real-analytic if and only if Rf
and S f are real-analytic, and that f is real-analytic if and only if f is the restriction of a
complex analytic function f:U — C to (u,v), where U is some complex neighbourhood of
(u,v). Sums, products, quotients and compositions of real-analytic functions are real-analytic,
and the square root of a strictly positive real-analytic function is real-analytic because the
logarithm has an analytic branch defined on C\[—o0,0].

We begin by studying the structure of L. The following subsets of R will play an important
role. We put A = A; U Ay U A3, where

Ay ={z€ R:(f+/fs)(2) =0 or some distinct r, s},

Ay ={z € R:a,(z) =0 for some integer r},
As ={z € R:|fr(2)| = |fs(2)| = | fi(2)| for distinct r,s,t}.

THEOREM 2.4. The set

L= J{z e R:|fo(2)] = max{| fs(2)| : s # 1}}

r=1

is the disjoint union of sets D and C;, where j = 1,..., N, with the following properties. We
denote by D a finite subset of C. Each C; is a real-analytic curve, that is, the range of a
real-analytic one-to-one function ~y; : (u;,v;) — C whose derivative does not vanish anywhere.
These curves satisfy the following properties:

(i) ~y; is contained in
{ze R: ()] = f:(2)] > [fe(2)]}

for distinct integers r, s (dependent on j) and all t # r,s. If z € ~; then (f,./ fs) () # 0;
(ii) ; may be completed to a closed curve, or its ends lie in D N A;
(111) ")/j ﬂ(AQUAg) :Q] fOI'j = 17...,N.

Proof. We begin by showing that the result is true for each set
Ly ={z € R:|f:(2)| = max{[fs(2)] : s # r}}.

The first step is to show that for each zy in L, there is a corresponding open neighbourhood
U, such that L, NU,, \ {20} is contained in the range of finitely many analytic arcs each of
which has range contained in L,. There are a number of cases to consider.

If zp ¢ As, then there exists a unique s not equal to r such that

| fr(z0)| = |fs(20) > | fi(20)]
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for all ¢ # r,s. By continuity there exist an open disc centred at zy, say B,,, and constant
¢ > 0, such that z € B, implies

|fr(2)| > ¢ > |fi(2)] forallt+#rs

and fs(z) # 0. Consequently the set L, N B, consists of precisely those points z in B,
such that |f-(2)| = |fs(2)], or equivalently |f.(2)/fs(z)| = 1. Define f: B,, — C by f(z) =
fr(2)/fs(2). Since |f(20)| = 1, there exists fy € R such that f(zo) = e’%. There are now two
cases to consider depending on whether f/(zp) is zero or non-zero.

If f'(20) # 0, then by the inverse mapping theorem there exist open neighbourhoods U of
zo and V of f(zp) so that f: U — V has an analytic inverse g : V' — U. We may assume that
V is a small disc of radius r < 1/2 centred at f(z¢) and that U C B,,. There exist u,v € R
satisfying u < v < u + 27 such that

VNSt ={e:te (uv)l,
where S! denotes the unit circle centred at 0. Define v : (u,v) — C by y(t) = g(e). We note
that « is a real-analytic arc because it is the restriction of g(e**) to (u,v). Since
LU ={2(t): t € (u,0)},
it is sufficient to define U, to be U.
If f'(z9) = 0, then the analysis is more difficult. Suppose that
f(2) =ag+ am(z — 20)™ + ami1(z — 20)™ T+ ...,
where m > 2 and a,, # 0. Obviously ag = f(z0) = e¢?%. We show that f(z) essentially behaves
as z +— 2™ for z close to zg. We now make this precise. Let
E(2) = am + @my1(2 — 20) + @mgo(z — 20)2 + .. ..

Since k(zp) # 0 we see that in a small enough open neighbourhood of zy, say U.,, we can take
an analytic branch of k(2)'/™. Let r(z) be such a branch. Now
f(2) =ap+ (2 = 20)™(@m + Ami1(2 — 20) + Amia(z — 20)% +...)

=ap+ (2 — 20)"k(2)

=ao + [(z — 20)r(2)]™

=ao + h(z)",
where h(z) = (z — 20)r(z) satisfies h(z9) = 0 and h'(z9) = r(20) # 0. Since h'(zp) # 0 we may
shrink U, so that U,, C B,, and h : U,, — Uy is conformal, where 0 € Uy = h(U,,). Choose

€ < 1/2 so that B(0,¢€) C Uy, and shrink U, again so that U,, = h~1(B(0,€)). This enables us
to factorize f(z) as the composition of the following three surjective maps

UZO z—h(z) B(O,G) z—z™ B(O,Em) z—2z+ag B(ao,€m).

Let s : B(0,e™)\ [0, —ag] — B(0, €) be an analytic branch of z — 2/, where the branch cut
[0, —ap] is the line connecting 0 to —ag. The m analytic branches of z ~— z'/™ on B(0,€e™) \
[0, —ag] are then given by

sp(z) = e@T/MFg(2) for k=1,...,m.
Recalling that ag = %0, there exist #_,0, € R such that _ < 6y < 6, < _ + 27 and
Blag,e™) NSt = {e" :tc(0_,04)}).
For k=1,...,m define ay, : (0_,60y) — C by

ar(t) = h  (sp(e — ap)).
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Similarly, for k = 1,...,m define Sy : (6p,0+) — C by
Br(t) = b (sk(e" — ap)).

We note that oy and (i are real-analytic curves that satisfy

m

Ly U \ {20} = (J{aw(t) -t € (6-,60)} U{Br(t) : t € (60, 64)},

k=1
as required.
Now we consider the cases when zy € As. Since zg € L,, it follows that f, and at least two
other functions, say fs, for i =1,..., k, attain the maximum absolute value, that is

[fr(z0)| = |fs1 (20)| = - .. = [ fs (20)| = max{|fs(20)] : s # 7}

There are two cases to consider depending on whether or not f,.(zg) is 0. We first suppose that
fr(20) # 0. By continuity there exist ¢,¢ > 0 so that if 2 € B(zp,€), then

|fr(2)] > e > [fu(2)],
@) > e > [fule)] fori=1,....k
for t # 7, 81,...,s,. If necessary, reduce € so that B(zg,e) N A3 = {z0}. For i =1,...,k there
exists an open set U; C B(2p,¢), with zg € U;, such that the set
{z € Ui\ {20} : |£r(2)| = |fs: ()}
can be parametrized by finitely many analytic arcs, say *yii), .. ,%(fi). Let v : (u,v) — C be one

of these curves so that |f.(v(x))| = |fs, (v(x))] for all x € (u,v). We show that either v C L,
or vN L, = (). Choose t # r, s; and suppose that there exist x1, 25 € (u,v) such that

| fe(v(@))| < [fr(v(z1))]
and
|fe(v(@2))] > [fr(y(22))]-

By the intermediate value theorem there is a point x3 between 1 and x5 such that

[fe(v(@3)) = [fr(v(23))]

and so y(x3) € As. However, by construction v N Az = () and so this is impossible. Hence we
either have

|fe(2)] < |fr(2)| forall z €~
or we have
[fe(2)] > |fr(2)] for all z € 4.
If there is a ¢ # r, s; such that the latter case holds, then v N L, = (), otherwise v C L,.. Let

k
U, =[\Ui
i=1

and

k
c=UtcL, =1
i=1
It is clear that
LU, \{zo} € Jy L,
YeC

as required.
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The remaining case is when f,.(zp) = 0. This implies that all of the functions fs vanish at zg
and so one of these functions has a zero of lowest order, say of order k. For s =1,...,m put
9s(2) = f+(2)/(z — 20)F. Not all the g,(z) vanish at zy. If |g,(20)| = max{|gs(20)| : s # 7}, then
9r(z0) # 0 and so we apply one of the previous cases to the g4 since for all z we have

[Fr(2)] = masc{| f1(2)] : s # r}if and only if [g,(2)] = max{|gs(2)] : s # }.
If equality does not hold, then there is an open neighbourhood U, of 2y such that L, N U, =
{Zo}.

We have now shown that for each z in L, there is an open set U, containing z such that
L, NU, \ {z} is contained in the union of finitely many analytic arcs, each of which is contained
in L,.. If this z is not on one of these analytic arcs, then z € A. Since L, is compact, it can be
covered by finitely many such open sets, say U,,,...,U,, , and consequently L, is the union
of finitely many analytic arcs, say 71,...,7, and a finite subset of A. We note that each ~;
has non-vanishing gradient since each is of the form (f,./fs)~!(e®) for some analytic branch of
(fr/fs)~'. However, as it stands, the v; might not be disjoint from themselves and this must
now be rectified.

Now, suppose that the 7; are not disjoint. Without loss of generality we may suppose that
1 ¢ (ug,v1) — Cand s : (u2,v2) — C are not disjoint, that is, there exist t; € (u1,v1) and t2 €
(ug,v9) such that 1 (t1) = v2(t2) = wp for some wg € C. We know that v1(t) = (f./fs,) ()
for some s; and that vo(t) = (f./fs,) t(et) for some sy. If s1 # s9, then wy € A3, which
contradicts v; N Az = @ for all 7. Therefore s; = s, = s. Now

e = (fr/fs)(wo) = et

and so t; =ty + 27n for some integer n. Since e is 27 periodic, we can reparametrize the
range of 5 by
Y2 : (U2, 52) — C,  where 7o(t) = (fr/fs) " ("),
where 1y = up + 27n, Ua = vy + 27n and where (f,./fs)~! is the same analytic branch used
in the definition of ~9. This ensures that v1(t1) = 2(t1) = wo. Let f = f,./fs and note that
flwo) = €. Since f’(wg) # 0, there exist open neighbourhoods U of wy and V of et such
that f:U — V has analytic inverse g : V — U. If § > 0 is small enough, then for all ¢ in
(t1 — d,t1 + &) we have
n(t) = g(e') = 7(1).
Since 1 and s are analytic and agree on a small interval, we deduce that they must also agree

on all of (uy,v1) N (u2,v2) by the principle of isolated zeros. Hence we can replace 1 and
by the single analytic arc

’Yl(t) ifte (uhvl),

7 : (minf{uy, Uz}, max{vy,va}) — C, where 7(t) =< " .
Y2(t) otherwise.

If we continue the above process of replacing two overlapping arcs by a single analytic arc,
then after finitely many repetitions we will arrive at finitely many disjoint analytic arcs, say
Tl,...,Tm, Such that Uz T = Ui v;. It is clear that for each 7; there is a corresponding s; such
that the range of 7; is contained in

{zeR: ()] = fa (D) > [f(2)]}

for all ¢ # r, s;.

There is no guarantee that each 7; : (u;,v;) — C is one-one, but this situation can be easily
rectified. Suppose that 7; : (u;,v;) — C is not one-one. Then there exist a,b € (u;,v;) with
a < b such that 7;(a) = 7;(b) and 7i|(q,) is one-one. Since

e’ = (fr/fs)(7(a)) = (fo/ fs.)(7(b)) = €,
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we conclude that b —a = 27rn for some integer n. Let 7; : (u;,v;) — C be the unique 27n
periodic function such that 7i|(q,5) = Tilja,p)- If 6 > 0 is small enough, then for [t| < ¢ we have

T(a+t) =71(b+1).

This implies 7; is analytic and so 7;(t) = 7;(t) for all ¢ € (u;,v;). Therefore we may replace 7;
by the one-one function 74|, ;) and its endpoint 7;(a). Therefore, we can assume that all the
T; are one-one.

We conclude that for each » = 1,...,m the set L, is the disjoint union of a finite subset D,

of C and one-one analytic curves ’yy), . ,'y,(f;) that satisfy Properties 1 and 2 in the statement

of the theorem. It is possible, for r # s, that %_(T) is not disjoint from 'yj(-s) for some ¢ and j. It

follows by Property 1 that fy](-s) C L,. Hence ’y](s) is redundant and can be deleted. We continue
this process until the remaining curves are disjoint. We conclude that L = J,. L, is the disjoint
union of a finite subset D of C and one-one real-analytic curves, say 71, ...,V,, that satisfy
Properties 1 and 2.

Finally, we want each 7; to also satisfy Property 3, that is v; N (As U A3) = (). We first note
that L N (A2 U A3) is finite because L is compact and A U Az is both closed and discrete.
If 5 : (ui,v;) — C meets Ay U Ag, that is 7, N (A2 U Az) # 0, then there exist finitely many
points, say ai,...,amy, such that

U <arp < ag < ...<p<v;
and ;(t) € (A2 U Ag) if and only if ¢ € {ay,...,an}. We now just replace v; by

Vil (uiran)s Vil(ar,az)s - - Vil (@m,ve)

and enlarge D by the points v;(ax) for all k. After doing this for each v;, we obtain a finite
subset D of C and a finite collection of analytic curves that satisfy all the required properties.

|

It should be mentioned that the set L may contain isolated points. By the above proof, if

2o € Lisisolated, then f,.(z9) =0 forr =1,...,m. An important consequence is that F,(zp) =
0 for all n.

We now show that each arc v : (u,v) — C in Lemma 2.4 can be parametrized by arc length
with the arc length parametrization also being real-analytic. We begin by showing that the
length of + is finite, that is

= J (1) dt < oo,
u

This is achieved by showing that |/ (¢)| = O((t — u)?) as ¢ — u for some a > —1, and likewise
at the opposite endpoint v. The problematic case is when for ¢ near u we have

900 = B (e — e)),
where h is conformal and s is a branch of z — z/™. Differentiating it suffices to show that
|s'(e" — )| = O((t — u)?)
for some a > —1 as t — u. Now
4 , 1 .
1ottt _ iuy T gi(t—u) 1 —(m—1)/m
(e~ ) = e |

< co(t —u)~(m=b/m



SPECTRAL PROPERTIES OF SOME DIRECTED GRAPHS 67

for some constant ¢y > 0 as t — u, as required. Hence [ < oo, as required. This implies the
length function s : (u,v) — (0,1) where

s(t) = | (@)l da

u
is well defined. Since
(@) = (7 (2) ()2

and 7'(z) does not vanish, we conclude that |y'(x)| is real-analytic. Therefore s is real-
analytic. Since s'(z) > 0 for all = € (u,v), we conclude that s~! is real-analytic by the inverse
mapping theorem. Therefore the arc length parametrization 4 : (0,1) — C of v defined by
F(t) = v(s71(t)) is real-analytic.

Our next theorem analyses the distribution of the zeros of F), along L. The proof identifies
the exceptional points and the densities in the statement.

THEOREM 2.5. There exist a finite subset D of L, real-analytic curves ., : (0,1,) — C
for r=1,..., N parametrized by arc length with non-vanishing gradients and bounded real-
analytic densities p, : (0,1,) — (0,00) with the following properties.

(i) The set L is the disjoint union of D and the ranges of all the ~,..

(ii) For every choice of r and every closed subinterval [, 5] of (0,1,) we have

B
hH(l) Ne = J pr(s)ds,

[e3

where

1
N.= lim —{z€ R: F,(z) =0} NS

n—oo N

and
Se = {z € C : dist(z, v ([r, ])) < €}.

Proof. Let v : (0,1) — C be one of the analytic curves in L. It has range contained in

{ze R:[f:(2)| = |fs(2)] > | fi(2) [}

for some integers r # s and all ¢ # r, s. Without loss of generality we may suppose that ~y is
the arc length parametrization of 7 : (u,v) — C, where 7 is of the form (f,./fs)"1(e?), as in
Theorem 2.4. By taking a sufficiently small open neighbourhood U of ([« 5]), we can ensure
that z € U implies that a,(z) # 0, fs(z) # 0,

ap(z) fr(2)
ar(z) fs(2)

for some ¢ € (0,1), M >0, and all k # r,s. Since a,(z)fs(2)" # 0 for all z € U, the solu-
tions (counted with multiplicity) of F,(z) =0 in U are precisely the same as those of

Fo(2)/(ar(2) fa(2)") = 0. Now
Fo2) (1" asl2) ar(2) ( Fu(z)\"
REIAG (fs(Z)) tawt 2wt (fs(Z)>

k#r,s

<M and <1l-94

and so with
f(2) = £(2)/£s(2),  a(z) = as(2)/ar(z) and gn(z) = > (ak(2)/ar(2))(fa(2)/ fo(2)"
k#r,s

we are interested in solving the equation

f(2)" +a(z) + ga(2) =0
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inside U. We note that g, (z) is uniformly exponentially small in U as n — oo.

Define the argument function 6 : (0,1) — R by 0(t) = —ilog(f((t)) using an analytic branch
of log f o . For definiteness, we may put 6(¢t) = s~'(¢), where s : (u,v) — (0,1) is the length
function

¢
s(t) :J |7 (z)| dz.
This uses the fact that () = 7(s~1(¢)). We note that 6 is real-analytic and can be extended
continuously to the closed interval [0,1]. Also, define the density function p: (0,1) — R by
p(t) = 0'(t)/2m. We show that p is bounded by showing that (s=!)/(¢) is bounded. It suffices
to check that there exists a constant C' > 0 such that |s'(¢)| > C for all ¢ € (u,v). Since

') =17/ (0)] = [(f71) ()],

where f~1 is an analytic branch of a local inverse of f, it suffices to check that f/(z) is bounded
for z € 7 (or equivalently 4.); but if one observes the construction of 7, this is clearly the case.
Hence p is bounded. Also p is positive because (s~!)'(t) is non-zero and s is increasing.

The idea of the proof is to now cover v([a, ]) with finitely many sets with disjoint interiors
such that in each set we can count the number of solutions of F,,(z) = 0. The boundaries of
these sets contribute O(1) zeros as n — oo and so their contribution can be ignored. This will
be achieved over a number of steps.

Let zp € (e, 8]) and let wg = f(zp). Since f'(zp) # 0, there are open neighbourhoods V' of
zo and W of wq such that f:V — W is conformal with analytic inverse g : W — V. We may
assume that V' is sufficiently small so that V' C U and z € V implies

la(z0)]
o

Since |wg| = 1, there exists ¢g € R such that wy = e Let Cy, be the contour Ci g, .0,,
where r=1—-90, R=1+4+6, 01 = ¢g — I and 05 = ¢y + J, where § > 0 is small enough so that
C\, and its interior is contained in W. Let A,,, be the union of C,,, and its interior, so that
A, 18 a sector of an annulus with angular sweep 0 — 6. Finally let N,, = g(Ay,). We show
that

|a(2) — a(20)] <

n(92 — 01)
2

asn — oo. Let Fy, (w) = F,,(g(w)) forw € W. Since g : W — V is conformal, Lemma 2.1 implies
that

#{z € N : Fo(z) =0} = +0(1)

#{z € N2, : Fy(2) =0} = #{w € A3, : F,(w) = 0}.
The solutions of Fn(w) = 0 counted with multiplicity are precisely the same as those of
w" + a(w) + gn(w) =0,

where a(w) = a(g(w)) and g, (w) = gn(g(w)). We use Rouche’s theorem to show that each such
solution in A7, is close to a root of

w" + a(wo) =0,
which has roots given by
w; = |d(w0)|1/neisj for ] — 1’ ey,

where sj41 — s; = 2m/n. For j =1,...,n define C?" to be the contour Cy, g, 0, ,.0.,, Where

Thn = (%|d(w0)|)1/n; Rn = (%‘&(WO)l)l/n, 01,]‘ =85 — 7r/2n and 9273‘ =55 + 7T/27L We note that
the C7™ approach the unit circle uniformly as n — oo and are evenly distributed around the
unit circle by an angle of 27 /n.
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We show that if C7" C A,,,, then F,(w) = 0 has precisely one solution inside C7". Routine
estimates show that if w € C¥", then |w™ + @(wp)| > |a(wo)|/2, where we note that the lower
bound is independent of n. Also, since g, (w) — 0 uniformly as n — oo, there exists N > 0 such
that for n > N we have |g,, (w)| < |a(wo)|/8 for all w € W. Therefore for w € C¥" and n > N
we have

[w" + a(w) + gn(w)| > [w" + awo)| — |a(wo) — a(w)| — |gn(w)]

> |a(wo)| . |a(wo)| . |a(wo)|
2 8 8
_ |a(wo)l
4

and

la(wo)| | [a(wo)l
<S5t
 Jatw)

1

Therefore by Rouche’s theorem w™ + a(w) + g (w) =0 and w” 4 a(wy) = 0 have the same
number of solutions inside C7", and so Fn(w = 0 has precisely one solution counted with
multiplicity inside C7".

Let D%™ be the open region enclosed by C’". Routine estimates show that if w € A, \
U; D3 then |w™ + a(wg)| = |a(wg)|/2. Consequently for w € A, \U; DJ™ and n > N, we
have
| (wo)

4

and so F,,(w) = 0 has no solutions outside the C7". Therefore
#{z € N7 : Fo(2) =0} = #{w € A7, : F),,(w) =0}
=#{j: 7" C Ay} +0(1)
n(92 — 91)

=—=+001
as n — oo. We also note that the boundary of N, has O(1) (in fact, at most 2) solutions as
n — 0o. Our choice of 4,,, (and hence N,,) was quite arbitrary and it will be useful to impose
further conditions. There exists ¢y € o, 8] such that zp = vy(tp). We may choose A, so that
there exist a, b satisfying 0 < a < ty < b <[ so that

S1N Ay, = {?Y :t € la,b]}

[w" +a(w) + gn(w)| >

and
’Y ﬁ NZ() = ’7([aa b])
This uses the fact that f(~(¢)) = i0(t) by definition. These sets satisfy the relation
f(yNN,,) = Stn Awe -

Furthermore we can impose the condition that 6(b) — 0(a) < /2.
For convenience, let As5(61, 62) denote the closed region enclosed by the contour Ci_s146,0,,9, -
We show that there is a § > 0 small enough and a partition of [«, 5] of the form
to<ti=a<ts<ts<...<tp=0<tn

so that f~! has an analytic branch g; in a neighbourhood of A; = As(0(t;),0(t;11)) so that the
sets N; = g;(A;) for i = 0,...,m have the following properties.
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(i) The interior of | J; IV; is an open set containing ([, 3]). The interiors of each N; are
disjoint.
(ii) For i =0,...,m we have S* N A; = {e®® : ¢ € [t;,t;11]} and v N N; = y([ts, tis1])-
(iii) For ¢ =0,...,m, we have
n(0(tir1) — 0(t:))
27
as n — oo. The boundary of N; has O(1) solutions as n — oo.
Let z € y([ev, 8]). By the previous step there exist subsets of C, denoted by N, and A,, and

real numbers a, < b,, such that z € N2, A, = As_(0(az),0(b,)) for some J, > 0, such that we
have

#{z € N : F,(z) =0} = +0(1)

S'NA, ={e?® tela.,b]}, vNN, =7(as, b))

and 0(b,) — 0(a,) < w/2. There are also open subsets of C, say U, and V., such that N, C U,
A, CV, and f:U, — V, has analytic inverse g, : V, — U,. Since ([, 5]) is compact, there
exist finitely many points, say z1, ..., za, such that

M
el
i=1
Let P be the set formed by removing from

{az, by, i=1,....,. M} U{e, 8}

all elements less than «, except for the largest such one, and similarly, all elements greater
than 3, except for the smallest such one. The set P can be labelled in increasing order so that

to<ti=a<ty<ts<...<tym=0<tms1-

Initially let 0 be the minimum of the d,,. For i = 0,...,m there exists zj; (depending on ¢) such
that [t;,ti41] C [az,,bz,]. Letting g; = g., we put A; 5 = As(0(t;),0(tir1)) and Ni 5 = gi(Ass).

It now suffices to show that by reducing ¢, if necessary, we can ensure that the interiors of the
Ni,s are disjoint. Suppose there exists i < j such that N5 N N7 # 0. This implies 0(t;11) <
0(t;) since if 0(ti+1) = 0(t;), then we would have A7 ; N A7 ; = @ (because O(tjq1) —0(t;) <m)
and so NP5 N N7 5 =0, Wthh is a contradiction. Thus [tz,tlﬂ] and [t;,t;41] are disjoint and
hence 7([t;, t2+1]) and y([t;,t;41]) are disjoint. Consequently there ex1st disjoint open sets U;
and U; such that ’y([ti7ti+1]) C U; and y([t;,t;+1]) € U;j. Now reduce § so that g;(A4;5) C U;
and g;(A; s) C U;. This implies N; s N1 N; 5 = (). We continue this process of reducing ¢ until the
interiors of the N, s are disjoint. We then put A; = A; 5 = As(0(t;),0(ti+1)) and N; = g;(A;)
and it is clear that these sets satisfy the required properties.

By definition S, is the e-neighbourhood of ~([«, 3]). There exists ¢ > 0 such that for each
i=1,...,m —1 we have

F(Ni 0 Se) 2 Ac(6(t:), 0(tiv1))-

Therefore as n — oo, we have

#{z € N°NSc: Fo(z) =0} = "(9(’5’*12)7: bts) o(1).

Also, for each € > 0 small enough there is a corresponding ¢, > 0 such that ¢, — 0 as € — 0
and such that

F(NoNSe) C Ac(0(t1) — ce, 0(t1))

and

F(Nm N Se)) € Ac(0(tm), 0(tm) + ce).
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Therefore as n — oo we have for ¢ = 0,m

Kic:=#{z€ N7 NSc: F(z2) =0} <

nCe
2

+0(1).

Consequently, as n — oo, we have

{z€eR:F,(2)=0}NS| = i#{z eN'NS.: F,(z) =0} +0(1)

=0

= Ko.e + K + mz_: nBltie) = 00) | oy

e 2
2 ’ ’
Hence
0B —0l0) _ . IO =0a) <.
2 2 T
and so
b . 08) = 0(a)
e—0 2
Finally,
s 5o (s 0(8) — O
J p(s)ds:J 2(7r) ds = ( )27T ( ),
and so
B
hrr(1J N. _J p(s)ds,
as required. |

The above result is sharp in the sense that one cannot let « = 0 or 8 = [,.. To see this consider
the function

Fo(2) = f1(2)" + fa(2)" + f3(2)",
where f1(2) = 22(z — 1), f2(2) = z — L and f3(2) = (z — 1)2. Since | f1(1)| = [f2(1)] = | f3(1)] =

0 we note that 1 does not lie on any of the analytic arcs. The problem is that F},(z) = 0 has n
solutions counted with multiplicity at 1. If z is close to 1 and satisfies |z| = 1, then we have

112 = 1f2(2)] > |f3(2)]

and so there is an analytic arc v : (0,1) — C with endpoint 1. Without loss of generality suppose
that v(0+) = 1. If we choose 8 > 0 small enough, then we get

["ptsyds = -0 o0y < 2
0 2m 2

This makes use of the fact that 6 can be extended continuously to [0,!]. For each € > 0 the
e-neighbourhood S, of v((0, 8]) contains 1 and so N, > 1. Consequently we have

B
limi(?f N. >J p(s)ds.
€— 0

COROLLARY 2.6. The limit set of {z € R: F,,(z) = 0} as n — oo is equal to the union of
L and the discrete set

Z:=J{zeR:ar(2) =0, |f(2)] > max{| fs(2)| : s # r}}.

r=1
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Proof. Letting A, :={z € R: F,(z) =0} and A := L U Z, the task is to show that 4,, — A
as n — o00. There are a number of cases to consider.

Suppose zg € L. If 2 lies on an analytic arc, or is an endpoint of an analytic arc, then by
Theorem 2.5 there exists a sequence z,, € A,, such that z, — zg as n — oo. The other possibility
is that 2z is an isolated point of L, and we recall that this can only occur if f,.(z9) = 0 for all
r. In this case zg € A, for all n.

Suppose that zg € Z. There exists r € {1,...,m} such that a,(z9) = 0 and |f,-(20)| > |fs(z0)]
for s # r. Suppose this root has multiplicity mg. Applying Rouche’s theorem to F,,(z)/f.(z)",
we see that F,, has mg zeros in any disc B(zg,d), provided § is small enough and n large
enough. Therefore there exists a sequence z, € A,, converging to zy as n — oc.

Finally, if 29 ¢ L U Z, then there exists r € {1,...,m} such that a,(z0) # 0 and |f,.(z0)| >
|fs(z0)| for s # r. Let U be a sufficiently small open neighbourhood of zy such that z € U
implies that

Ifs(2)/fr(z)| <ec<1 fors##r,
la,(2)| > M > 0.

By considering F,(z)/f-(z)" we see that A, NU = { for all large enough n. O

The convergence of A,, to A in the above corollary is locally uniform in the following sense.
If K is a compact subset of C and N (A4, ¢) an e-neighbourhood of A, then for all large enough
n we have A, N K C N(A,¢) N K. This is seen by covering K \ N(A4,¢) by finitely many open
sets Uy, ..., U such that A, NU; = ) for all large enough n.

EXAMPLE 1. Given ¢ > 0, the solutions of the equation (22 — 1) = ¢ are given explicitly
by
2 = :t{l + Cl/n€27rir/n}1/2,

where 1 < r < n. Putting f(2) = 22 — 1, the solutions converge as n — oo to L = {z : |f(2)| =
1}. As in Theorem 2.4 one may parametrize L by v(u) = £v/1 + e, where —7 < u < 7. For
this initial parametrization one has f(vy(u)) = €™, 6(u) = u, p(u) = 1/(27) and [*_p(u) du =
1. If instead one parametrizes the curve v by arc length using the formula

d )
==l =1+

then one sees that the density of the zeros vanishes at z = 0 because s'(u) — oo as u — .

2.3. An important degenerate case

If each f, is a power of z, then the above general analysis does not hold. In this case the f,
fail to satisfy hypothesis 3, since for each r we have |f,.(z)| =1 for each z on the unit circle
|z| = 1. Understanding this degenerate case will be important to us later on, and so we have
the following result.

LEMMA 2.7. Let p be a polynomial in two variables of the form
P(2,W) = A (2)W™ + @1 (2)W™ "+ L4 ar (2)w + ag(2).

Let € > 0. As n — oo the solutions of p(z,z") =0 that satisfy |z| <1 — € converge to the
solutions of ap(z) = 0, satisfying |z| < 1 — €, while the solutions of p(z,z") =0 that satisfy
|z| > 1+ € converge to the solutions of a,,(z) = 0, satisfying |z| > 1 + €.

Assuming that neither ag(z) = 0 nor a,,(z) = 0 has a solution of modulus 1, the remaining
solutions of p(z,z"™) = 0 are asymptotically uniformly distributed around the circle |z| =1 in
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the sense that for all o and 3 such that 8 — o < 27 and for all § > 0 we have
#{zeC:p(z,2")=0,1-0<|z|<14da<argz <} R -«
#{z € C:p(z,z") =0} 27

where we count the roots with multiplicity.

as n — 00,

Proof. 'We note that p(z,z™) has nm + d roots counted with multiplicity, where d is the
degree of a,,(z). We begin by proving the last statement. Fix an arbitrary point zg of modulus
one. We first prove that the result is true in a neighbourhood of z5. The equation p(zp, w) = 0
has exactly m solutions counted with multiplicity because a,,(z9) # 0, and each solution is non-
zero because p(zo,0) = ag(zo) # 0. Let wy, ..., wy be the distinct solutions and let my, ..., my
be the corresponding multiplicities so that my + ... + my = m. The nm solutions of p(zg, z2™) =
0 are precisely the nth roots of the w;, that is

k
{z € C:p(z0,2") =0} = U{z €C: 2" =w}.
i=1
Let z; be an nth root of w;. We show that the solution z; of p(zp, 2") = 0 has multiplicity m;.
Substituting 2" for w and 2} for w; in

(20, W) = (W — W)™ + apyp1 (w0 — W)™ T4 (A, #0)
yields
P(20,2™) = @, (2" — 22)™ 4 Q41 (2" — 2™ 4L
=(z—2)™ (" 4 2" P 4 A 2T ™ (g, @1 (27— 2 )
= (z—2)"9(2),

where g(z) is analytic and satisfies g(z;) # 0, and so the root z; has multiplicity m;.

Let Cy,...,C) be contours of the form C) g, 9, such that the regions enclosed by the C;
are disjoint and such that w; lies inside the region enclosed by C;. The preimage of C; under
the map z — 2" consists of n disjoint contours of the form C g g, 9, which are equally spaced
around the unit circle in the sense that they may be labelled C;™",...,C;"" so that

C'Z-j’n = Cj_lcil’n for j=1,...,n, where ¢ = e">™/",

where multiplication by ¢ effectively rotates the contour by an angle of 27 /n. As n — oo the
radii of the preimage contours converge to 1 and their angular sweep converge to 0. We may
label the nth roots of w; as 2", ..., z/"" so that 2/ is inside the contour C?"".

Let C' = Ule C;. If w € C, then p(zp,w) # 0 since the only zeros of this polynomial are the
w;. Since C' is compact, there is a constant M; > 0 such that |p(zq,w)| > M; for all w € C.

Note that if z € C?", then 2" is on C and so |p(z0, 2")| > M;. Let
My = max{|w"| : w € C,0 <k <m} > 0.
The continuity of the polynomials a;(z) imply that there exists an open neighbourhood of zy,

say A, such that

M
lai(z) — a;(z0)] < o ! for 0 <i<mand z € A

By reducing A, if necessary, we may assume that
A={z€C:s5<z| <S8, ¢1 <argz < ¢a2}.

Inside the contour C’Zj " the equation p(zo, 2") = 0 has precisely m; solutions, and these are all
at the point z"". If the contour C" lies completely inside the region A and if z € C7"", then
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we have

(20, 2") = p(2, 2")| < lam(20) = am (2)[[2""] + ... 4 |a1(z0) — a1 (2)[[2"] + |ao(20) — ao(2)]

M
<m+1)—1 g
) s a2
<M
< [p(20,2™)|-

Therefore by Rouche’s theorem the equation p(z,2") = 0 has precisely m; solutions inside
the contour C7". Since the angle between successive contours C?" is 2 /n, we conclude

#{] . Cg,n c A} (¢227r ¢1) (1)

as n — 0o, where the error term O(1) is actually < 2 for all large enough n. Consequently the
number of solutions of p(z, 2™) = 0 that lie in A is at least

nm(¢s — ¢1) n

2

k
D mix #{j: CP" C A} =

=1

0(1).

Since the unit circle {z : |z| = 1} is compact, we may cover it with finitely many sets of the
form A, say Aj,..., Ay, such that in each A; we have the above lower bound on the number
of solutions of p(z,2") =0 in A;. After trimming these sets and relabelling we may assume,
fori=1,...,N, that

A;i={z€C:1—-00 <|z| <140, pi1 <argz < ¢;},

where dg < 0 and ¢g < @1 < ... < oy with ¢ — ¢g = 2m. For n large enough we conclude that
the number of solutions of p(z 2™) =0 in the annulus {z : 1 — dy < |z] < 14 dp} is at least

Z ¢’ ) +0(1) = nm + O(1).

i=1
Since p(z,2™) = 0 has only nm + d solutions, we conclude that all but O(1) of these solutions
lie inside the contours C7". Therefore, the number of solutions of p(z,z™) =0 in a region T
can be counted with increasing accuracy as n — oo by identifying those contours C?"" which
are contained in T" and recalling that the region enclosed by CY"" contains exactly m; solutions.
Therefore

#{z2€Cip(z,2")=0,1-6 <|z| <1+, a<argz <[} Zle nm; (8 —a)/27 + O(1)
#{z € C:p(z,z") =0} B nm+d
nm(B — a)/2m + O(1)
nm +d
0 —«
2m

—

as n — 00, as required.

We now return to the first statement. Let B={z€ C:|z| <1 —¢€} and let b,(z) =
p(z,2") —ag(z) so that p(z,2") = by(2) + ap(2). Let z1,...,2; be the roots of ap(z) in B.
Without loss of generality we may suppose that e is small enough so that all the roots of ag(z)
with modulus less than 1 are in B. For i = 1,...,k let D; be a disc of radius § and centre z;,
and let S; be its circular boundary. For ¢ small enough the D, are disjoint and are subsets of
B. There exists M > 0 such that |ag(z)| > M for all z in B\ |J; D;. Since b, (z) — 0 uniformly
on B as n — oo, we have for large enough n that

|ao(2)| > M/2 > |bn(2)]
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FIGURE 3. Solutions of p(z,z") = 0 for n = 40 in Example 2.

for all z in B\ |J,; D;. Consequently, the only solutions of p(z,2") =0 in B are in U;D;.
Furthermore, Rouche’s theorem applied to the contour S; implies that each D; contains
a solution of p(z,2z") = 0. Since ¢ is arbitrary, the result follows. The proof of the second
statement is similar. O

Only minor modifications are needed if ap or a,, has a zero of modulus 1. By the above
proof, one can show that if S is an arc of the unit circle on which neither ag nor a,, vanishes,
then the solutions of p(z,2™) = 0 close to S are uniformly distributed along S.

ExampLE 2. Consider the polynomial p given by
p(z,w) = w? + a1 (2)w + ap(2),

where a;(2) = —2% — 2+ 9/2 and ag(2) = 2% — 22/2 — 42 + 2. Letting z = € and solving for
w gives two distinct solutions

f+ ei@) — ei9 _ 1/2’
f_(eie) _ 62710 —4

for all § € [0,27]. Since 1/2 < |4 (e?)| < 3/2 and 3 < |f_(e?)| < 5, we should anticipate that
for large n the roots of p(z, 2") = 0 will form two distinct rings of solutions, both close to the
unit circle, along with an extra zero close to 1/2. This is illustrated in Figure 3.

ExampLE 3. Consider the polynomial p given by
p(z,w) = w? — 4w — 82 + 3.
Letting z = €'’ and solving for w gives

w=24 /8 + 1.
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FIGURE 4. Solutions of p(z,z") = 0 for n = 20 in Example 3.

For each 6 let w;(f) and wy(f) denote the two roots. In the vicinity of ¢’ there are two
(possibly overlapping) families of solutions to p(z,2") =0, and these solutions are close to
those of 2™ = wy (0) and 2™ = wa(0). If |w1(0)| # |w2(0)] (for exapmle, if @ = 0), then we should
expect two distinct families of solutions near e?. Futhermore, if |w; (6)| = |w2(6)| (for exapmle,
if 6 = 7), then we should expect the families to coincide. This is clearly seen in Figure 4 for
n = 20.

3. Spectrum of a directed graph

In this section we introduce some relevant notions from graph theory and use them to study
the adjacency matrix of a directed graph. As well as providing a simple introduction to the
general theory, this case has some features of its own that are of interest.

Let G denote the class of finite, directed graphs (S,—) that are irreducible in the sense
that for every w,v € S there exists a path u=s; — s9 — -+ — s, = v. The irreducibility
assumption implies that the in-degree and out-degree of every vertex of S is at least 1.

The adjacency matrix A of (S,—) € G is defined by

Ay = 1 ifi— j:,
’ 0 otherwise.

The spectrum of (S, —) is by definition the spectrum of A.

We partition S into two sets C' and J, where C' consists of all vertices v € S that have total
degree 2, and where J := S\ C. If #(S) > 1, then for each a € C there exist b, ¢ # a such that
b—a—c. If #(J) =0, then (S, —) is a cycle and

Spec(4) = {62”"/" cr=1,2,...,n},

where n = #(5). We henceforth assume that neither C nor J is empty, and set about exploring
the structure of these two sets.
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The set C' may be partitioned into h disjoint subsets C,...,C}, where the vertices in C;
may be labelled {v; 1,...,v; 4, } so that

bi — Vi1 — V2 — ... = Vg, — €,

where b;,e; are in J. The set C; is called a channel and is said to have length d; and
endpoints b;, e;.

The structure of J may be quite complex, but every = € J has total degree at least 3. We
may write J as the disjoint union of subsets {.J;}¥_; that are maximally connected with respect
to the undirected graph structure inherited from (S, —). It follows that there are no directed
edges joining different subsets J;, which we call junctions. Irreducibility implies that one can
pass from any junction to another, but only via intermediate channels. In some cases one may
only be able to pass between different points of the same junction via external channels.

We would like to explore the spectrum of (S, —) as the length of each channel is increased
by a factor of n. This involves studying the spectrum of the graph (S, —) obtained from
(S,—) by replacing each channel

b1—>CZ—>61

by the lengthened channel
bi — Cz(n) — €4,
where #(C’i(n)) =n x #(C;). We denote the corresponding adjacency matrix by A,
The key to our analysis is to define a new graph (S, —) by collapsing each channel C; in
(S,—) to a single point p;. In more detail, we put
S=JuU{pi:1<i<h}

and define the edges of the new graph as follows. If 4, j € J, then i — j in S if and only if i — j
in S. Also, we include the edges b; — p; and p; — e; for each channel C;. The adjacency matrix
of (S, —) is denoted by A. Importantly, (S, —) and A do not depend on n or the lengths d; of
the original channels. With this in mind, the next result simplifies the task of computing the
characteristic polynomial of A(™).

THEOREM 3.1. The eigenvalues of A coincide with the roots of the polynomial pencil

D(z) — A on S, where D(z) is the diagonal matrix with entries

z ifi=j¢€J,

D; j(z) =} 2" ifi=j=p, for somer € {1,... h},

0 otherwise.
Indeed

det(zI — A™) = det(D(z) — A) (3.1)
for all z € C.

Proof. Tt suffices to prove the following more general result, which will also be of use later
on. Let M be a matrix of the form
Cl El
Co Es

Ch Eh
By, By - B, J
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where C}, is the nj X ng matrix

875

with ay on the diagonal, —1 directly above the diagonal and 0 elsewhere; J is an arbitrary
m X m matrix; By is an m X ny matrix with 0 everywhere except possibly for entry (ig, 1),
where it has the value Og; and Fj is an ng X m matrix with 0 everywhere except possibly for
entry (ng, jr), where it has the value . It is clear that the vertices of the graph (S, —) can
be labelled so that the corresponding matrix zI — A" has the above form.

On the set of matrices of the above form, we may define a map M — M by defining the
corresponding matrix M by

n1 !
531 E;
oy E;
M - ’
Np !
a," B
/ / !
By B, --- B, J

where Bj, is the m x 1 column vector with value f§j in position iy and 0 elsewhere; Ej. is the
1 x m row vectors with value €, in position j; and 0 elsewhere; and where the 1 x 1 matrix
(a}*) replaces the matrix Cy. It is clear that the vertices of the graph (S, —) can be labelled
so that the corresponding matrix D(z) — A has the above form.

It now suffices to show that det(M) = det(M). We prove the result by induction on h, which
is the number of matrices C} along the diagonal of M. The result clearly holds for h = 0 and

for any size matrix J. For the inductive case, let N =mnq + ...+ ny and let K be the matrix

Cs E,

K= 5
C, Ej

By -+ B, J

Expanding the determinant of M down the first column gives
det(M) = ay det(M; 1) + (=1)N T 3) det(Mpy 14, 1)
= aft det(K) + (=) g (1) T (=D)N T ey det(K Ny iy Ny 11 )
=a det(K) + (1) 13161 det(Kn—ny4iy N—nitir)s
where det(M;,1) is evaluated by expanding successive minors down the first column and
det(Mni,.1) is evaluated by expanding successive minors across the first row. Similarly, we

have

det(M) = af* det(K) + (=1)" 41 gy (=) 1y det(Kpy— 144, 0145,
= o det(K) + (=) 1113 6) det (K144, h—144,)-
By the induction hypothesis
det(K) = det(K),
Aet(K N iy, N—ny+51) = det(Kn_14i, n-145,)

and so det(M) = det(M), as required. O
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COROLLARY 3.2. There exists a polynomial p of the form
p(z,w) = ae(2)w 4 a1 (2)w ™ + ...+ a1 (2)w + ag(2)
such that
det(zI — AM™) = p(z, 2"). (3.2)

Moreover ¢ = #(C). All of the polynomials a, have degree at most #(J) and a. has degree
equal to #(J).

Proof. Theorem 3.1 implies det(z — A) = det(D(z) — A), and after the change of variable
w = 2" we note that

wh E;
w? E}
det(D(z) — A) = :
wh E;
B, B, ... B, z[-J

Using the permutation definition of the determinant we see that the highest-order power of w
corresponds to the term in the determinant that includes all of the terms w?", and the power of
w is then dy + ...+ dj = ¢. The term in the determinant arising from the identity permutation
shows that a.(z) has degree equal to #(.J). It is clear that this is the maximum degree of the
polynomials a,(z). O

By combining Lemma 2.7 with Corollary 3.2 we obtain the key result of this section.

THEOREM 3.3. For every € > 0 the spectrum of (S, —) is almost entirely confined to
an annulus of the form {z : 1 — e < |z| < 1+ €} for n sufficiently large. These eigenvalues are
asymptotically uniformly distributed around the unit circle, except near at most finitely many
points. There may however be a small number of eigenvalues far from the unit circle.

In a later section we will show that the corresponding eigenvectors are concentrated around
the set J. In general they are concentrated around a single junction, but this may not happen
if the graph has certain symmetries.

4. The general model

We now turn to the general model described in section 1. Starting with a general n x n matrix
A we may define an associated directed graph (S, —) by putting S = {1,...,n} and declaring
i — 7 if and only if A; ; # 0. The edge i — j is said to have weight A; ;. The added presence of
weights necessitates a more general definition of channel and junction, which we now explain.

Suppose that S can be partitioned into disjoint sets C' and J that satisfy the following
properties. The set C' may be further partitioned into disjoint subsets Ci,...,C} called
channels, where the vertices in C; may be labelled {v;1,...,v;4,} so that

bi — Vi1 — Vi — ... = Vg, — €,

where b;, e; are in J. There exists «; in C such that the diagonal entry A, , equals o for all
v in C;. There exists ; # 0 in C such that the weight of each edge v; ; — v; j1+1 is B;. The
edges b; — v; 1 and v; g, — e; also have weight 3;. If o; = 0, then each vertex in C; has total
degree 2, and if a; # 0, then each vertex in C; has total degree 4, the increase in degree being
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attributed to the edge of weight «; that begins and ends at each vertex. In summary, each
channel C; is determined by three parameters, the diagonal weight «;, the off-diagonal weight
(; and the length d;. As before, the set J can be partitioned into disjoints sets Ji, . .., Ji called
junctions that are maximally connected with respect to the undirected graph structure induced
by (S, —>)

This definition does not require the graph to be irreducible. However, as before, we shall be
concerned only with irreducible graphs.

It must be emphasized that there is no canonical way to partition S into sets C' and J. We
simply choose a partition of S so that the above conditions hold. This is always possible since
we may define C' = () and J = S, though the lack of channels makes this partition uninteresting.

Suppose that we have partitioned S into sets C' and J and have thereby identified the
channels C1, ..., Cy, in (S, —). For each positive integer n we construct a new matrix A that
has the same graph structure and matrix entries as A, except that the length of each channel
is increased by a factor of n. Our aim is to study the asymptotic behaviour of the eigenvalues
of A as n — oo.

Let B{™ be the matrix 2T — A(™ after we have divided the entries in row i by §; if 7 is in
C. By the proof of Theorem 3.1 we have

pu(z) 1= det(zL — A®) = k" det(BE) = k" 3 () [ (= — ai)/3)"

s i€s

where k = H?Zl 6?1', the sum is over all subsets s of {1,2,...,h} and each a; is a polynomial
independent of n and of degree at most d = Z?Zl #(J;). If o ={1,2,...,h}, then a, is of
degree d. The other a; may be of lower degree and may vanish identically. The zeros of p,(z)
coincide with those of

Fn.(z) = Z as(2)fs(2)",
where the sum is over all subsets s of {1,2,...,h} and

Folz) = TJ((= = ei)/B) "

€S

The spectral asymptotics are therefore determined by Theorems 2.4 and 2.5, since it is
generically true that the f, satisfy the required hypotheses.

Since there are 2" subsets of {1,2,...,h}, one would expect the number of terms in p,(z)
to grow exponentially as the number of channels is increased. Surprisingly this often does
not occur as many of the a; may vanish identically. We will prove this for the case when each
junction consists of a single point. The next result (based on [4, Theorem 1.2]) gives a necessary
condition for the term a4 to be non-zero in terms of the graph (S("), —) associated with Bgn).
Apart from the weights, we note that S is simply the graph associated with A(™, along
with the (possibly extra) edge i — i for every i € S, since the diagonal entries of B are

non-zero. In particular, the weight of the edge v — v for v € C’i(n) is (z — ay) /0.

THEOREM 4.1. Suppose as is non-zero for some s C {1,2,...,h}. If we remove every
channel C’i(n) for v € s from the graph (S("),H), then it is possible to cover the remaining
subgraph by disjoint cycles so that if C' is a channel not in s, then C' is completely contained
in one of the cycles of length greater than one.
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Proof. It is important to note that by definition the channel C’Z.(n) does not contain its
endpoints b;, e;. Now, letting B := B{"™), we have

det (n) Z Slgn H Bz (i)

i€S(n)

where the sum is over all permutations m of the set S). The term t, = [Licson Birg is
non-zero if and only if (i,7(i)) is a directed edge of (S, —) for every i € S, Now, 7 may
be written as a product of disjoint cyclic permutations, some of which may be of length 1.
Therefore, 1f tr # 0, m induces a coverm?; C of the graph S by dlSJOlIlt cycles Consider the
channel C ) I m(v) = v for some v € C;, then m(w) = w for allw € C , and so t, contains
the factor ((z — a;)/B3;)"%. In other Words, for all w € CZ-( , the cycle in C which contains w
is the singleton cycle w — w. If 7(v) # v for some v € C’i(n), then 7(w) # w for all w € C’i(n),
and so the entire channel C’Z-(n) is contained in a cycle of C of length greater than one. In this
case, the contribution of the channel C’i(") to t, is a non-zero constant. Therefore, one obtains

as(2) [ T((= = i) /i)
1€5
by summing over all coverings of S™) by disjoint cycles, such that each point in each channel
of s is contained in a singleton cycle, and each channel not in s is completely contained in a
cycle of length greater than one. Since a, is non-zero, such a partition actually exists. O

COROLLARY 4.2. Let (Shk, —) be a graph consisting of k junctions, each a single point,
and h channels. If N is the number of subsets s of {1,...,h} such that as is non-zero, then
N = O(h*) as h — oo.

Proof. Let G denote the graph obtained from S}, ;, by removing each channel C; for ¢ € s.
If G4 can be covered by disjoint cycles such that each channel C' not in s is contained in a
single cycle, then for each junction in G we either have precisely one in channel and one out
channel, or else we have no channels at all. Thus we are now left with a counting problem.
The number of subsets s such that d junctions in G4 have precisely one in channel and one out
channel with the remaining junctions having no channels is at most (}), since each possibility
requires precisely d channels, and we have h from which to choose. Consequently,

W (M) () ot (1) =00

as h — oo, as required. |

Despite the above result, there are examples for which a, is non-zero for all 2" subsets s of
{1,...,h}. Let S be a graph consisting of one junction and h channels that satisfy the following
properties. The junction J is a cycle of length 2h with

1—2—3—...—2h—-1—2h—1.
For i =1,...,h the channel C; begins at 7 and ends at 7 + 1 so that
i — C; — i+ 1.

The length of each channel is not important. If s is a subset of {1,...,h}, then the only way
of covering the graph G, by disjoint cycles so that each channel C not in s is contained in a
single cycle is by using the unique cycle in G that contains all the channels. Therefore each as
is actually a non-zero constant. The spectral asymptotics are particularly simple when none of
the as vanishes identically.
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THEOREM 4.3. If none of the ag vanishes identically, then the zeros of F, as n — oo
converge to the union of a collection of circles

h
A= J{zeC:lz—al =18}
i=1
and a finite subset of C. Furthermore, the asymptotic density of the zeros along the circle
|z — «;| = |B;i| is the constant d;/(27|5;]).

Proof. By Theorem 2.5 and its corollary, the zeros of F,, as n — oo converge to the union
of

L:= U {z e C:|fr(z)| = max{|fr(2)|: k C{1,...,h},k #r}},
rCAT,...h}

and a discrete set of points consisting of certain zeros of the as. By the same theorem, the
zeros of

Gn(2) = Z fs(2)"
sC{1,...,h}

as n — oo also converge to L and with the same asymptotic densities. However,

Gn(2) :f[l (1 + <Z ﬂio")ndi) :

and so by a direct calculation we see that the zeros of GG, as n — oo converge to the collection
of circles A, and with the stated asymptotic densities. |

5. Some examples

The matrices A considered in this paper may be classified according to the number of
channels h and the number of junctions k. In this section we consider some of the phenomena
that arise for small values of h and k, our goal being to describe the asymptotic form of
Spec(A(™) as n — oo. Since each junction has at least one in channel and one out channel by
irreducibility, it follows that k& < h. Even if we assume for simplicity that each junction consists
of a single point and that each channel has the same length n, there are still several graphs for
each choice of h and k.

EXAMPLE 4 (h =k =1). We suppose that the graph has one junction containing two points
and one channel containing n — 2 points. The n x n matrix is taken to have the form

1 ifj=i+1,
a ifi=j7=1,

. b ifi=1andj=n,
c ifj=1andi=n,
d ifi=j=n,
0 otherwise

in which the constants a,b,c and d describe boundary conditions at the ends of the ordered
interval {1,2,...,n}. One may check that the characteristic polynomial of A is

pn(2) = 2" 2(2% — (a+d)z + ad — be) — c.

The roots of this polynomial converge asymptotically to the unit circle, with the exception of
isolated roots that converge to any solution of 22 — (a + d)z + ad — bc = 0 that satisfies |z| > 1.
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EXAMPLE 5 (h =2, k=1). We consider the case in which the graph associated to A
has only one junction and that junction contains only one point. We also assume that there
are h = 2 channels, each of which has length n. The matrix A therefore has 2h +1 =15 free
parameters apart from n. We will see that all the anti-Stokes curves are circles, where we regard
straight lines as circles with infinite radii. For n = 3 the matrix A is of the form

ay By
ap By
ay B1
A= Qg 52 )
az [
as | o
B B2 0%

where we need to assume that $; and (5 are non-zero. For general n the reduced matrix is of
the form

(z—a1)" —B
A(z) = (z—a2)" —p3
—5 —2 z—x
and the characteristic polynomial is
p(z) = (2 =)z —a1)"(z — a2)" = f7 1 (z —a2)" = B3 (2 — an)™.

This may be simplified further if a; = as and we assume that this is not the case.
The characteristic polynomial is of the form )" a,(2)f,(z)", where

f1(2) = (z —a1)(z — a2),
fa(2) = (2 — az),
f3(2) = Ba(z — a1)

and a1 (z) = z — v, az(z) = —f;1 and a3(z) = —(. Each of the functions f; dominates the others
in absolute value in an open set U;, where U; contains all large enough z, oy € Us and as € Us.
The limit set E of the spectrum of A as n — oo is contained in the union of the anti-Stokes
lines, with the possible exception of an eigenvalue that converges to . Whether or not this
eigenvalue exists depends on the parameters of the matrix.

The anti-Stokes lines are defined for i # j by

Kij={zeC:|fi() = £;(2)[}
and are given by the formulae

Kip={2€C: |z -] =|Bl},
K173 = {Z (S C . |Z 70[2| = ‘/82|},
Koz ={z€ C:|pi]|z — aa| = [B2| |z — a1}

An elementary calculation shows that K3 is a circle with centre (daa — aq)/(0 — 1), where
§ = |01/Ba2]?. If § = 1, then K 3 is a straight line. The three circles are part of a coaxial system.

Once one has determined the circles K;; the regions U; can be identified by use of the
following rules. Each component of U = C\ (K3 2 U K; 3 U K» 3) is contained in a single set U;
and the unbounded components are contained in Uy. If C' is some part of K; ; and U; is on one
side of C, then by applying the maximum principle to f;(z)/f;(z) one sees that U; is on the
other side of C. If, however, Uy is on one side of C, where k # i and k # j, then Uy is also on
the other side of C' and the asymptotic spectrum E does not contain any points in C.

By applying the above rules one can progressively determine which U; contains each
component of U and also eliminate certain curves C' C K; ; as possible parts of E. Figure 5
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FIGURE 5. Eigenvalues of a matrix with h =2 and k = 1.

portrays the eigenvalues of the matrix A with n =30, a =[2,—1], 8 =12,3] and v = 5. The
circles involved are |z —2| =2, |z + 1] =3 and |z — 4.4] = 3.6. The arcs removed from each
circle are in accordance with the application of the above rules. The eigenvalue close to 5 is
given more accurately by A ~ 5.0000104.

If the two channels have different lengths, say ¢in and con, where n — oo, then only small
changes are needed. The anti-Stokes curves K; o and K 3 are unchanged but K3 becomes

the set of z such that

C1 Cc2

zZ — Q7 zZ — Q2
B B2

which is only a circle if ¢; = ¢5. The general rules for locating the eigenvalues still apply.

)

EXAMPLE 6 (h =3,k =1). The analysis in the previous example carries through for larger
values of h. In particular for A = 3 the reduced matrix has seven free parameters apart from n
and is

(z—aq)" ( : =67

- 2 — )" _ﬂn

Az) = (:—ag)"  —}
—B1 B2 —Bs z="

The characteristic polynomial is

p(z) = (2 =)z — 1) (z — @2)"(z — a3)" = BT (2 — a2)" (2 — a3)"

=Bz —an)"(z —ag)" = B3 (2 — 1) (2 — a2)"
Assuming that all the a; are distinct, there are six anti-Stokes lines, namely
Kip={2€C:|z—ai| =4},
Ki3={z€C:|z—as =|0l},
Kig={2€C:|z—as| = [Bs]},
Koz ={2€ C:|Ba||z — au| = [B1] [z — azl},
Koy ={2€C:|Bs||z — au| = [B1] |z — asl},
Ksa={z € C:|B||z —as| = |Bs] [z — azl}.

These are all circles, or straight lines in degenerate cases.
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FIGURE 6. Figenvalues of a matrix with h = 3 and k = 1.

In Figure 6, we put n =30, o =[l,4,—i], §=1[1,3/2,3/2] and v =3. Once again the
eigenvalues are close to the parts of the anti-Stokes lines obtained by using the rules given above.

EXAMPLE 7 (h=k =2). We consider a graph with two junctions, each containing one
point, and two channels, each containing n points. Each channel goes from one junction to
the other, so that the graph has exactly one circuit. The matrix A acts on vectors of length
2n + 2. The indices 2n + 1 and 2n + 2 label the junctions, {1,...,n} label the first channel
and {n+1,...,2n} label the second channel. The matrix A is defined by

ap By

(€51

P
Qaq ﬁl

as (o

a2

P2

fa

b

The characteristic polynomial for general n is

p(z) = (2 = 1)(z = 9)(z = a1)"(z — a)" = BB

The spectrum converges to

P2

a!

{zeC:lz-a)(z—ax)l =55},

2

(5.1)
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F1GURE 8. Eigenvalues of a matrix with h = 2,k = 1 and n = 100.

as n — oo, apart from the possibility of isolated eigenvalues converging to =1 or ~s. This
curve has two points in common with each of the circles |z — a;| = |5;], provided these
circles intersect.

We carried out computations for the case n =30, a =[-1.2,1.2], § =[1.3,1.3] and v =
[—2, 2]. Figure 7 plots the eigenvalues as crosses and the circles |z — «;| = |3;| as dotted curves.
The curve (5.1) is simple but non-convex and crosses both circles at £0.5i.

The other curves in the figure are the pseudospectral contours of A for e = 107", where m =
0,...,6, the outermost one, for e = 1, being only partly visible; see [6, 11] for the definition. One
deduces from these contours that the eigenvalues are highly unstable; indeed for n = 50 they
are not easily computable because of rounding errors. Note that the pseudospectral contours
are related much more strongly to the pair of circles than they are to the eigenvalues.

If one links the two junctions together weakly by putting

A2n+1,2n42) = A(2n+2,2n+1) = 1072,

then the spectrum of A changes radically and approximates the union of the two circles more
closely as n increases. The case n = 100 is plotted in Figure 8.
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FIGURE 9. The spectrum of Example 8.

EXAMPLE 8 (h =3,k =2). The (3n+ 3) x (3n + 3) matrix

if1<i=j<n,

N | .

-2 ifi=j5j=n+1,

—— ifn+2<i=j<2n+1,
ifi=j=2n+2,
if2n+3<i=7<3n+2,
ifi=4j=3n+3,
ifi+1=j,
ifi=3n+3,5=1,
ifi=n+1,7=3n+ 3,
otherwise

S = = O oW N

has characteristic polynomial
det(zI — A) = 2(22 —4)(z —i/2)" (2 +i/2)" (2 — 3/2)" — (2 — 2)(2 +i/2)" (2 — 3/2)" — 1.

Its spectrum is depicted in Figure 9 for n = 25. The corresponding graph has two junctions
and three channels, each of length n. Since h = 3, there are potentially eight terms in (4), but
the explicit expression of det(zI — A) shows that only three are non-zero. These give rise to the
three arcs in Figure 9. The eigenvalues near 2 are associated with two of the three diagonal
entries at the junctions.

6. Localization of eigenvectors

In the general model each channel C, is determined by three parameters, its length d,., its
diagonal entries «a, and its non-zero, off-diagonal entries (.. We may associate with each
channel C,. the circle

S, ={z€C:lz—a]=|6]}

If v is an eigenvector of A corresponding to the eigenvalue A it will be shown that the
coordinates of v(™ corresponding to the channel Cﬁn) are influenced by the proximity of A"
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to the circle S,. For convenience we label the vertices of channel C\™ by {1,...,nd,} so that

the coordinates of v(™) corresponding to Cr(n) are v%n), . ,vr(:jl.

THEOREM 6.1. Let {\™} be a sequence such that \(") is an eigenvalue of A" and let
v(™ denote any eigenvector corresponding to A . Then the following statements hold.
(i) If there exists § > 0 such that

dist(A™,8,) > 6 (6.1)
for all n, then there exists ¢ € (0,1) such that for each n either
|v£n)| < ci_l\v§n)| fori=1,...,nd,
or
|’U7(:Zl)r7i| < cl|vr(:;)| fori=0,...,nd, — 1.

(i) If there exists C' > 0 such that

¢

dist(A(™, 8,) < - (6.2)

for all n, then there exists d > 0 such that for each n large enough, either
(n)

(n)
i

v

At <

<d foralli,je{l,...,nd}

or

UZ(”) =0 fori=1,...,nd,.

Proof. The equation
(AT — Ay =
implies that
(A — ozr)v(n) = ﬁrvi(i)l fori=1,...,nd,. — 1.

If vgn) = 0, then Ufn) =0 for i =1,...,nd,. Therefore suppose that v%n) # 0. Condition (6.1)
implies that there exists a positive constant ¢ < 1 such that either [(\"™) —a,)/3,| < ¢ or
13-/ (A™) — ,.)| < ¢ for each n. If [(A™) — «,.)/B,| < ¢, then

W™ < ™| fori=1,...,nd,
and if |3, /(A™) — ;)| < ¢, then

|v7(lZ)T_Z.| < ci|v7(:2r| fori=0,...,nd, — 1.

This proves (i). To prove (ii) we observe that condition (6.2) implies that there exists a > 0
such that

L

n

‘)\(”)—a,«
g -

fr

<1+
n
and so
anNi—1 ani—1
1 7) () < ™) < (1 7) (n)
(1-2) I (1+2) W)
for i =1,...,nd,. Therefore, if vgn) # 0, then

(1 —a/n)"
(14 a/n)ndr =

o

o™

(14 a/n)ndr
= (1 —a/n)nd
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for all 4,7 € {1,...,nd,}. Since (1 £ a/n)"% — e+ asn — oo, the result follows. O

If the eigenvalues A(™) are a positive distance away from all the circles S,, then the
corresponding eigenvectors v(™ decrease exponentially along all the channels. This suggests
that in this case the eigenvectors will be concentrated around the junctions. We make this
precise as follows.

Given n and N, we define the subset C), y of the graph (S, ) by

h
Con=|J{ieC™ N <i<nd, — N}
r=1
We say that a sequence of normalized eigenvectors v(™) are localized around the junctions if
for all € > 0 there exists N, depending on €, such that |0 |, |l2 < € for all n. Note that if

n x max{d, : 1 <r < h} < 2N,

then Cp, y = () and so the bound is automatic. The localization condition therefore refers to
the asymptotic behaviour of A as n — oo.

THEOREM 6.2. Let {v(™} be a sequence of normalized eigenvectors of A™) with
corresponding eigenvalues N\ . If there exists & > 0 such that

dist(A™,8,) > 6 foralln and allr =1,...,h,

then the v(™ are localized around the junctions.

Proof. By Theorem 6.1 there exists a positive constant ¢ < 1 such that forr =1,...,h and
all n either
|v§n)\ <™l ofori=1,...,nd,
or
|v7(ﬁl)rii| <t fori=0,...,nd, — 1.

Let € > 0 and choose N large enough so that

2(N-1) 2
S — < —_
1—¢2 h
Now,
h nd.—N nd.—N 2(N=1)
oL |2 = WP < Py A
H Crn, N 112 i 1 — ¢2
r=1 i=N r=1 i=N ¢
for all n, as required. |
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