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Abstract

We observe a certatn random process on a graph
"locally”, t.e., in the neighborhood of a node, and
would like to derive information about ”global”
properties of the graph. For example, what can we
know about a graph based on observing the returns
of a random walk to a given node?

Our main result concerns a graph embedded in
an orientable surface with genus g, and a process,
consisting of random ezcitations of edges and ran-
dom balancing around nodes and faces. It is shown
how to obtain the genus of the surface in polyno-
mial time from local observations of the process re-
stricted to a connected subgraph whose size is (es-

sentially) O(g?).

1 Introduction

At least since Pélya’s observation (1921) that
“a drank man will return home while a drank bird
might lose its way forever”, it is known that geo-
metric properties of the underling space can mani-
fest themselves in the behavior of a random process
taking place on the space. More recently, random
processes were used to retrieve information about
the underlying space. E.g. sampling, volume es-
timates of convex bodies or scenery reconstruction
along random walk paths (see for instance [11], [2]
and [9]).

Several examples can be found in physics: con-
sider a stationary spin system on a graph, such as
Glauber dynamics for the Ising model. What prop-
erties of the graph can be inferred from properties
of the process (for instance, are there interesting re-
lations between the spectrum of the Ising dynamics
and the graph spectrum)?

lovasz@microsoft.com

We may ask an even harder question: rather
then letting a random walker wonder around and
gather information, or observe the behavior of the
Ising model, suppose that we can observe the ran-
dom process only locally, say in a fixed bounded
neighborhood of a node. Can non-trivial global ob-
servation be distilled from such local observations?
Can we put reasonable restriction (say, polynomi-
ality) on the observation time?

As a simple example, suppose that we start a
random walk on a graph, but we can only observe
it locally, at a single node. What properties of
the graph can be inferred from this? Even to this
simple question, we don’t know the answer.

Facing this harder challenge, one might start
with devising custom-made variants of the stan-
dard random processes (spin systems, random
walks), which can be analyzed, and provide ways to
compute global invariants using natural “physical”
systems.

Below we will study a reasonably simple process,
the “Noisy Circulator” with local operations, living
on the edges of a graph embedded in an orientable
surface. The process consists of adding mass 1 to
randomly chosen edges at a slow rate, and balanc-
ing the flow into vertices or around faces at ran-
dom, at a faster rate (dctails below). We know a
priori bounds on the size of the graph and on the
genus. We will show how to extract, almost surely
and in polynomial time in the size of the graph,
the exact genus of the surface by observing the
restriction of the process on a “small” connected
subgraph.

Although this construction might be useful and
have some advantages even from a pure algorith-
mic view point, our goal is not to devise a dis-
tributed algorithm for finding the genus, but to
provide a non-trivial example for the “global infor-
mation from local observation” phenomenon.
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The analysis of the algorithm, which involves a
topological theorem and a statistical element, has
some independent interest. In the topological part,
we define rotation-free circulations (that are also
circulations on the dual map). These can be con-
sidered as discrete analogues of analytic functions.
Every homology class of circulations contains ex-
actly one rotation-free circulation, so the dimen-
sion of their space can be used to find the genus
of the surface. A key result is a discrcte analogue
of the fact that an analytic function is determined
by its values on an arbitrarily small neighborhood
of a point: it asserts that every connected piece of
the vanishing set of a rotation-free circulation can
be separated from the rest of the graph by a small
number of nodes.

We briefly discuss some other examples where
global information can be obtained from local ob-
servation (these results are less complete).

2 Main result: randomized circula-
tions

The Graph. Let S be a closed compact surface,
and consider a map on S, i.e., a graph G = (V, E)
embedded in S so that each face is a disc. We can
describe the map as a triple G = (V, E,F), where
V is the set of nodes, E is the set of edges, and F is
the set of faces of G. We fix a reference orientation
of G; then each edge e € E has a tail t(e) € V, a
head h(e) € V, a right shore r(e) € F, and a left
shore l(e) € F.

The embedding of G defines a dual map G*.
Combinatorially, we can think of G* as the triple
(F,E,V), where the meaning of “node” and “face”,
“head” and “right shore”, and “tail” and “left
shore” is interchanged.

For each node v, let dv € RE dcnote the
coboundary of v:

.

1, ifh(e)=wv,
-1, ift(e) =v,
0, otherwise.

(0v)e =

~

Loops attached at v have a 0 coordinate (their
heads and tails cancel out each other). If there
are no loops at v, then |6v|? = d, is the degree of
v.

For every face F € F, we denote by OF € RE
the boundary of F:

1, ifr(e)=F,
-1, ifl(e) =F,
0, otherwise.

(aF)e =

If the face F is on both shores of an edge, then this
edge has 0 coordinate in OF: walking along the
boundary we traverse the edge twice in different
directions (since the surface is orientable). If there
are no such edges, then d = |0F|? is the length of
the cycle bounding F.

The Noisy Circulator. Let p > 0 be fixed. We
start with the vector z = 0 € RE. At each step,
the following two operations are carried out on the
current vector z € RE:

(a) [Node balancing.] We choose a random node
v, and subtract from z the vector (z7 (6v)/d,)dv.

(b) [Face balancing.] We choose a random face
F, and subtract from z the vector (z (3F)/dr)0F.

In addition, with the given probability p > 0, we
do the following:

(c) [Edge excitation.] We choose a random edge
e, and add 1 to z..

Immediately after a node balancing step, the
node v just balanced satisfies the flow condition; a
subsequent other node balancing may destroy this.
Similarly, after a face balancing step, the net “rota-
tion” around the newly balanced face is 0, but this
may be destroyed when other faces are balanced.
However, we’ll see that under repeated application
of (a) and (b), any vector converges to a rotation-
free circulation, i.e., to a circulation with 0 rotation
around each face.

We'll also prove that rotation-free circulations
form a linear space C with dim(C) = 2g, so to re-
cover the genus g it suffices to determine this di-
mension.

Genus estimate algorithm: outline. Let U C
V(G) induce a connected subgraph of G. Let Ey be
the set of edges incident with U; this set is our “ob-
servation window”. We say the U is well-connected
if every set of nodes that separates U from any
cycle that is not contractible in S, has at least 4g
elements. Note that if the graph is embedded “rea-
sonably uniformly” in the surface so that the ball
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with radius g about each node is planar and is (say)
a grid, then we can take such a ball as our obser-
vation window. The well-connectedness condition
as defined above is necessary at least for our algo-
rithm to work (see remark 7 below).

Let z(t) € RE be the vector of edge-weights after
t steps, and let y(t) be the restriction of z(t) € RF°
to the edges in Ep. So we can observe the sequence
random vectors y(0),y(1),....

Let z'(t) be the projection of z(t) onto C, and
let o/(t) be the restriction of z/(t) to the edges in
Ey. Becausc of the excitation steps (c), after a
sufficiently long time, the vectors z'(0),...,z'(t —
1) will span the space C. So the rank of this set
of vectors gives us the dimension of C, and so by
Theorem 4, it gives us the genus of the surface.
Our key topological result will assert that if U is
well-connected, then the restriction to Ejp is one-
to-one on C (Theorem 6), and so this rank is the
same as the rank of the set {y/(0),'(1),...,¥'(£)}.

Unfortunately, we cannot observe the vectors
y'(t), only the vectors y(t). But (at least if p is
small) we expect the errors y'(t) = y(t) —y'(t) to
be small, at least as long as no excitation step (c)
occurs. The speed of convergence depends on the
eigenvalue gap of the transition matrix of the (undi-
rected) random walk on G and G*.

So we are lead to the following quite stan-
dard statistical problem: there is a sequence
/(0),7/(1),... of vectors in R*, which span a lin-
ear subspace L. We observe the sequence y(t) =
' (t)+v"(t), where the “error” y"(t) is small on the
average. We want to find the dimension of L.

The random vectors z(t) or £'(t) are not inde-
pendent (in the probabilistic sense); but the differ-
ences z'(t+ 1) — 2’(t) are. Indeed, node balancing
and face balancing don’t change z'; so if no excita-
tion occurred in step t+1, then z'(t+1)—2'(t) = 0,
and if new flow was created on edge e, then it de-
pends only on e. Hence the vectors y'(t+1) —¢/(t)
are also mutually independent.

Since ¥'(t + 1) —¢'() = 0 most of the time,
it makes sense to aggregate N of these terms to
one. So we consider the vectors 2(t) = y(Nt) —
y(N(t—1)) and 2'(t) = y'(Nt)—y/(N(t—1)). Then
the vectors z'(f) are mutually independent sam-
ples from some distribution on L. (The errors
2"(t) = z(t) — 2’ (t) may be dependent.)

Genus estimate algorithm: formal descrip-
tion. We assume that we are given the (small)
excitation probability p, and upper bounds ny >
n+m+ f and gg > g. Let my be the number of
edges incident with U. Define the parameters

1
e= gm0 T =10"nig,
1
T =1 N=[——1

Let y(t) € RE° be the vector we observe in our win-
dow after t steps, and let z(t) = y(Nt}—y(N(t—
1)).

Construct a sequence of integers ty,2,...,€

[0,T — 1] as follows. If we have ¢,tp,...,%,
then compute the linear hull C£(k) of
z(t1), z(t2), ..., z(tx). Let H(k) be the set of

integers ¢ € [0,T — 1] for which the vector z(t) is
farther from £(k) than . If |H(k)| < T’, then
return k/2 as your guess for g. Else, choose a
number t;,, € H(k) randomly and uniformly. If
k becomes larger that 2gp, declare the procedure
a failure and stop.

Analysis of the algorithm. The main result of
this paper is the following.

Theorem 1 Suppose that U is well-connected and
p < 1/(10"3g3monlinng). Then the Genus Es-
timate Algorithm returns the correct genus with
probabslity at least 4/5. The algorithm runs in time

O(gony/p)-

If you find that a success probability of 4/5 is
not reassuring enough, independent repetition of
the observation can boost this arbitrarily close to
1.

3 Properties of rotation-free circu-
lations

3.1 Circulations and homology

A vector ¢ € RE is a circulation if
g-bv="3 dle)- D dle)=0.
e: hie)=v e: t{e)=v

Each vector JF is a circulation; circulations that
are linear combinations of vectors JF are called
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null-homologous. Two circulations ¢ and ¢’ are
called homologous if $— ¢’ is null-homologous.

Let ¢ be a circulation on G. We say that ¢ is
rotation-free if for every face F € F, we have

¢-9F =0.

This is equivalent to saying that ¢ is a circulation
on the dual map G*.

Remark 2 Rotation-free circulations are closely
related to discrete analytic functions and are es-
sentially the same as discrete holomorphic 1-forms.
These functions were introduced for the case of the
square grid a long time ago [7, 6]. For the case of a
general planar graph, the notion is implicit in {3].
For a detailed treatment see [12].

To explain the connection, let ¢ be a rotation-
free circulation on a graph G embedded in a sur-
face. Consider a planar piece of the surface. Then
on the set F’ of faces contained in this planar piece,
we have a function o : F' — R such that do = ¢,
i.e., ¢(e) = a(r(e)) —o(l(e)) for every edge e. Sim-
ilarly, we have a function 7 : ¥V’ =5 R (where V'
is the set of nodes in this planar piece), such that
It = ¢, i.e., ¢(e) = n(t(e))—n(h(e)) for every edge
e. We can think of # and ¢ as the rcal and imag-
inary parts of a (discrete) analytic function. The
relation ém = p¢ is then a discrete analogue of the
Cauchy-Riemann equations.

Thus we have the two orthogonal linear sub-
spaces: A C RE generated by the vectors dv
(v € V) and B C RE generated by the vectors
OF (F € F). Vectors in B are (-homologous cir-
culations. The orthogonal complement A is the
space of all circulations, and B is the space of
circulations on the dual graph. The intersection
C = ALNB*! is the space of rotation-free circula-
tions. So RF = A@B®C. From this picture we
conclude the following.

Lemma 3 Every circulation is homologous to a
unique rotation-free circulation.

We defined A by n generators, which are not
independent: their sum is 0. But it is easy to see
that this is the only linear relation among them, so

dimA = n—1. Similarly, dimB = f —1, and hence
by Euler’s Formula,

dimC=m-(n—-1)—(f-1)=m-n-f+2=2g.
Thus we have proved:

Theorem 4 The dimension of the space C of
rotation-free circulations is 2g.

(This would also follow from Lemma 3, which
implies that C is isomorphic to the first homology
group of S over the reals.)

3.2 Nonvanishing of rotation-free circula-
tions

We start with a simple lemma about maps. For
every face F, let ar denote the number of times
the orientation changes if we move along the the
boundary of F. For every node v, let b, denote the
number of times the orientation changes in their
cyclic order as they emanate from v.

Lemma 5 Let G = (V,E,F) be any digraph em-
bedded on an orientable surface S of genus g. Then

Y (ar-2)+ ) (6,—2) = 49-4.

FeF veV

Proof. Clearly _
> ar =) (d—b),
F v
and so, using Euler’s formula,

Sap+d by =) dy=2m=2n+2f+49-4.
F v v

Rearranging and dividing by 2, we get the equality
in the lemma. a

Theorem 6 Let G be a graph embedded in an ori-
entable surface S of genus g > 0 so that all faces
are discs. Let ¢ be a non-zero rotation-free circule-
tion on G and let G’ be the subgraph of G on which
¢ does not vanish. Suppose that ¢ vanishes on all
edges incident with a connected subgraph U of G.
Then U can be separated from G' by at most 49—3
nodes.
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Remark 7 The assumption that the connectivity
between U and the rest of the graph must be linear
in g is sharp in the following sense. Suppose X
is a connected induced subgraph of G separated
from the rest of G by < 2¢ nodes, and suppose
(for simplicity) that the subgraph induced by X
and its neighborhood is embedded in a subset of
S that is topologically a disc. Contract X to a
single node z, and erase the resulting multiplicities
of edges. We get a graph G’ still embedded in S so
that each face is a disc. Thus this graph has a (2g)-
dimensional space of circulations, and hence there
is a non-zero rotation-free circulation ¢ vanishing
on 2g — 1 of the edges incident with z. Since this
is a circulation, it must vanish on all the edges
incident with . Uncontracting X, and extending
1 with 0-s to the edges of X, it is not hard to check
that we get a rotation-free circulation.

Proof. Let W be the connected component of
G\ V(G') containing U, and let Y denote the set
of nodes in V(G)\ V(W) adjacent to W.

Consider an edge e with ¢(e) = 0. If e is not a
loop, then we can contract e and get a map on the
same surface with a rotation-free flow on it. If G—e
is still a map, i.e., every face is a disc, then ¢ is a
rotation-free flow on it. If G —e is not a map, then
both sides of e must be the same face. So we can
eliminate edges with ¢(e) = 0 unless h{e) = t(e)
and r(e) = I(e) (we call these edges strange loops).
In this latter case, we can change ¢(e) to any non-
zero value and still have a rotation-free flow.

Applying this reduction procedure, we may as-
sume that W = {w} consists of a single node, and
the only edges with ¢ = 0 are the edges between
w and Y, or between two nodes of Y. We cannot
try to contract edges between nodes in Y (we don’t
want to reduce the size of Y), but we can try to
delete them,; if this does not work, then every such
edge must have r(e) = l(e).

Also, if more than one edge remains between w
and a node y € Y, then each of them has r(e) =
I(e) (else, one of them could be deleted). Note that
we may have some strange loops attached at w. Let
D be the number of edges between w and Y.

Re-orient each edge with ¢ # 0 in the direction
of the flow ¢, and orient the edges between w and
Y alternatingly in an out from w. Orient the edges

with ¢ = 0 between two nodes of Y arbitrarily. We
get a digraph G).

It is easy to check that G; has no sources or
sinks, so b, > 2 for every node v, and of course
by > |Y|—1. Furthermore, every face either has an
edge with ¢ > 0 on its boundary, or an edge with
r(e) = l{e). If a face has at least one edge with
¢ > 0, then it cannot be bounded by a directed
cycle, since ¢ would add up to a positive number on
its boundary. If a face boundary goes through an
edge with r(e) = l(e), then it goes through it twice
in different directions, so again it is not directed.
So we have ar > 2 for every face.

Substituting in Lemma 5, we get that |[Y]|-1 <
4g—4, or |Y| < dy < 4g—3. Since Y separates U
from G', this proves the theorem. 0

4 Proof of Theorem 1

4.1 Bounding the error

It will be convenient to introduce two further
parameters:

1

— ,, —4gomon -
d=n, o a-llﬂmggngp

1.
Consider the matrices

=15 L oo™
A=Y ST,

vEV

1 1
B=>Y —(3F)8F)".
! Fg,,.df-‘
Let A; and )2 be the smallest positive eigenvaluc
of A and B, respectively, and let u = min{A;, A2}
We can write A = MM, where M isa ExV
matrix defined by

#, if h(§) = v,
M;, = 7;17, if t(i) = v,
0, otherwise.

Then A has the same nonzero eigenvalues as the
matrix M7 M, which is a V x V matrix with

~1 .

T m, ifuv € E,
(M M)y = Y ifu=uv,

0, otherwise.
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This is (1/n) times the symmetrized form of the
transition matrix of the random walk, from which
it follows by well-known results that A; > n™%.
Similarly, Az > f~4, so p > min{n=4%, =4} > ng*.

Let T; : RE — RE denote the (random) lin-
ear mapping that (a) and (b) generate in step t.
Note that the subspace C is invariant under T;. Let
W(tvs) =TyTs-1...Ti4a,

u(t) = {8,
and u(t,s) = W(t,s)u(t). Hence

if in step t edge j was excited,
otherwise.

8
z(s) = Zu(t, s).
t=0

Let u;(t,s), ua(t,s) and ug(t,s) denote the or-
thogonal projections of u(t,s) to A, B and C, re-
spectively, and let u;(t) = u;(t,t). This notation
is somewhat redundant, since C is invariant under
T, and hence u3(t,s) = uz(t) for every s > t. The
“error part” is w(t,s) = ui(t,s)+uz(t,s). Thus

z'(s) = i:w(t, s).

=0

2(s) = D us(e),

t=0

This z” in turn can be split into “old” and “new”
errors:
L]

z"(s) = z-:_}_ Z = X1(s) + Xa(s).

t=0 t=s—a+l

Note that X2(s) = 0 unless an excitation occurs in
the interval [s—a+1,s].

We also need a simple lemma. Let a),...,a; €
R", and let A = (1/k) Zf__ﬂ aia]. Let X be the
smallest positive eigenvalue of A. Let L be the
linear subspace generated by ay,...,ax, and L', its
orthogonal complement.

For z € R", define a Markov chain X%, X!,... €
R" as follows: start with X? = z. Given X?, choose
a vector a; (uniformly and randomly), and let

a,TX t

Xt = xt— - a;.
ai a;

Let y and z be the orthogonal projections of z onto
Lt and L, respectively. Then X' — y, and in
fact the following lemma (whose proof is omitted)
describes the rate of convergence:

Lemma 8 E (|X!—y|?) < (1-2)Yz2.
From this we derive:
Lemma 9 E(|X,(s)|?) < 5pn3e‘“/"3.

Proof. Let us fix the “excitations” u(0),u(1),...,
and let E,, denote expectation conditional on these.
Lemma 8 implies that

Eu(ur(t,8)1%) < (1=21)""*lm(9)/?,
and
Eu(juz(t,s)I?) < (1= 22)""*lua2(®).
and so
Eu(lw(t, 8)[*)=Eu(lu1(t,8)1” + |u2 (2, 8)I%)

A=) " (I @) +ua(0)?)
(- u®).

From the definition of ; we have

)

‘ls—a 2
Eu(|Z1(3)1%) = Eu ( Zw(t,s)i )
1e=0

= E, (’fgw(t,s)Tw(t’,s))

t=0¢=0

s—as—a

=YY Eulwlt,s) u(t,s))
t=0t'=0

< 30 Y Eullw(t o)) PEu(w(t, 8)?)/?

t=0¢t'=0

s—a N\ 2
= (E Eu(lw(t,s)lz)‘/’)

t=0
Using (1), this gives

2

Eu(|Z1(s)*) < ( Z(l—iz)("’)/"’lu(t)l) )
\t=0

Now wc take cxpectation over the sequence u(?).

Since the |u(t)] are independent 0-1 valued vari-

ables with mean p, the expectation of the right

hand side is easy to estimate:

" fs—a 2
(E(l —p)le=t 2|“(t)|) )
t=0

E
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$—a 3—a

=33 (=)0 (1 - )= OEu(e)fu()])
Here
_ j 1")'7

E(lu(®)||u(t)]) =<}
L P

Thus we can write the sum above as

ift=1¢,
otherwise.

8-0 8—a

PPy Y (1-we i)
=0 ¢=0

*(p*pQIJZU'"M‘“ :

t=0
9

2 o [ 1= (1 —p)sma/2 "
= ’(17 "n i G o7 A
o L) ( 17(17’[”1“0

1—(1—p)
1—(1—p)

2
P— D Vel R
£ N‘ )<5i(17u)“

+(p-p°)(1—p)*
v 4p?

<(1ﬂn”< P+
p?

Using that u > 1/n}, the lemma follows. O

We select and fix a set of 29 edges as follows.
The projection of RE to C is surjective; this implies
that there are 2g edges ey,...,e29 € E so that the
vectors 7(e1),...,7(ezg) form a basis in C. Let é; €
REe be the projection of n(e;) to Ep. It follows
from Lemma 6 that é,,...,éz¢ form a basis of L.
These vectors are rational with denominators at
most n® f/ < ng®, so the determinant of this basis
is at least ng "0,

Now we are ready to prove the main estimate in
this section. Call an experiment good, if

(a) at most one excitation occurs in every inter-
val [(t—1)N,tN];

(b) no excitation occurs in any of the intervals
[tN- a,tN] >

(c) [Z"(t)| < dforeveryt (1 <t<T);

(d) for every ¢ = 1,...,2¢, there are at least 7"
integers t such that exactly one excitation occurs in
the interval [(t—1)N,tN], and this is the excitation
of the edge e;.

Lemma 10 The probability that a run is good is
at least 9/10.

Proof. The probability that (a) is violated is
less than (Np)2T < 1/100. The probability that
(b) is violated is less than apT < 1/100. By
Lemma 9, the probability that | X ()] > /2 is
less than 5nipe=2/"6 /52, and hence the probability
that there is any t for which | X (Nt)| > /2 is less
than .
20pTnge~/ ng 1
<=

100°
If this does not happen, and also (b) holds, then

AN

Xo(Nt) = 0 for every t, and so

|2 (8)|=Iy" (N#) - (N = 1)2)|
<|a"(Nt)—2"((N -1)8)]
=1X, (N) - Xa (N - 1))}
<IXUNO|+IX (V- 1)) < &

Finally, the probability that for a number ¢t we
have exactly one excitation is at least (Np)/2. The
probability that this was edge e; (an event indepen-
dent of the timing of the excitation) is at least

1Np 2T

m2 — T
and so (using that these events are independent
for different intervals), the probability that it hap-
pens for fewer than than T’ values of ¢ is less than
1/80gg. The probability that this happens for at
least one 1 is less than 1/40. O

We note that if the run is good, then for every
t, we have

2 (2)|=ly'(Nt) =/ (N - 1)t)]

<[ (N -2(N-1D)1 <1, (3)
since |z'(Nt) - z'((N —1)t)| is either 0 or the pro-
jection of the increment of a single excitation step
to the subspace C.

4.2 Completing the proof

Now we are ready to complete the proof. Let k
be the value returned by the algorithm. To simplify
notation, put z; = 2(%;), 2! = 2/(t;) and 2! = 2"(t;).
It follows from the choice of the integers ¢; that the
vectors zp, 29, ...2; are linearly independent, and
8o dim(L(z)) = i. Furthermore, by the selection of
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these vectors, the Gram-Schmidt orthogonalization
2} = z1,23,...,2; consists of vectors of length at
least €.

Claim 1. If the run is good, then k < 2g.

It suffices to prove that the vectors z,...,z; are
linearly independent, since they belong to a (2g)-
dimensional space. We may assume that k < 2g+
1.

Assume that there is a linear relation ), a;2] =
0 where not all the a; are 0. We can write this
as > ,aizi = Y ;a;z]. Since the z are linearly
independent, the left hand side is non-zero, and so
we may assumc it has norm 1:

k
Z a;z;

= @
t=1
We claim that
o s 2 (141) . ®)
Indeed, (4) implies that for any 1 < j <k,
k
Yl 5| <lajl.
=1

Since 27z} = 0if i < j and 2] 2} = |2}/?, it follows
that

k k
lesllzf? < 1251 =3 lewzl 23] < 1251+ D laull2] -

i=j =j

Dividing by |z_;|2 and using that |z| < 1, we get

that
&
By

|zjl

=j =3
Hence (5) follows by induction on E—i,
Now using (5) and |2}| < 4, we get

| o
;2
et b
i

N
. - 1 j
<63 oy <6 <1+—)w < ocke < 1,
;‘J £
i

a contradiction. This proves Claim 1.

Claim 2. The probability that the run is good but
k < 2g is less than 1/10.

Suppose that k < 2¢. Since the determinant of
the vectors p(ey)...,p(ez,) is at least ng™*™ =
10¢, it follows by an easy geometric argument that
at least one of these vectors, say p(e;), is at a dis-
tance at least 2¢ from L(k). We assumed that
the run was good, and hence there were at least
T’ integers t for which exactly one excitation oc-
curred in the interval [(t — 1)N +1,tN], and this
was the excitation of edge e;. For such a 2, we
have 2'(t) = u(e;1), and so

d(2(t), L(k)) > d(2'(t), L(K)) - |2"(t)| > e.

Thus we were not supposed to stop yet, a contra-
diction.

It follows that the probability that k = 2g is at
least 4/5.

5 Variations

We can make some cosmctic changes to the setup
as given above. One objection may be that the
noisy circulator, as defined, is not truly local, since
(say) in operation (a) we have to select a node uni-
formly from all nodes. The standard way of fixing
this is to attach an “alarm clock” to each node,
edge, and face, which wakes them up at random
times according to a Poisson process (the edge-
clock is much slower than the other two).

Another objection is that the noisy circulator
as constructed above is not stationary: the total
mass grows to infinity. An easy fix is to give a
second, even slower clock to each edge: when this
rings, they reset their value to 0. Another possible
fix comes from the observation that the excitations
don’t necessarily have to be constants, the proof
works just as well for random and symmetric exci-
tations. So modifying the excitation step to reset
the value of any edge to 1 with very small probabil-
ity (rather than to add 1) provides a stationary ver-
sion (but the analysis becomes more complicated).

Further variants, improvements and generaliza-
tions of the above system are of interest:

e We had to put a rather tight upper bound on
the excitation rate p (its only virtue is that it
is polynomial in the data). Can one recover
the genus even if the rate at which excitations
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take place is faster (ideally, independent of
the number of nodes)?

e Suppose that we only allow two values (or
any other given discrete set of values) on any
edge. Can we still recover the genus?

e Can one extend the technique to recover a
non-orientable surface by observing a random
process on an embedded graph locally?

For background regarding graphs on surfaces
and Riemann surfaces see for instance [13] [4], for
background regarding algorithmic applications of
random processes see [8].

Instead of a passive observer, we can also con-
sider an active observer, who can impose an exci-
tation on any of the edges in Ey. In this case, we
assume that spontaneous excitations don’t occur.
The analysis above goes through, and it becomes
even easier: we know exactly when the last excita-
tion occurred, and how long we have to wait until
z(t) settles down. The only point where we need to
add something to our analysis above is before the
definition of a "good run”, where we need to argue
that there are 2g edges in Eg (rather than in E) so
that the vectors n(e1),...,n(ezy) form a basis in C.

Suppose that this is not so. Then there is a
nonzero vector w € C so that w is orthogonal to
every vector 7(e), e € Ey. Write n(e) = Tx(e),
where T is the projection map onto C. But then
by the symmetry of T we have

0 =n(e)-w = (Tx(e))-w = x(e)- (Tw) = x(e)-w,

and hence w is 0 on every edge in Ey. By Theorem
6, this is impossible.

6 Other models

The notion of global information from local ob-
servation can inspire many questions in different
directions. We briefly present some related exam-
ples.

Example 1 [Checking for a perfect matching.]
Putting together ideas from [10] and [5], we can
formulate the following randomized distributed al-
gorithmn to find a maximum matching in a bipartite
graph. Every edge carries a nonnegative weight,

which at the start is 1. At each step, we pick a ran-
dom node v, which does the following: (a) if at least
one edge in dv has positive weight, it rescales the
edges in v, so that their sum becomes 1; (b) with
some small probability p, if there is more than one
positive weight on the edges in dv, then it reduces
the smallest one to 0. In polynomial expected time,
we end up with the edges of 2 maximum matching
having weight 1, all the other edges having weight
0. (Details of this result, which is joint work with
Mike Saks, will be published elsewhere.)

We can turn this algorithm to an example of
our main theme by allowing negative weights, and
adding a third rule: (c) if v sees only 0 weights, or
at least one negative weight, then it reduces all the
weights in v to —1. Then it suffices to observe any
given edge: if the graph has no perfect matching,
then this edge turns negative within polynomial
time with large probability; else, it stays nonnega-
tive with large probability. Thus we can determine
the existence of a perfect matching from local ob-
servation.

Example 2 [Observing returns of a random walk.}
Now we turn our approach around: we fix the lo-
cal random process, and want to determine which
properties of the graph can be recovered from local
observation. Let G be a finite connected graph, and
consider a simple random walk on G. Fix a vertex
v in G. You are given the sequence of times when
the simple random walk visits v; what information
can you learn about the graph G?7 (A spelunker
has an accident in the depth of a cave; without a
light and unable to move, all he can sense is a bat
passing by every now and then on its erratic flight
through the cave. What can he learn about the
shape of the cave?)

An example of Gabor Tardos shows that the
graph cannot be determined, even if we know that
it is a tree, and we can observe the whole infinite
sequence of return times. In fact, even the spec-
trum of the transition matrix of the random walk
on the graph is not determined: in Tardos’s exam-
ple, the two trees have the same eigenvalues, but
with different multiplicities. One positive result:
if we know that the graph is has a node-transitive
automorphism group, then the eigenvalues can be
determined (but not necessarily their multiplici-
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ties). We don’t know if the eigenvalues (with-
out multiplicities) can be determined for general
graphs. Another, perhaps more important twist on
the problem: suppose that we know that the eigen-
values can be determined (e.g. for a node-transitive
graph); to what precision can they be determined if
we only observe the process for a polynomial time?

Example 3 [Obtaining the size of the road sys-
tem by measuring the volume of local traffic]. Let
G be a finite connected irreducible regular graph.
From each vertex start an independent simple ran-
dom walk. Fix a vertex v € G. For each time ¢
you can observe the number of walkers occupying
v. How much time is needed in order to, almost
surely, know the size of G7 Assume you are given
an @ priori bound ng on n = {V(G)|. Then one can
get a (poor) polynomial upper bound on the time
needed along the following lines. The mixing time
of G is smaller than n?, so if we observe the load on
v only at times of the form kn}, we get almost inde-
pendent samples from a distribution which is expo-
nentially close to Binomial(n,1/n), the stationary
distribution for the number of walkers at v. For
Binomial(n,1/n), about n* samples are needed to
recover n. So after about nj steps n can be recov-
ered. (Probably n} is the time needed to recover
n.)

Further examples of interesting local random
processes (for which we know very little about in-
formation obtainable from local observation) in-
clude the heat-bath chain on graph colorings, var-
ious avalanche (chip-firing) models, or the token
permutation chain [1].
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