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20 R. MERRIS

Denote the spectrum of L(G) by
S(G) = ()‘l’ }‘27 sy )\n)a

where A\ > A2 > -+ > A\, = 0. (We may write Xi(G) if more than one graph is under
consideration.) Following Fiedler, we define a(G) = Mi—1(G), calling it the algebraic
connectivity of G. Eigenvectors of L(G) affording a(G) were called “characteristic
valuations” by Fiedler, but his terminology is rapidly being eclipsed by the more
popular term, Fiedler vector.

There is an “edge version” of the Laplacian, namely K(G) = Q(G)'Q(G). Unlike
its vertex counterpart, K(G) depends on the orientation for the signs of its off-
diagonal elements. Of course, K (G) and L(G) share the same nonzero spectrum.

2. DIAMETER

The eigenvalues of L(G) are natural graph-theoretic invariants, at least from an
algebraic perspective. What S(G) means combinatorially is a subject of much
investigation with new results appearing almost weekly. For example, let
d(G) = (di,da, ... ,dy), where dy > dy > -+ 2 d, are the degrees of the vertices of G
arranged in nonincreasing order (d; need not be the degree of vertex v;).

TuroreM 1 [37] Let G be a graph on n vertices. Then

d, + a(G)
ol il

diameter (G) < 2[
where [ \is the “ceiling” function.
For G # K,, define #(G) = [M(G) + a(@)}/[M(G) — a(G)].
TueoreM 2 [7] If G # Ky, then
cosh™!(n — 1)} Ll

diameter(G) < tm

where | | is the “floor” function.

THEOREM 3 [11] If G# K,, then

diameter(G) < [ln(n — l)j +1

In(1(G))

3. MAXIMAL GRAPHS

Of course, d(G) = (di,da,...,dn) is & partition of 2m. Partitions are frequently
studied with the help of Ferrers diagrams. The diagram, e.g., for (¢)= (5,3,3,3,1,1) is
shown in Figure 1. (Isolated vertices are not explicitly represented in Ferrers
diagrams.)

(c) = (5

FI(

The partition (a)
degree sequence is (
graph in Figure 2.

The largest squar
Ferrers diagram is
partition (a), call it
main diagonal in the
(a) is the partition
(c*)=1(6,4,4,1,1). Sin
(a), f(a) = f (a*). ¥
been attributed to H
and Gutman [50]: T

The inequalities i
(b) = (blybza e 7bl)

and

If (b) is a graphi
graphic partition. ¥
majorized by no oth

called “maximally 1
to quantify the.che
Apart from isolated
spectra.
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22 R. MERRIS

THEOREM 4 [34] Let G be a graph with no isolated vertices. Then G is maximal if
and only if

d*(G) = (M(G), 22(G), ..., u1(G)),

that is, if and only if the conjugate of its degree sequence is identical to its nonzero
Laplacian spectrum.

It is known that both S(G) and d*(G) majorize d(G). It was conjectured in [21]
that d*(G) majorizes S(G). If the conjecture is true, then (Theorem 4) equality holds
if and only if the largest connected component of G is maximal and the remaining
components are isolated vertices. Theorem 4 also affords an infinite family of

“Laplacian integral” graphs.

4. IMMANANTAL POLYNOMIALS

Recall that G, and G, are isomorphic if and only if L(Gi) and L(G) are
permutation-similar. It is not so much the similarity invariants of L(G) that are
important, but the permutation -similarity invariants.

There is a one-to-one correspondence between the partitions of n and the
irreducible characters of the symmetric group S, The immanant corresponding to
the character y of S, is defined by

a ()= Y x(o) T an)
=1

PESH

where 4 = (ay) is any n-by-n matrix. (If x = € is the alternating character, then d, is
the determinant. If y =1 is the principal character, then d is the permanent.)
Because x is a conjugacy class function, dy(P'AP) = dy(4), for all x, all 4, and
every n-by-n permutation matrix P. In other words, for every character x of Sy,
d,(4) is a permutation-similarity invariant of 4.

It follows from these remarks that two graphs on n vertices, G| and G, are
isomorphic only if they share a complete set of immanantal polynomials, i.e., only if

dy(xI — L(G1)) = dy(xI — L(G2)),
for every character x of S,. On the other hand, even taken all together, the
immanantal polynomials are not enough to distinguish nonisomorphic graphs.

THEOREM 5 Suppose k is a fixed but arbitrary positive integer. Let n=17-
[log,(k)] + 1, where [ ] is the ceiling function. Then there exists a *‘coimmanantal”
family of k trees on n vertices. That is, there exist nonisomorphic trees
Ty, T, ..., Ty on n vertices such that, for every character x of Sp,

d (xI — L(T})) = dy(xI — L(T2)) = -+ = dy(xI — L(T¥))-

Proof consider |
tree. Let u be a ver
T, from T; by rep
dy(xI - L(T)) =d

.

Vl V2

Starting with th
isomorphic either to
different trees obtair
above, all 2" of the
r = [log, k] complet

If n=17log,(k
coimmanantal famil

5. UNIMODULARC

We have been tre
viewed in terms of u
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24 R. MERRIS

unimodular if det U = %1; the unimodular matrices are those integer matrices with
integer inverses. Two matrices 4 and B are unimodularly congruent if there is a
unimodular matrix U such that B= U‘4U.

Unimodular congruence for the edge version, K(G) = 0(G)'Q(G), is not very
interesting. If G, and G, are connected, then K(G1) and K(G) are unimodularly
congruent if and only if they have the same numbers of vertices and edges [35].
On the other hand, if G, is 3-connected, then L(G) and L(G3) are unimodularly
congruent if and only if G| and G, are isomorphic [59].

There is no easy way to tell if two arbitrary integer matrices are unimodularly
congruent. But, it is not known whether there is an easy way to tell if two Laplacian
matrices are unimodularly congruent. Suppose we partition L(G) in the form

1o =(g %) @

where P is k-by-k. If we denote by sum(P) the sum of the entries in the matrix P, then
the equation, sum(P) +sum(Q) =0, is a simple consequence of the fact that every row
(and every column) of L(G) sums to 0. So, sum(P) =-sum(Q)= —sum(Q’) = sum(R).
This common sum is the cardinality, o(Ey), of the “edge cut” or “coboundary”

Ex={{u,v} €E(G):ueXand v¢ X }, (5)

of the set X = {v(,v2,...,V}-

The minimum of o(Ey), over all nontrivial subsets Y of V(G), is the edge
connectivity of G. The maximum is the cardinality version of the max-cut of G, the
subject of Section 8. In statistical physics, o(Ey) is associated with the energy of
phase transitions ([10] and [60]).

From a number-theoretic point of view, o(Ey) is a value of the integer quadratic

form,

uL(GY' = Z (u; — uj)z,
i<j (6)
{viy}ek
where u = (u,uz,...,uy); If uy=-=u=1 and w4 =+ =u, =0, then

uL(G)u' = sum(P) =| sum(Q) |= o(Ex). Let M(G) be the multiset {uL(G)u' : u is
a (0,1)-vector}.

TueoreM 6[60] If L(G\) and L(G:) are unimodularly congruent, then the multisets
M(G)) and M(G>) are identical.

FIGURE 5.

Unfortunately,
in Figure 5, then !
unimodularly equ

Some interestin
incidence matrix i

6. OPTIMAL NUM

It is natrual f
fV(G) - {1,2,.

If L(G) is the Lap
nonzero entries in

For computationa
which b, (G) is as

If, for example, G
permutation simila

THEOREM 7 ([29],[4

with equality, e.g.,

These notions ca
“Weight” to each «
replace the maxim
Another interesting
define

where the minimum
is over all {v;,v;} €
from £ (vi)to £ (v)).
“host graph” [6]. (7

has been called the
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26 R. MERRIS

Suppose G = (V, E) is a graph. Let X be a subset of V of cardinality o(X ). The
boundary of X is

By = {ve X :{u,v} € E for some u ¢ X}

(Some authors refer to By x as the boundary of X.) The next result is an immediate
consequence of the definitions.

TueoreM 8 ([6]) Let G be a graph. Then for any host graph H,

bwg(G) > max min o(Bx).
k o(X)=k

Roughly speaking, a graph has good “expansion” if o(By,x) is large relative to
o(X), for every sufficiently small set, X, of vertices. Exploitation of the connection
between good expansion and large a(G) has led to the construction of so called
“Ramanujan graphs”, a family of graphs with good expansion. (See [30], [31], [39],
[44], [51] and the references in [32].)

7. SPECTRAL BISECTION

Let G be a graph and H a second graph. Equations (7) and (8) involve one-to-one
functions f : V(G) — V(H ). Other applications involve not one-to-one, but onto
functions. The problem is already interesting when H = Kj.

If the vertices of G are partitioned into two nonempty subsets, X and
Y = ¥(G)/X, then the coboundary Exy = Ey. A bisection of G is one of these
bipartitions in which o(X)=0(Y) or o(X y=0(Y)+1. The graph bisection
problem is to find a bisection for which o(Ex) is as small as possible.

When # is even, there is a one-to-one correspondence between bisections of G and

(+1, —1)-vectors u = (u, ua, . . ., 4,) that satisfy
wt 4ttty =0, 9)

Just set X = {Vi U = +1} and Y = {Vi U = —1} If {V,‘,Vj} € E= E(G), then
(u; — u,-)2 is 4 if v; and v; are in different sets of the partition, and 0 if they are in the
same set. Thus,

o(E) =% T (- = Ll (G 2 nalG)/4, (10)
{vi,y}€E

with equality if and only if u is a Fiedler vector. While graph eigenvalues have long
been recognized as an important tool in combinatorial optimization (see, e.g., [3],
[16], and[42]), the most exciting recent developments involve eigenvectors. Motivated
by the case of equality in (10), computer scientists have used Fiedler vectors in the
design of algorithms for the efficient use of parallel processors. (see [1], [2], [18],
[24]1-27), [53], and [58].)

8. WEIGHTED GRAI

A C-edge weighte
a graph G and a pos
conveniently descrit
the property ¢; > 0,
we will write w(e) =
C = A(G), the adjac

where the maximum
of X.

With r; denoting
Then the symmetric

where the sum is o
and each column o
partition

where P is k-by-k.
sum(R) remains vali
of vertices, we will ¢

so,

Let A (Ge) > )\2(1
of L(Gc¢). It follows

A lower bound fo
Poljak and Turzik
X C V(G) satisfying
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28 R. MERRIS

where the minimum is over the spanning trees T of G [47]. (In the unweighted case,
(13) produces MC(G) > m/2 + n/4, a result of Edwards [17].)
The following companion to (12) appeared in [41].

TueoREM 9 Let G, be an edge weighted graph. Then
1
MC(Gc) < Zn/\l(GC)- (14)

To give an example, the 60-carbon atom fullerene, Cgg, is in the shape of a
truncated icosahedron. If G is this “soccer ball” graph, then MC(G) =78 < 84.27 =
601 /4 [9)].

A “correcting vector” is any real n-tuple u= (w1,u2,...,u,) satisfying
U +uy+ -+ u, = 0. (Correcting vectors seem first to have been introduced,
although not by that name, in [16]) For any correcting vector , let fc(u) be the
largest eigenvalue of L(Gc) + diag (). Then the convex function fc attains a unique
minimum at an “optimum correcting vector” u,. If p(Gc) = nfc(u,)/4, then

MC(Gc) < ¢(Go), (15)

with equality, e.g., for weighted bipartite graphs. While finding a set of vertices X
that satisfies W(Ey) = MC(Gc) is an NP-complete problem, ¢(Gc) can be
computed in polynomial time. Moreover, ¢(Gc)/MC(Gc) < 1.131 for weighted
planar graphs. It remains an open problem whether 1.131 bounds this ratio for all
weighted graphs. (See [12]-{14] and [44]-{45].) An analog of (15) for the bisection
width appeared in [46]. (Also see [25] and [49].)

The edge-density [39] of vertex set X is

w(e)
pe(X) =3 o(X )(n — o(X)).

ecEy

The maximum value of pc(X ),as X ranges over the subsets of ¥'(G), is a variation on
MC(Gc).The averaged minimal cut of Gc is

Gc) = mi X
¥(Gc) 0<g(1)1(r)1<npc( )s

It was shown in [19] and [39] that
Y(Gc) 2 a(Gc)/n.

(This inequality is consistent with the proposed use of n /a(G) as an alternative to the
chemical Wiener Index.) The following companion of (16) was proved in [19]:

Y(Gc) < a(Gc)/2-

other bounds can be found in [39].

9. RELATED TOPICS

Laplacian eigenvalu
Quasi-random graphs,
degree, were investigat

Sufficient condition
operator (in a Dirichle
given by Friedlander [

A necessary conditi
Hamiltonian circuit w:

The Laplacian spect
[43], [54].

While it is a (singul
Moore-Penrose genera

A “homogeneous g
its automorphisms. La
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Laplacian matrices ¢
Matrix-Tree Theorem
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