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Let G be a finite connected graph. If x and y are vertices of G, one may
define a distance function d; on G by letting d(x, ¥) be the minimal length of any
path between x and y in G (with d;(x, ) = 0). Thus, for example, dg(x, y) = 1
if and only if {x, y} is an edge of G. Furthermore, we define the distance matrix
D(G) for G to be the square matrix with rows and columns indexed by the
vertex set of G which has dg(x, ¥) as its (x, ¥) entry. In this paper we are con-
cerned with properties of D(G) for the case in which G is a tree (i.e., G is acyclic).
In particular, we precisely determine the coefficients of the characteristic poly-
nomial of D(G). This determination is made by deriving surprisingly simple
expressions for these coefficients as certain fixed linear combinations of the
numbers of various subgraphs of G.

INTRODUCTION

If G is a finite connected graph,! one can define a metric d; on G as follows:

For vertices x, y of G, dg(x, y) is taken to be the length of the shortest
path in G between x and y (where dg(x, x) is defined to be 0).

Thus, for example, dg(x, y) = 1 if and only if {x, y} is an edge of G.

In this paper we are concerned with the distance matrix D(G) of G. This is
formed by indexing the rows and columns with the vertex set of G and defining
the (x, v) entry of D(G) to be dy(x, ). Specifically, we investigate in detail the
characteristic polynomial 45(A) = det(D(G) — M) of D(G) in the special case,
G is a tree (i.e., G is connected and acyclic). There are several reasons why it
is of interest to do this.

1 We generally follow the terminology of [9]. In particular, G has no loops or multiple
edges.
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DISTANCE MATRIX POLYNOMIALS OF TREES 61

In the first place, 4;(A) arose (rather unexpectedly) from a data communication
problem studied by one of the authors [6] in the following way. Suppose one
wishes to label each vertex v of G with an N-tuple A(v) = (a,, 45 ,.., ay),
where a; € {0, 1, *}, so that 4 “preserves distances.” Precisely, this means that
if we define the ‘“‘distance”? d(A(v), A(v')) between A(v) = (a4, ,..., ay) and
A(¥') = (a'y ..., @'y) by

d(A(v), A@)) = 1i: {a; , a'} = (0, 1}

then we require

d(A(v), A(9")) = dg(v,v') forall o,v"eG. 1
For example, the labeling
A(x) = (0,0),
A(y) =0, 1),

A(z) = (1, %),

satisfies (1) when x, y, and 2 are the vertices of a triangle. It is not hard to
show that such a labeling is always possible for any connected graph G provided
N is chosen large enough. The problem is to determine the minimum N = N(G)
for which a labeling satisfying (1) exists. In [6] the following theorem is proved.

THEOREM.

N(G) > max{n,(G), n(G)}, @

where n.(G) and n_(G) denote the mumber of positive and negative eigenvalues,®
respectively, of D(G).

In fact, equality in (2) seems to occur quite often, and the smallest known
case of inequality is for the complete bipartite graph K, g .

Thus, the eigenvalues of D(G), i.e., the roots of 44(A), are intimately con-
nected with the embeddability of G into “squashed cubes” (the use of * indicates
some coordinate identification; see [7] for details). However, not much is known
about 44(A) at present. For example, it is not even known which graphs G
have #2_(G) = | G | — 1 or whether there is a graph for which n, (G) > n_(G).
It should be remarked that (2) provides the only known proof that the complete
graph on n verticés cannot be decomposed into fewer than n — 1 edge-disjoint
complete bipartite subgraphs (see [7]).

2 d is not actually a metric.

3 Since D(G) is real and symmetric, it has real eigenvalues. Also, since the trace of
D(G) is zero, n,(G) and n_(G) are bounded above by | G| — 1, where | G | denotes the
number of vertices of G.
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In the other direction, it is suspected? that the following inequality holds.

Conjecture.
NG) < |G| —1. A3)

It is known that (3) holds with equality for complete graphs, odd cycles,
trees, and most complete bipartite graphs (these have n_(G) = | G| — 1) [6],
and, in any case, (3) holds for all cycles, complete bipartite graphs, graphs
with d; < 2, and large classes of graphs with “‘spines” [1], [2].

In the second place, it is known [6] that for a free T with n vertices, the
determinant of D(T') is always equal to (—1)* (n — 1) 272, independent of the
structure of T. Since det(D(T')) is just the constant term 8y(T') of the polynomial

mw=émnm

it was natural to inquire about the other coefficients of 4,(A) as well. It was
hoped that by analogy with the corresponding results for the adjacency matrix
of T, the 8,(T') would have a natural interpretation in terms of the structure of
certain subgraphs of 7. What we mean by this is the following.

The adjacency matrix A(G) of G is defined by setting the (x, y) entry of 4(G)
equal to 1 if {x, ¥} is an edge of G and 0 otherwise. Let us write the characteristic
polynomial of 4(G) as

A7) = det(A(G) — AI) = f 4(G) M.

k=0

It is well known (see [11-13]) that for a tree T, the a(T") depend only on the
numbers of occurrences of subgraphs of T consisting of disjoint edges. Specifi-
cally, if Ng(G) denotes the number of occurrences® of a graph H in a graph G,
i.e., the number of subgraphs of G which are isomorphic to H, and mP,; denotes
the graph consisting of m disjoint paths of length 1, then

a1 (T) = (—=1)"**2N 00 (T) if & is even,

=0 otherwise.

(4)

In [5] it was shown that at least for 0 << & <C 3, 8,(T) can also be expressed in
a form similar to (4). For example, we have already stated

8(T) = (—1)y""Y(m — 1) 272 = (=1)*12"2Np(T). )

4 In fact, one of the authors is currently offering U.S. $100 for the first proof or counter-
example.

5 By convention, if H is the empty graph, we take Ny(G) = 1.
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It is also true that
3(T) = (—1)*12"34Nyp (T') + 2Np,(T) + 4Np(T) — 4), 6)

where P, denotes the path of length 2, i.e., the unique tree with three vertices.
However, with each new value of , new and increasingly complicated arguments
were required in [5] to obtain the expansion for §;(T).

The authors of [5] conjectured that similar expressions existed for all %,
although they admitted that an attack on this problem by the same techniques
seemed hopeless.

In this paper we settle the conjecture by showing that all the coefficients
8,(T) can be expressed in the form

8T) = (—1)""2" "2 T APNK(T), (M
F
valid for all trees T where n = | T |, the number of vertices of T, and F ranges

over all acyclic graphs (i.e., forests) having k — 1, k, or 24 1 edges and no
isolated vertices. Furthermore, the integer coefficients A{ in (7) are unique
and rather well behaved. We give explicit and surprisingly simple expressions
for them (see Facts 5, 6, and 7). They turn out to depend only on the number
of occurrences of various P; in the connected components of F.

Still another motivating force for this study was to attack the conjecture [1]
that T is uniquely determined by 4r(}), in sharp contrast to the situation for
Ar(}). Because of the simplicity of the expression for ay(T) in (4), it is not
surprising that the ay(T") do not uniquely determine 7' The smallest example [7]
of two nonisomorphic trees having the same ‘‘spectrum,” i.e., set of adjacency
matrix eigenvalues, is shown in Fig. 1. For these trees,

Ar(d) = AgA) = 2 — T2 + 94
Intuitively, since the entries of D(T') are generally much larger than those of
A(T), the coefficients of 47(}) tend to be much larger than those of 4;(}) and

consequently, 47(A) has a better chance of distinguishing nonisomorphic trees.
However, this turns out not to be the case (see the discussion at the end of the

QTS
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PRELIMINARIES

We consider an arbitrary fixed tree T with vertex set V = {v, ,..., v,,}, where
n > 1. We abbreviate d;(v; , v;) by d;; and we let d; denote the degree of v,
i.e., the number of edges of T incident to v; .

Basically, the plan for determining the coeflicients 5, (T) consists of three

steps:
I. The inverse D1 of D = D(T) is found.

II. The individual terms of the determinant expansion for the charac-
teristic polynomial 4%,(}) of D1 are interpreted as enumerating the occurrences
of certain marked subforests in T.

III. The contribution each forest makes in II is determined.

Because of the simple relationship between 4%;{(A) and 4;(3), the expansion
of 8,(T) into the form of (7) is immediate.

FormaTION OF D1

Let us define the # X n matrix B by

0
1 —
1
1

Let N = (n;;) be the n X 7 matrix defined by

ny; =1 if ‘lu=d1i+di1,
=0 otherwise.

Thus, n;; = 1 if and only if the unique path from ¢, to v; contains v; .
Facr 1. D = NTBN.
Proof. First note that

dy dp v dy,

BN = 1 — 2n, = (€u)-
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Writing N7BN = (¢’;;), we obtain
= Z NyeiCrs
k=1

. ®
=dy + Y mfl — 2ny,).
par

It now follows at once from the definition of n; that ¢';; = d;; and the fact is
proved. |

FACT 2. The inverse of N is given by N-1 = (n*,;), where

n¥y =1 if i=j,
= —1 lf dﬁ=l and dlf=l+d1i’
=0 otherwise.

Proof. Note that n¥*;; = 1 if and only if #,; = 1 and ¢ is adjacent to j. Since
the (7, ) entry in the product NN* is '5_, nan*,, , the only terms in the sum
which have a nonzero contribution come from those & with both 5, 7% 0 and
n*; # 0. If { =7 then we must have £ = 7 and the entry is 1. If { 5% j then
the only nonzero terms are for k=7 with n;m*; =1-1=1 and k=K,
where di; =1 and dy; =1 4 dyy with ngn*; = 1(—1) = —1. Thus, for
1 # f the entry is 0. Hence NN* = I and the fact is proved. ||

Facr 3.

dy + 1

where A(T) = (ay;) is the adjacency matrix of T.
Proof. 'The (1, §) entry in the product, namely,

n

* %
Z Rk ,
k=1

has the values
(i) d+ 1if {=4=1, since all 2 with either X = 1 or v, adjacent to
v, contribute 1 to sum;
(ii) d;if i =j > 1, since now we cannot take k = 1;
(i) —ay if ¢ 7, for we cannot have n*;, = n*;;, % 0.
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Thus, the only nonzero contribution can occur if #n*;, = —n*;, , v, is adjacent
to v, , and so a;; = 1. This proves the fact. |

Since the inverse of B is given by

4 2 2 2
2 —(n—2)
1 2

—(n—2)

a straightforward calculation of D-! = (NTBN)™ = N*B-IN*T using the
preceding facts proves the following result.

Lemma 1. DL = (d%,;) is given by

(2 —d)2 —d)
2(n — 1)

—d;[2 if 1=j
* 7 ’
i Tlay2 i i)

At this point the reader may wonder if any progress has been made, since
the structure of D1 is apparently not much nicer than that of D. However, it
should be kept in mind that it is not D-! we are primarily interested in but

rather its characteristic polynomial

Aﬂn:@@«qnziwww.

%=0
Let D'(A) denote the (n + 1) X (» 4 1) matrix defined by
—n—=1) 2—d - 2—4d,

2 —dy| =22 — d, (10)

D) =

2 —d, —2\ —d,

By performing elementary row and column transformations on D’(A), the
following result is readily obtained.

Facr 4.
det D'(A) = —(n — 1) 274%,(7). (11

Let us write

det ') = Y. 8,/(T) A~
k=0
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Then from elementary linear algebra we have
47(A) = (—A)*(det D) Ar*(2)
(12)
= —(n — 1) 2" 2A"4 ¥ (A1) by (6).
Hence, by (10) and (11),
8UT) = —(n — 1) 2°7%}_(T)

= ¥, (7).

(13)

Since for large n most of the entries in D'(X) are 0, it is reasonable to expect that
the calculation of the 8,(T') by means of (13) will be simpler than a direct expansion
of det(D — ). If we expand det D'(X) and collect the terms which contribute to
the XA*~% term, we find

—-n—1) 2—d; - 2—4d;

23

B T) = (=2~ ¥ det

Sgeeeniip.

, (14)

where the sum ranges over all choices of 1 <1y <+ < < n.

Markep SUBFORESTS OF T'

The next step is to interpret the individual terms in the expansion of the
determinants in (14) as enumerating certain subforests F of T in which the
vertices and edges of F have been marked in various ways. Before giving the
general construction, we illustrate the ideas with a simple example.

ExampLE. k= 1. From (14) we have

—(n—-1) 2— di), (15)

Ba(T) = (=22 Y det ("0 7T

where 7 ranges over 1 <{ ¢ <{ n. Since

—(n— 1

det( 24,

)27 - — -2 - 2)
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we can rewrite (15) as

wi(T) = (=2 L — Dy =Y d(di — 1) +3) d; — Y 4(. (15)
i @ T @
Now, the term (n — 1) d; can be thought of as counting the number of ways
in which we can select an edge incident to o; together with an arbitrary edge e
(possibly the same one we chose incident to v;). Since we sum over all 7, the
sum > ; (n — 1) d; just represents the number of ways of selecting an edge
incident to some v; together with an arbitrary edge e.

Consider a fixed subforest 2P; of T consisting of two disjoint edges shown
in Fig. 2a. We claim it is counted four times in the sum ¥, (n — 1) d;, for it
contributes to the terms which correspond to choosing:

(i) anedge fromv; and e ={v; ,v;},
(ii) an edge from v; and e ={v; , v, },
(iif) an edge from v; and e ={v; , v, },

(iv) an edge from v; and ¢ ={v, , fviz}.

U ® Vs, Uiy o005, V5T, v’lo_eov"z v’lo_e_ov"z
e e
7),-30 01154 v’ao ov,‘l vjao oz),4 v,s «—cyz},-4 v,so—»v,‘
1)) (I1) (II1) avy
(a) (b)
Ficure 2.

We can indicate this by “marking” the edges of 2P, as shown in Fig. 2b.
The arrow on an edge indicates the vertex “responsible” for that edge. On
the other hand a subforest P, of T consisting of a single edge {v; , v; } is counted
twice in the sum, corresponding to the choices i =7, , e = {v;»v; }and i =j,,
e ={v; , v;} (see Figs. 3a and 3b).

e

Vs,

e
. ong

‘Ull

vy,0 o0y, v

Ys,° he Us,© o Uiy
H

(a) (b) () (d)

Figure 3.
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Finally, a subforest P, , a path of length 2, is counted four times, as shown
in Figs. 3¢ and d. Thus, we must have

Y (n — 1y d; = 4N,p (T) + 2Np(T) + 4Np(T). (16)

Next, we interpret 3, di(d; — 1) as an ordered choice of two distinct edges
incident to v;. The resulting subforest of 7" must be isomorphic to P,. We
show the corresponding marking convention in Fig. 4b. Hence,

¥ d(d; — 1) = 2Np(T).

In a similar way, we obtain

3Y d; = 6Np(T),
Y. 4 = 4n = 4N, (T) + 4,
i

since T has n — 1 edges.

D .2 @
——— OO,
v,lo o 1y vy o—> to):——ov,’ v,lo—bg:——ov,’
(a) (b)
FiGuRE 4.

Combining the preceding expressions, we obtain by (13)
8(T) = 185 a(T) = (—1)"7'2"3(4Npp (T) + 2Np(T) + 4Np(T) — 4),

which is just (6).
Let us now examine the expansion of the general determinant in (14), namely,

(—(n—1) 2—d;, 2—d, ~ 2—d,)

det , 17)

where we label the rows and eolumns with {0, 1,..., 2}. An important observation
is that the only permutation choices from the above matrix which can contribute
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nonzero terms to the determinant correspond to permutations 7 with the cycle
structure

7 = (017, "'fz)(jz+1jl+z)(jz+3fz+4)
(jl+2m—1jl+2'm)(jl+2m+l) (]lk) (18)

This follows at once from the fact that since T contains no cycles, the only
nontrivial cycles 7 can have either involve row 0 and column 0 (i.e., (O7y 7, *** /1))
or have length 2 (i.e., (fs/¢+1)). Furthermore, all the terms a; 5 , a;_j »--., @
must be 1.

The permutation = in (18) corresponds to the term

ey

2—- d,-l) @y gy " i (2 — da',)(af,+l,5l+zajm.jm)
() (—ds) (19)
in the expansion of (17). When [ = 0, this has the slightly different form
—(n — 1)Xa; m,jmahw,jm) (—dj,+2m+1) (_dhk)- (199

We may expand the term in (19) into three similar terms formed by replacing
(2—d;)2—d;) by
d; d;, — 2(d; + d;) + 4.
Next, we describe how various edges and vertices of T are to be marked in
order to correspond to contributions from the terms (19) and (19").

(i) For the factor a; ; a; ; @, ., We distinguish the endpoints and
the direction of the path in T from v; to v;, (if [ > 2) as follows:

(ii) For the factor d; , we mark an edge of T incident to v; with an arrow
pointing to the shaded vertex v, :

Vi ee—o0

(iii) For the factor (a; ,a; ;) we distinguish the edge {v;, v;} in T"
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(iv) For the factor (n — 1), we mark an edge with the symbol e:

(v) For the factor did; (which will occur only when I/ = 1), we mark
one edge incident to v; with an arrow to ; and a symbol (D) and we mark one

edge (possibly the same edge) with an arrow to v; and a symbol (2); also, we
circle and shade v; .

NONN

Yi

The terms (19) or (19) now correspond exactly to the number of ways T
can be marked according to rules just given. Of course, one must keep in mind
the fact that degeneracies may occur; e.g., some edges of T' may receive several
marks.

For example, from (ii) and (iv) we may have

Vj.-g.ij

and from (v) we may have

RO

o
The value of determinant (17) is now given by enumerating all possible ways
of marking T' according to (i) to (v) and summing the appropriate (signed)
expressions over all choices of 1 <j) < <jp < n.

Of course, the terms of determinant (17) also have signs attached to them.
Specifically, each term with the cycle structure of « in (18) has an additional
sign factor of (— 1)+,

A considerable simplification now results from the following observation.
For each marking of T which contains an edge marked by (iii), i.e.,

t )

(because of a factor (a;;a; ;)), there is another marking of T which is identical
except for the edge {v;, v;}, now (degenerately) marked by (ii) as

;Vi V':

J
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Furthermore, the corresponding terms in the expansion of (17) from which
the two markings come have opposite signs. This is obvious, since the two per-
mutations differ only in that the factor (a; ;4, ;) in one is replaced by (—d,;)(—d;)
in the other and such a change certainly changes the sign of the permutation.
Hence, all the contributions from the markings of the type in (iii) are canceled
out by all the markings in which the edge {v;, v;} has two arrows, one to v;
and one to v;, and for which 4; and d; have been selected from the diagonal
of (17) (i.e., d; and d; do not come from the cycle (Qfy -~ 7;) = (07 - j) of a
permutation).

Thus, we may henceforth restrict our consideration to permutations in (18)
for which m = 0, i.e., those 7 of the form

7= (0 " j)U1) = () (20)

provided the edges {v, , v;} in T marked as

; Vi Vj

come only from the factors (2 — 4;)(2 — d;) of a term. However, since for any
permutation 7 in (20) there is at most one cycle (0f; --- f;) containing 0, in the
corresponding markings of 7, at most one edge can have arrows at each of its
endpoints.

The specific terms of the determinant which come from the = in (20) are

L I1=0:—(n—1)—4d;) " (—d;) signm = 1.
IL 1=1:Q2—4d;)2—d; —d; )~ (—d;), signm = —1.
We split this into the sum of the three terms:
® dildil(_diz) (_dik)’
(i) —4d;(—d;)  (—dy)
(iii) 4(—d;) - (—4;)-
( I)IZH- 1>22: 2— dil) A a:i,_l,jl(z - a’,t)(—d,-

We also split this into the sum of three terms:

(1) (dil —1) 5, " aa‘;_l,h(dj; - 1)(—dj,+1) (—djk)a
() —((ds;, — 1) +(d;, — D) as 5, " a5,_5(—ds,,) - (—dy),
(i) a;,;, aj,_l.a'l(_dfm) =t (—dj)-

Our next task is to examine the number of ways a given subforest F of T
can be marked so as to contribute to the nonzero terms in I and I1. If F is a

L) (—dy), signm =
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forest with connected components C, ,..., C; (which of course are trees), we

define
| F | = the number of vertices of F,

[|F| = the number of edges of F,

o(F) = T 1 i1

{=l

We let %, denote the set of all forests having no isolated vertices and exactly
k edges. For the empty forest F*, we set #(F*¥) = 1.

Since each factor d; and a; ; corresponds to the marking of a unique edge of T,
with the exception of d; and d; in II which may degenerate, it follows that we
must have || F|| = &k + 1 kot k— 1. We remark that at this point, it follows
readily that 8,(T) can be expressed in the form (7). Furthermore, since the F
have no isolated vertices, it follows from results of Szemerédi and one of the
authors [8] that the coefficients A% will be unigue. These coefficients we now
proceed to determine.

Tue NuMBER OF MARKINGS OF F

Let F be an arbitrary fixed subforest of T with components C, ,..., C; and
no isolated points. We wish to determine in how many ways T may be marked
according to the conditions of the preceding section so that the marked edges
are exactly the edges of F. Because of the restrictions on marking T, it follows
that all C; except possibly one, which we denote by C*, have all edges marked
according to (ii), i.e., as

* 0

We say that C; is marked normally in this case. The number of ways C; can be
marked normally is just | C; |, the number of vertices of C;. This is because
each vertex of such a C; , except for exactly one vertex v, must have an incoming
arrow. All other vertices have exactly one incoming arrow and all other incident
edges with outgoing arrow. Thus, v serves as a “source” and all other arrows
are determined (see Fig. 5). Hence, it suffices to determine the number of ways
the exceptional component C* can be marked.

A

F1c. 5. A normally marked component.
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As we have noted, F can have only & + 1, &, or &2 — 1 edges. We treat the
three cases separately. We first interpret the absolute value of the terms and
then determine the appropriate signs.

|Fll=k-+1

I. (n— 1)(d;) - (d;) (see Fig. 6). If the edge e corresponding to the
b k . .
choice for the factor (n — 1) is removed from C*, exactly two of the resulting
components can be arbitrarily marked normally, i.e., using (ii). The directions
of the arrows on all other edges are forced. Thus, for each choice of “source”
vertices ¥ and y in C*, there are dp(x, ¥) = d(x, y) possible locations of the
edge e. Therefore, there are exactly

Y dx)

{zy)CC*

ways of marking C* in this case. Since the sign of the permutation = in (20)
is +1, the total contribution to the determinant is

(=D Cy | | Gyl ), d(x,y)
{=.9)CC,y

+1C G| | Cy Z d(x,y) + -

{2.1}CCy

F1C | Coy z d(x, y)

{z.9)CC,

= (R Y o T @1

{m-ll)gci

FIGURE 6

II(G). d;d;(d;) - (d;) (see Fig. 7). Since ||F| =k 1, there are no
multiply marked edges. Using an argument similar to that in the preceding
case (where an extra factor of 2 comes from the labeling of the edges with (1)
and (2)), we obtain a total contribution in this case of

(—1)n(F) S 7},—( T (dxy)— 1), (22)

= nCe;



DISTANCE MATRIX POLYNOMIALS OF TREES 75

The summand here is d(x, y) — 1 instead of d(x, y), since we have a choice
of a vertex on the path between the sources x and y instead of the edge we had
in the preceding case.

FiGURE 7

HIG). (d; — 1) a4, a;,_i(ds, — )d;,,) +* (d;) (see Fig. 8). Now
on the path between the sources x and y we must choose the two points v;
and v; as well as a direction. Thus, the total contribution in this case is

3 (d(x, y2) — 1)' 23)

WCC,

(%) 3 ey :

=1

The remaining cases II(ii), (iti) and III(ii), (iii) cannot contribute for
IFll =%+ 1.

FIcure 8

Hence, combining (21), (22), and (23) we obtain the following result by the
use of (7), (13), and (14).

Facr 5. If|Fll=k+1,

= ff(F)Z [C | WZ (2d(x, y) — d¥(x, 3))- (24)

nCE;
Note that (24) can be written alternatively as

AP = (3171 - 3 TS CCE R 1) RGP

i=1 ¥}CC;
IFll =k

In some ways this is the most difficult case.
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L (»n—1)d;) - (4;). The multiply marked edge must be an edge
which has both an arrow and the symbol e. All components are initially marked
normally (i.e., using (i1)). Then an arbitrary edge of F is selected for e. The total
contribution is therefore

(=1 a(F) | F]. (25)

11G). d,d;(d;) *(d;)- There are two ways an edge can be lost. They
are shown in Fi ig. 9. In Flg 9a, for each choice of a pair of points of C*, there
are two ways of marking C*, corresponding to the choices of the vertex to be
called x and the vertex to be called y. The total contribution is

(DO, oy %, 1= CDIFL 26)

WEC;

®
y®

(a)

® @
y

{b)

FiGure 9

In Fig. 9b, the points x and y cannot be adjacent. Also, we have a factor of
4 corresponding to the choice of the pair selected from C* to be called x and
the assignment of () and (2). Thus, the total contribution in this case is

Lo

1Y 4n(F 1
(DO 5y T
alz.9) 2
= (—1)4n(F 1— 1
-y gr( 31— 3 )

dix,¥)=1

= (- 1>k4w(F>z|C|§ e

= (— 1)Y= (F) 32 |F||—4 Z l[ g 27

t=1
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TIG). (d), — 1) ay s, - @ (&), — ;) (). The factor (d; — 1)
is interpreted as choosmg any edge of v; except the one on the path between v,
and v; (with (d; — 1) interpreted s1mllarly) The only possibility for markmg
C* is shown in Flg 10. We must have d{x, ¥) > 3, since I > 2. Once x and y
and the direction are chosen, there are d(x,y) — 2 choices for v; . Thus, in
this case the contribution is

(—1)4n(F) 2 Y (dxy)—2)
§=1 ) C l {=.4}CC;
dfx, v)>3

= (—1)*4n(F) 2 |C ' (z}j d(x, y)—nFn+z i“g‘il‘ (28)

iml Yoo =l

Ficure 10

H(ii). 4d; (d;) - (d;,). This term has the property that it appears k times
in the expansion of the determinant, once for each choice of the unparenthesized
term d; . Since there are just £ factors in it and | F || = % in this case, no edges
are lost, all components are marked normally, and the total contribution is

(—1)*+ 4&n(F). (29)
I1I(ii). —((df — 1)+ (di —1) s, "W 1,( 4y ﬂ) (dk) The mark-

ings correspondmg to this case ‘are shown in Fi ig. 11. As before, we must have
d(x, y) = 2. The contribution is readily calculated to be

DOy T @) =D

,¥)CCy
Lo
= PR gy T de=20Fl). 0

Ficure 11



78 GRAHAM AND LOVASZ

II(iii). 4(d;) - (d;). At first sight it would appear that there are no
contributions to ]]F | = % from this case. However, it must be recognized that
this term actually occurs 7 — % 4 1 times in the expansion of &', _(T). We
can write this as

4n — k4 1)(d,,) - (d;) = dn — B)dy) -~ (&) + 4dy,) - (d5).  (3))

We interpret the term 4(rn — &)(d; ) - (d;) as selecting distinct edges incident
t0 ¥j ..., vj, (as usual) together with another distinct edge e* (since T hasn — 1
edges altogether) The corresponding marking is shown in Fig. 12. This therefore
contributes

17
(—1Ydn(F) Z ——l— Yy dx,y). (32)
i=1 {2.9CC;
There are no other contributions to || F| == k. We may now sum all the
preceding expressions for the case || F || = & to obtain the following result.
e*
FiGure 12

Fact 6. If||F|| =k then

i
4P = 4@ IF1 = Y 7

d(x, y);- (33)
{=, 1€ C;
|Fll=k—1

There are no contributions here from I.

(). d;d;(d;) - (d;). There are two possibilities here. They are shown
in Fig. 13. In Flg l3a an edge of C* is chosen and one end is distinguished.

Thus, this case contributes
t

(34)

® O L O
® X y

(a) (b)

FiGure 13
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In Fig. 13b, a pair of points x, y with d(x, y) = 2 is chosen and the two edges
between them are ordered. Hence, this case contributes

(— l)kzqr(F)Z:1 | Cil . ;}éc 1. (35)
d{e,v)=2

I(ii). 4d; (d;) - (d;)- The marking shown in Fig. 14 can contribute to
only two terms, namely, 4(d D < (dy) -+ (d; ) and 4(d; ) -~ (d)) - - (d5),
since the parenthesized d;’s cannot place arrows on the same edge Hence, to
mark C*, we simply choose a distinguished edge. The factor of 2 comes from
the #wo terms to which this marking contributes. The resulting expression is
therefore

(—tyngny 3 LEL (36)
Vi Vj
Ficure 14

I(iii). 4(d;) - (d). From the discussion of case II(iii) for [|F| =&,
we may use expansion, (31) In particular, the second term 4(d; ) : (d;), now
summed just over 1 <j, < *** < f <, results in a contribution of

(—1)* 4n(F). (7

HIG). (d, — 1) a4, " as_5(d5 — 1)(df‘ D (@) The markings of
Cc* contnbutmg to HFlI =k —1 are shown in Flg 15. *Since I > 2, we must
have d(x, y) > 3. The contribution here is

kzﬂF)z lCil {,Z 1

i=1 wCC;
d(2,v)>8
— (—1y2e®) |y, - (Z 1— ¥ 1- 1)
i=1| I (2. 9)CC; (W ﬂ)CQ {2 1)CCy
@,v)=1 d(x,y)=2
MGl 1
= (—1)ex(F) IIFH—ZE 2% Y 1) (38)
| C I [ Ci l {z.9}CC;
d(z,¥)=2

Ficure 15

607/29/1-6
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HiGE). (4, — D+ (5, — V) a5, a5, i\di,) *{d;). The corre-
sponding markmg is shown 1n Fig. 16. We must have d(x, y) > 2. Thus, we
obtain a contribution of

t
1
(—1}4n()) Y ror L
= e

= (— I)HI%(F);ﬁ( Y 1_{a:vz):CC 1)

{z.9)CC;
d(e.¥)=1
= (— () (211 P — z ). (39)
Vj1 — VJ
y
X
Ficure 16

(). a5, " @, 0(d5,,) (d;). We show the marking in Fig. 17.
The contribution is

(~1y2e() Y. T I

i=1 WCC;
= (1) =(F)]| F . (40)
Vj|‘ — g vjl
X y
Ficure 17

By combining the expressions in (34)—40) we obtain the following result.

Facr 7. If|F|=k— 1 then
‘:4\(10) 4'71'(F) (z ” C “ 1). (41)
=1

In Table III (see Appendix) we list the values of AY? for Fe #, , m < 5.
We combine Facts 5, 6, and 7 into the main result of the paper.



DISTANCE MATRIX POLYNOMIALS OF TREES 81

THEOREM. Let T be a iree with n = 2 vertices and distance matriz D(T).
If we write

40) = det(D(T) — AI) = ¥ 8,(T) ¥
then

8(T) = (—1)2n k-2

1 1
5, #BFIFI-S g T @)~ 1)V

FeFyy c {z.1)CC
1
4 (F)IF|| — ) —= d(x, ¥) ) N{(T
+43 w0 (IFI =L yg) T de ) NAD
icl
+4 3 «®(Ler 1) o) @)

where C ranges over all components of F.

It follows from the theorem that we can rephrase (42) in the following
appealing recursive form.

THrOREM'. For all trees T with n > 2 vertices
BT) = (—1y-zrrs
X3y aﬂT(F)Nr(T) + Z bem(F) NK(T) + Y. crn(F)NK(T)
- \FeFy iy Fy FeFy_,
where ag , by , cr are defined as follows:
(i) For the empty tree F*, ap. = b = 0, cpe = —4.
(i) IfFis atree T' with n' > 2 vertices and distance matrix (d;;) then

Z W2 —

by = 2 ¥ (2~ di),
i<j
4

Cpr — —'7‘.

(i) - If F is the disjoint union of foresis Fy and F, then
ap = aF1 + ar, »
bp = bp,+ by,
cp = Cp, + Cp, + 4
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CoNcLUDING REMARKS

From Table IT (see Appendix), it is apparent that in many cases A = 44%-1
when || F|| = k. The following result explains this phenomenon. By a star S,
we mean a tree having m edges and at most one vertex of degree exceeding 1.

Fact 9. If F is a union of stars and | F|| = k then
AP =44
Proof. We first calculate
AT —m, AP =4m,  «(S,) =m,
which implies
By —1, B =4
The desired result now follows by Fact 8. |
Note that by Fact 7, for | F| =k — 1,
Afv'“) <0 iff Fis a tree,
AP =0 iff F=2P,.
We remark that it is possible to have two different forests F and F’ such that
AE = AP for all k. An example of such a pair is
F = 8,U3S,U 38U S,,
F' =48, 0 48,,
for which
[Fil = |IF'|| =36, =(F)=n(F) =213,
AP = 4P =2 3. 37,
A — 489 —283.33.37  (by Fact9),
AP = AP =M 3731

Since we know 8,_,(T'} = O for all T, then for k = # — 1 the theorem reduces
to the simple identity

Y dxy) — > dle,e) = TIP, (43)

{&,¥}CT {e,.egiCedges of T

where d(e, , e,) is defined to be the length of the path joining the edges ¢, and ¢, .
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In'[5], it is shown that for all trees T,
(—1)"18(T) >0 for 0<k<n—1, (44)

where #n =] T|. It appears that in fact for each tree T, the quantities
(—1)»28,(T)[27*2 are unimodal with the maximum value occurring for
k = [n[2]. We see no way to prove this, however.

As we noted in the Introduction, it has recently been shown that noniso-
morphic trees can have the same distance matrix polynomial. The smallest
such pair, due to McKay [15], is shown in Fig. 18. In fact, just as in the cor-

F1c. 18. 'The smallest pair of nonisomorphic trees T and 7%, 47(2) = dr-(}).

responding case for adjacency matrix polynomials of trees [13], McKay has
shown that almost all large trees T have (exponentially) may distance cospectral
mates, i.e., nonisomorphic trees which share the same distance matrix poly-
nomial 4r(A).

More generally, one might consider 4;(A) for general graphs G. It would
be interesting to know the result which corresponds to the theorem in this case.
It has been shown [14] that in general the determinant det(D(G)) of the distance
matrix of a connected graph G depends only on the blocks (= maximal 2-
connected subgraphs) of G' and not on how they are interconnected. In partic-
ular, this gives a particularly lucid explanation of why det(D(T)) depends
only on the size of T and not on its structure.
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APPENDIX

In Tables I, II, and III we give short lists of the trees on at most eight vertices
(Table I) (see [10]), the A;(2) for these trees (Table II), and the coefficients 4§
for & <{ 5 (Table ITI).

TABLE I

Trees on n Vertices, n < 8

! °

=

k

_r_]_:_z_o—o

h=3 oo

nxe e o
L e &

>
I
(o]

el I I S ¢

el i Uiias il T
g 3¢ S

e et % > > N
> b S VR SR M A

I

=
~

I3
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TABLE I1
Coeflicients of A,‘(A) for All Trees on at Most Eight Vertices®

85

k
t; 0 1 2 3 4 5 6 7 8
n=1
n=2
t 1 0 —1
n=3
ty 2 6 0 —1
n=4
t 3 16 20 0 —1
ts 3 14 15 0 -1
n=35
t; 4 30 70 50 0 -1
ty 4 28 58 38 0 -1
ts 4 24 44 28 0 —1
n==6
t, 5 48 162 224 105 0 —1
ty 5 46 145 184 84 0 —1
ts 5 46 143 178 77 0 —1
t, 5 44 126 148 65 0 -1
ts 5 42 117 136 60 0 -1
tg 5 36 90 100 45 0 -1
n=17
t 6 70 308 630 588 196 0 —1
tg 6 68 286 552 488 164 0 -1
ty 6 68 284 540 464 148 0 -1
te 6 68 282 528 438 132 0 —1

Table continued
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TABLE 11 (continued)

k

t; 0 1 2 3 4 5 6 7 8
ts 6 64 248 438 366 122 (1 |

tg 6 64 244 442 340 108 0 —1

ty 6 58 200 324 208 86 0 —1

tg 6 50 156 240 190 66 0 —1

ty 6 66 264 476 402 134 0 —1

tio 6 66 260 460 376 120 0 —1

t 6 62 222 366 292 96 0 -1

n=2_§

ty 7 96 530 1408 1980 1344 336 0 -1
t, 7 94 493 1280 1721 1134 291 0 —1
ts 7 94 491 1264 1672 1068 264 0 —1
t 7 94 489 1246 1611 984 228 0 -1
t; 7 94 491 1262 1662 1056 255 0 —1
tg 7 90 445 1080 1365 875 227 0 —1
t; 7 90 441 1052 1293 790 195 0 -1
tg 7 90 437 1026 1227 720 172 0 —1
ty 7 84 426 852 1011 624 164 0 —1
to 7 84 376 822 948 564 143 0 —1
t1y 7 76 310 636 715 432 116 0 —1
t1a 7 66 245 476 525 322 9l 0 -1
tis 7 92 466 1156 1483 952 248 0 —1
iy 7 92 464 1138 1432 892 223 0 -1
15 7 92 460 1110 1356 808 191 0 ~1
the 7 92 460 1112 1368 824 200 0 -1
) 7 92 462 1128 1411 872 216 0 —1
s 7 88 418 960 1159 720 188 0 —1
t1e 7 88 410 920 1075 640 160 0 —1
a0 7 88 412 930 1096 660 167 0 —1
o1 7 82 349 732 829 498 131 0 —1
taa 7 84 362 764 867 520 136 0 —1
tas 7 90 433 996 1185 714 179 0 —1

% The ¢; refer to trees listed in the order of Table I. The automatic factor of 2*—*—2 has
been removed from all coefficients except 8,(¢;), which is always —1.
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TABLE III
Coefficients A% in the Expansion 8,(T) = Xz A® Ny(T) for |F|| < 5°

' [{e]] () (2] (3) (4) (5} (4) (5} (6)
F A A
F F F FooR A F o
{empty) 02% 5 20 -4
o—o >_(< -7 4 -4
0—o—0 oo % -4 8 -4
o0—0
—o o—o—i—o—o -15 -4 -4
:/Lo ot < -20 -8 -4
0—o0—0—0
0—0—0—0—0—0 | 35 20 -4
o0—0
>< 13 52 12
o—o
0—o0
o—o i ! 36 12
>< o—o -15 10 12
0-0—0—0—20
o—o—o<z O/Ko_o_o g 68 20
0—0—0—0—0 o—0—o0 8 56 20
o—0——C—0
ok o—o0 o—0 | 28 12 48
o—o
o—0—0
o0—0 o—o | 16 96 48
o—0 OmO—O 33 60
o O O o o0—0—0 0—0O
o—0 o0—o0 0—O
o—o 52 208 1z
0 . o—0—0 0—0
o0 O0—0O o—0 0O
0—0 0—0 ool 80 320 192

@ The shaded regions are 0.
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