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Local Phase in 1D

» The local phase is the local decomposition of the signal according to its symmetri

Title Page
Introduction

* In 1D the local phase is properly defined through the analytic signal [Gabor 1946]
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* Local Amplitude:|fa(X)|
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Local Phase in nD

* In nD spaces we have a new degree of freedonentation.
» Some Hilbert transform extensions to nD:

1. Total Hilbert transform [Stark 1971]
2. Partial Hilbert transform [Knutsson 1995]
3. Single Orthant analytic signal [Hanh 1992]

» Attempts lack of enough complexity: complex algebra is not enough.
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Hilbert Transform and Vector Field Theory

Analytic functions related to harmonic functions.
An harmonic functiorp satisfies Laplace’s equation.

1D Hilbert transform relates the components of a 2D harmonic §ietdIp(x1,X2) .

Problem: Laplace equation in the open domain< 0 with Neumann boundary con-
ditions

Ap(X]_,Xz)

gl(X]_,O)

Statement:
02(%1,0) = H(91(x1,0)) = H(f(x1))



p(X, X,)  Harmonic function
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* Proof:
Rewriting Laplace equation in the transform domain for the coordixate

62P(u1 Xz)
—4TPUSP (U1, Xp) + — 5>
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Gl(ul,Xz) =i

G2(u1,%2) = H1(u1)G2(uz,%2)
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Generalized Hilbert Transform: Riesz Transform

* (n+1)D extension of Laplace problem(x1)) : R R,

» Notation:

Xn

Xni1) = : Xn,Xn+1]
I(X(nsy)) = [91( (n+1)) B2(Xn+1)s - 9+ Xn1)] = OPXng)) = OP(X(n+1))-

* Problem:(n+1)D Laplace problem in the domai, 1) < 0 with Neumann boundary
condition
{AD(X(n+1)) =0,
Iinr1)(Xn,0) = f(Xn).

» Statement: nD Riesz transform relates the last componerg tf the previous ones.



2D casel 3D Laplace equation
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* Proof:
Let us perform the calculation in the frequency domairnxfgikeepingx,, 1 coordinate
in the spatial domain

2
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Riesz transform of in the Fourier domain:

u
Fg(u)=i—0
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Monogenic Signal

* nD extension of analytic signal.
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% Generalized Quadrature Filters

* How to estimate analytic signal? quadrature filters [Granlund and Knutsson 1995
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Conclusion

* nD generalization of Hilbert Transform.

S » Local phase analysis of nD signals
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