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The localization receiver operating characteristic (LROC) curve is a standard method to quantify performance
for the task of detecting and locating a signal. This curve is generalized to arbitrary detection/estimation tasks
to give the estimation ROC (EROC) curve. For a two-alternative forced-choice study, where the observer must
decide which of a pair of images has the signal and then estimate parameters pertaining to the signal, it is
shown that the average value of the utility on those image pairs where the observer chooses the correct image
is an estimate of the area under the EROC curve (AEROC). The ideal LROC observer is generalized to the
ideal EROC observer, whose EROC curve lies above those of all other observers for the given detection/
estimation task. When the utility function is nonnegative, the ideal EROC observer is shown to share many
mathematical properties with the ideal observer for the pure detection task. When the utility function is con-
cave, the ideal EROC observer makes use of the posterior mean estimator. Other estimators that arise as spe-
cial cases include maximum a posteriori estimators and maximum-likelihood estimators. © 2007 Optical So-
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1. INTRODUCTION

The evaluation of imaging systems based on observer per-
formance for a task that combines detection and estima-
tion has been studied extensively when the parameters to
be estimated specify the location of a signal in an image.
A useful figure of merit in this situation is the ALROC,
the area under the localization receiver operating charac-
teristic (LROC) curve [1,2]. Recently, Khurd and Gindi
[3,4] determined the ideal LROC observer, whose LROC
curve lies above those of all other observers for the given
task. Of course, this also implies that the ideal LROC ob-
server maximizes the ALROC for the given task. For a
given imaging system, the ideal ALROC can be used as a
figure of merit for the optimization of system parameters
in order to improve detection and localization perfor-
mance.

We are proposing a general framework, the estimation
ROC curve (EROC), for the evaluation of observers on
more general combined detection and estimation tasks.
We define the EROC curve for the detection of a signal
and the estimation of a set of signal parameters. This
curve is a straightforward generalization of the LROC
curve. The location of the signal is replaced with an arbi-
trary set of signal parameters to be estimated. In addi-
tion, the binary correct-localization function, which is
used in LROC analysis to determine whether a location
estimate is within the tolerance limit, is replaced with a
utility function, which measures the usefulness of a par-
ticular estimate given the true parameter vector. The ex-
pected utility for the true-positive detections may then be
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plotted versus the false-positive fraction as the detection
threshold is varied to generate an EROC curve.

We will show how the area under the EROC curve
(AEROC) is related to a two-alternative forced-choice
(2AFC) test. For this 2AFC test, the observer is shown
two images, one of which has the signal. The observer
must decide which image has the signal and then esti-
mate the parameter vector for that signal. When the ob-
server picks the wrong image, the score for that pair is
zero. When the observer picks the right image, the score
for that pair is the utility of the estimate of the parameter
vector as compared with the true parameter vector. The
average of these scores over a large number of trials is an
estimate of the AEROC for this observer.

We next formulate the ideal EROC observer and study
its properties. This is a mathematical observer for a
detection/estimation task whose EROC curve lies above
those of all other observers for the given task. The ideal
observer for a pure detection task requires full knowledge
of the probability distributions of the data under the
signal-absent and signal-present hypotheses. Similary, for
the detection/estimation task, the ideal observer must
know the distribution of the data under the signal-absent
hypothesis and the joint distribution of the data and sig-
nal parameters under the signal-present hypothesis. If
these distributions are known and the utility function is
specified, then the ideal EROC observer uses them to
compute a test statistic, to compare with a threshold for
the detection step, and to obtain an estimate of the signal
parameters. This observer maximizes the AEROC for the
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given task, and this maximum value may be used as a fig-
ure of merit for system or reconstruction algorithm de-
sign.

For the pure detection task, the ideal observer calcu-
lates the likelihood ratio for a test statistic. This statistic
possesses certain mathematical properties that lead to al-
ternative expressions [5,6] for the ideal AUC, the area un-
der the ROC curve for the ideal observer, in terms of mo-
ments of the likelihood ratio. These alternative
expressions in turn lead to upper and lower bounds on,
and approximate expressions for, the ideal AUC [7,8].
These bounds and approximations can also be computed
from certain moments of the likelihood ratio. When the
utility function is nonnegative, the ideal EROC observer
exhibits similar mathematical properties, which in turn
lead to bounds and approximations for the ideal AEROC
in terms of moments of the detection test statistic. An-
other result of the similarity in the mathematics between
these two ideal observers is that the ideal AEROC can be
approximated, for a weak signal, by an expression involv-
ing a generalization of the Fisher information matrix. A
similar Fisher information approximation has been de-
rived for the ideal AUC in the pure detection context
[9,10]. We will present details of these alternative expres-
sions, bounds, and approximations below.

Finally, we will examine some special cases of the ideal
EROC observer. When the utility function is very narrow,
the detection statistic becomes a scanning likelihood ra-
tio, and the estimator becomes a maximum a posteriori
(MAP) or a maximum-likelihood (ML) estimator. When
the utility function is symmetric and concave, the estima-
tor is the posterior mean of the parameter, and the test
statistic is a likelihood-weighted average utility of the es-
timate. For a narrow utility function and normal distribu-
tion of the data, the detection test statistic is a scanning
Hotelling observer, and the estimator could be called a
scanning linear estimator. These results show that many
common detection and estimation strategies are paired
together as optimal EROC observers when the utility
function satisfies certain constraints.

2. EROC CURVE

An observer performing a combined detection and estima-
tion task is given a data vector g that is drawn from ei-
ther a signal-absent ensemble with probability density
pr(g|H,) or a signal-present ensemble with probability
density pr(g| 0,H;). The symbol 6 represents a parameter
vector associated with the signal. This parameter vector
may have variable dimensions to accommodate situations
where the number of scalar parameters that specify the
signal may vary. For example, the parameter vector may
be the number of small lesions in an image and their lo-
cations. In this case, the dimension of the parameter vec-
tor is twice the number of lesions (for a two-dimensional
image) plus one for the number of lesions.

Part of the observer’s task is to decide whether the sig-
nal is present or absent. If we assume that the observer is
not subject to internal noise, then this decision can be re-
duced in the usual way [5] to the comparison of a test sta-
tistic T(g) with a threshold T. If T(g)>T, then the ob-
server declares the signal to be present. Otherwise, the
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signal is declared to be absent. For those data vectors
where the observer decides that the signal is present, an

estimate b(g) of the parameter @ must be produced in or-
der to complete the task.

The utility of the estimate #(g) is denoted by u[#(g), 6]
when the signal is actually present and the true param-
eter vector is 6. In general, we would expect this function
to have high values when the estimate is close to the true
parameter vector and low values when it is far from the
true parameter vector. The choice of the utility function
will affect the EROC curve for the given observer and
should be based on the value of a good estimate. In gen-
eral, whenever parameter estimation is involved, a utility
function (or its opposite, a cost function) must be specified
in order to measure the performance of an estimator.
Later, we will examine some consequences of making
more specific assumptions about the shape of the utility
function.

To plot the EROC curve, we define the false-positive
fraction at a given threshold T in the usual way as

Ppp(To) = f p(g|Ho)step[T(g) - Toldg, 1)

where the integration in this equation is over all of data
space. Similar integrals in succeeding equations will also
be over all of data space unless otherwise specified. We
can also write the above expression using expectations

Ppp(To) = (step[T(g) - ToDgl,- (2)

This number is the probability of deciding that the signal
is present when it is absent and is the abscissa of the
point on the EROC curve corresponding to the threshold
value Tj. For the corresponding ordinate of this point on
the curve, we use the expected utility for those data vec-
tors where the estimation occurs and the signal is
present, i.e., the true-positive fraction. To compute this
expectation, we need the prior distribution pr(#) on the
signal parameter vector, since this is an unknown random
vector. The expected utility for the true-positive fraction
is given by

Urp(To) = f f pr(0)pr(g|6,H)ul6(g), 6]
Xstep[T(g) — Toldgdo, 3)

where the outer integral is over all of parameter space.
Similar integrals in subsequent equations will also be
over all parameter space unless otherwise specified. Us-
ing the angle bracket notation, the ordinate may be writ-
ten as

Urp(To) = (ul 0(g), Olstep| T(g) - ToDg g, (4)

A plot of Upp(T) versus Ppp(T,) as the threshold is varied
generates the EROC curve [11]. Each point on the EROC
curve gives the expected utility of our estimate of the pa-
rameter vector for the true-positive cases at a given false-
positive fraction.
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3. AREA UNDER THE EROC CURVE
The area under the EROC curve is given by

AEROC = f Urp(To)dPrp(Ty). (5)

The range of integration here is the range of values of the
test statistic Tq. The AEROC can be used as a figure of
merit for the observer on the combined detection and es-
timation tasks. By taking the derivative of the false-
positive fraction with respect to the threshold, we arrive
at an alternative expression for the AEROC:

AEROC = f UrplT(8)Ip(glHo)dg = (Urel T(8)Dgjm, -

(6)

One useful property of the AEROC as a figure of merit
is that it can be computed from a 2AFC test. This fact can
be derived from Eq. (7) by writing out the expected utility
inside the angle brackets:

AEROC = (ul[(g"), 0)step[T(g") - T(&)Dgr.am g,
(1)

where the inner expectation is over the joint distribution
of the data vector and the parameter vector under the
signal-present hypothesis. For the 2AFC test, the ob-
server is shown a large number of pairs of data vectors or
images, with each pair consisting of a signal-absent image
and a signal-present image. The observer must decide
which of the pair of images is from the signal-present en-
semble and estimate the parameter vector for that image.
For the pairs where the correct image was chosen, the
utility of the estimate as compared with the true value is
computed. These utility values are then summed, and the
sum is divided by the total number of image pairs. The
end result is an estimate of the AEROC for this observer.

4. IDEAL EROC OBSERVER

Another useful property of the EROC curve is that there
is an ideal EROC observer for any given detection/
estimation task and utility function. The EROC curve for
this ideal observer lies above all others for the given prob-
ability distributions and utility function. Of course, this
implies that the AEROC for this ideal observer is the
maximum possible; therefore, this ideal AEROC can be
used as a figure of merit for an imaging system on the
given detection/estimation task relative to the specified
utility function.

To define the test statistic and estimator for the ideal
EROC observer, we first define a conditional likelihood ra-
tio as

8= pr(glHo)

The ideal EROC observer test statistic is given by the
maximum value of a likelihood-ratio-weighted average of
the utility function:
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Tz(g)=maX{fpr(ﬁ')/\(g|0)u(0’,0)d0}- )

0

This integral could also be viewed as a utility-weighted
average of the conditional likelihood ratio. A third inter-
pretation is that the integral is the weighted inner prod-
uct of the conditional likelihood with the utility as a func-
tion of its second argument. This will be maximized when
the first argument 6’ is such that these two functions
align as closely as possible as vectors in the weighted Hil-
bert space defined by the prior probability on the param-
eter vector. The ideal EROC observer estimator is actu-
ally computed along with the test statistic:

b,(g):argmax{ f pr(0)A(g|0)u(0’,0)d0}. (10)

o'

This equation implies that we may also write the ideal
test statistic in the form

Ti(g) = fpr(0)/\(g| O)u(by(g),0)d0, (11)

where the ideal estimator is defined by Eq. (10). This form
is useful for studying the mathematical properties of the
ideal EROC test statistic.

The proof that these expressions give the ideal EROC
observer is an easy adaptation of the proof presented by
Khurd and Gindi for the ideal LROC observer [3,4]. For a
given value P of the false-positive fraction, we have a con-
strained maximization problem for Uzp(T), considered as
a functional of the test statistic 7(g) and the estimator

0(g), and as a function of the threshold T,. By using a
Lagrange multiplier A\, this optimization problem is

equivalent to choosing the functions b(g) and 7T'(g) and
the numbers T, and A\ that maximize

f f pr(0)pr(g|0,H )ul 8(g), lstep[ T(g) - Told bdg

- K{fp(ngo)step[T(g) - Toldg - P}- (12)

This quantity may be written as

<{ f pr(f»)A(go)u[b(g),a]da—x}

Xstep[T(g) — Ty —\P. (13)
g‘Ho

For a fixed function 7(g) and fixed numbers Ty and A, the
estimator in Eq. (10) maximizes this quantity. Now that
we have the estimator, we choose T'(g) and Ty so that

step[T(g) - Ty] > 0 = Jpr(0)A(g| 0)u[0(g),0d0-\>0.

(14)

This is most easily achieved by using Eq. (9) for the test
statistic and setting A=T. Finally, the threshold T, is
chosen so that the false-positive fraction is P. Of course,
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as with ordinary detection tasks, any monotonic transfor-
mation applied to this test statistic and threshold will
work just as well. This derivation does not tell us whether
any ideal EROC observer must use a test statistic that is
a monotonic transformation of Eq. (9).

5. ALTERNATE EXPRESSIONS FOR THE
IDEAL AEROC

One interesting result of the definition of the ideal EROC
observer is that the AEROC for this observer can be com-
puted by sampling independent pairs from the signal-
absent ensemble:

AEROC;={(T\(g")step[T/(g") - T/(&)Dg'n g, (15)

The proof of this statement has been given elsewhere [11]
and is summarized in the Appendix. If we have a good
model for the distribution of the ideal EROC test statistic
under the signal-absent hypothesis, then the equation

AEROCI = ((Tlstep(TI - TII»T}‘HO)TI‘HO (16)

can be used to estimate the ideal AEROC. This equation
is similar to an expression for the AUC of the ideal ob-
server for a pure detection task,

AUC; = ((Astep(A = A" ) arm )l (17)

where A(g) is the likelihood ratio. Equation (17) leads to
other equalities and inequalities that relate the ideal
AUC to various moments of the likelihood ratio under the
signal-absent hypothesis [5-8]. Analogous relations can
be derived for the AEROC and signal-absent moments of
T;.

For example, evaluating the step function immediately
gives

—o T}

If the lower limit in the inner integral is extended to
negative infinity, then the double integral gives the mean
value of T}7. This means that Eq. (18) can also be written
as

o
(Tprn,—~AEROC; = J f Tpr(Ti|Ho)pr(T|Ho)dTdT;.

(19)

This equation is meaningful as long as the mean value of
the ideal test statistic is finite under the signal-absent hy-
pothesis.

Symmetric versions of these two equations can be de-
rived also. First, we interchange the order of integration
in Eq. (18) and interchange the integration variables to
obtain

(20)

Then we add this equation to Eq. (18) and divide by 2. The
result is
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AEROC;

1 =
= §J f max(T;, T)pr(Ty{Hy)pr(Tj|Hy)dTdT;.

(21)
A similar procedure with Eq. (19) leads to
1 o o0 )
<TI>T1‘H0 —AEROCI = Ef f mln(Tb T;)
Xpr(T;|Ho)pr(T;|Ho)dTdT;.
(22)

Either of these last two equations gives us the lower
bound

5T 7 n, <AEROC;. (23)

We will assume that the ideal AEROC is a finite number.
This lower bound then implies that the mean value of the
ideal test statistic is also finite.

6. SPECIAL CASES

We will summarize briefly some special cases of the ideal
EROC observer. When the utility function is §(6' - ), the
ideal EROC observer uses MAP estimation. In this case,
we have

(24)

pr(g7 0|H1)
pr(g|Ho) ’

Ti(g) = max{
0

O,(g) = arg max{pr( O)pr(g|6,Hy}.  (25)

These results show that MAP estimation is close to opti-
mal in the EROC sense when close tolerances are re-
quired for the parameter estimation.

If, in addition to the & utility function, we also have a
flat prior on the parameters, then the ideal EROC ob-
server uses ML estimation

Ty(g) = m;lX{A(g 10)}, (26)

0/(g) = arg mgx{pr(g\ 0,H))}. (27)

In this case, the decision statistic is the conditional like-
lihood ratio at the estimated parameter value. These
equations show that ML estimation and what we will call
“likelihood windowing” are close to optimal in the EROC
sense when we have close tolerances for our estimates
and complete ignorance about the true parameter values.

If we define a Bayesian cost function to be the negative
of our utility function, then our ideal EROC estimator
also minimizes the Bayesian risk. This means that, under
very general conditions on the utility function and the
posterior density on the parameter vector [12], the poste-
rior mean estimator
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0(g) = f opr()pr(g|0)d6 (28)

is the ideal EROC estimator with the corresponding test
statistic

Ti(g) = f pr(0)A(g|0)u(8(g),0)d0. (29)

An example of a set of such conditions is the following:
The utility function is a concave symmetric function of the
difference of the parameter vectors, and the posterior dis-
tribution of the parameters is symmetric about its mean.
The concavity of the utility function implies that it cannot
be positive unless the range of each parameter is
bounded. An advantage of this type of utility function is
that we do not need to perform the maximization calcula-
tion to compute the test statistic or the estimator.

Finally, consider the case of a normal probablity distri-
bution for the data

1
pr(glHo) = p|-5&- b)’K(g-b) |,

(30)
with the signal in the mean
pr(g|0,Hy) = pr(g - s¢|Hy). (31)

Again, we will assume a é utility function and a flat prior.
The decision statistic in this case can be replaced with its
logarithm, which is given by

t;(g) = max{sjK (g - b) - ;5jK's,}. (32)
0
The corresponding estimator is given by
b,(g) =arg max{sI,K‘l(g -b) - %SLK_ISQ}. (33)
0

Note that, in contrast to the ideal AUC observer in this
situation, the ideal EROC observer does not employ a lin-
ear estimator or test statistic due to the maximization
step. Instead, an affine function of the data is scanned in
the parameter space. The decision test statistic could be
called a scanning Hotelling observer and is optimal in the
EROC sense with the assumptions given above.

7. POSITIVE UTILITY FUNCTIONS

If the utility function is positive, then the ideal decision
test statistic will be positive and the ideal EROC observer
shares many properties with the likelihood ratio, which is
also necessarily a positive quantity. For example, the
ideal AEROC may be expressed in terms of complex mo-
ments of the ideal EROC test statistic as

0

1 1/2-ia 2 da
AEROC; = (Tp)py,—— | KTY* )|

4w a2+

1
4
(34)

This equation is not obvious, and the steps leading to it
involve the Fourier transform and contour integration. A
detailed derivation of this equation has been presented
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elsewhere [11] and is summarized in the Appendix. Equa-
tion (34) can be used to relate the ideal AEROC to Fisher
information when the signal is weak. This relation will be
discussed below.

Another way to derive Eq. (34), and other relations that
we will soon see, is to define probability distributions

pro(g) = pr(g|H),

@ Ty(g)pr(g|H,) (35)
r = .
P = @)

The second PDF here is a purely artificial mathematical
construction that is nevertheless useful for studying the
mathematical properties of the ideal AEROC. If we form a
likelihood ratio with these two densities, we have

_P"1(g) _ T/(g)
& pro®  Torgm,

(36)

Therefore, the normalized ideal EROC test statistic is a
likelihood ratio, albeit for an artificially constructed de-
tection task. The AUC for this likelihood ratio is related to
the ideal AEROC via

AEROCI=J f Tpr(T;|Hy)pr(T;|Hy)dT AT}
—x TI’

= <TI>TIH0f f Apr(A|Ho)pr(A'|Hy)dAdA'
—o J A/

=(Tpr uAUC,. (37)

This equation implies that there are many properties of
the ideal AUC that transfer over to the ideal AEROC.

As a first example of the use of Eq. (37), consider the
following equation for the AUC [7]:

©

1
AUC,=1- J FPF2(A)dA, (38)
0

where

0

FPF(A) = f pr(N'|Ho)dA" = Pep((Tppm N . (39)
A

Setting T=<TI)TI|H0A, we obtain

1
AEROC; =Tz, - 3 f P2,(T)aAT. (40)
0

This equation is in fact related to Eq. (34) by Parseval’s
theorem for the Mellin transform.

There are several inequalities that can be derived from
the various expressions for the ideal AEROC presented
above. One example that follows easily from Eq. (34) is

(T, - 5T1 7 u, < AEROC; =< (T)pyn,.  (41)

By the Schwarz inequality, we can show that this lower
bound is an improvement over the one given above in Eq.
(23) for a general utility function.

We can obtain another inequality by defining a function

w(p) by
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exp[ w(B)] ={TP)ru, = <TI>[T;1\ i1, (AP A, (42)
Adapting an inequality in [8] for the ideal AUC, we have
-2u(3) < - In[2((T)) 7 m, —AEROC)] < - 2(3)

[z (2)]" (43)

Note that the function in the center of this inequality is a
monotonically increasing function of AEROC;. The lower
bound in Eq. (43) is actually the same as the lower bound
in Eq. (41). The upper bound in Eq. (43) is a considerable
improvement over the upper bound in Eq. (41). If u(B) is
slowly varying near ﬁ:%, then Eq. (43) will give a good
approximation to the ideal AROC in terms of the =1 and
=% moments of the ideal EROC test statistic.

A different approximation to the ideal AEROC follows
from the G(0) approximation to the ideal AUC [5]. When
translated into the notation used here, this approxima-
tion yields

exp[- u(1)JAEROC; = % + % erf{i[#(l) _ 2#(%)]1/2}.
(44)

The same Schwarz inequality mentioned above shows
that the quantity in the square root is positive.

In summary then, all of the inequalities and approxi-
mations for ideal AUC observers have their counterparts
for ideal AEROC observers when the utility function is
nonnegative. This fact, together with the 2AFC interpre-
tation of the AEROC, means that much of the mathemati-
cal machinery that has been developed to estimate the
ideal AUC [13] and test these estimates for bias and vari-
ance [14] carries over with minor modifications to the
ideal AEROC when the utility function is positive.

8. IDEAL AEROC AND FISHER
INFORMATION

The relation between the ideal AUC for weak signals and
Fisher information has been worked out for general sig-
nal parameters in detail elsewhere [9,10]. For simplicity,
we will confine ourselves to the signal amplitude param-
eter. Let a be the signal amplitude, which is fixed, small,
positive, and not one of the parameters that we are trying
to estimate. Then pr(g|@,H;) is replaced with
pr(g|a, 0,H,) throughout, and Eq. (35) is modified to

pro(g) = pr(g|Ho) = pr(g|0),

Ty(gla)pr(g|H,)

= . 45
(TA(gla) g, pr(gla) (45)

pri(g) =

Under these circumstances, the ideal AUC for the artifi-
cial detection task is given to lowest order in « by

AUC\() = 5 + 5 erf(;F3a), (46)

where F is the Fisher information
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d 2
Fy o In[pr(g|a)] . (47)

a=0 g‘Ho

We want to use this to obtain the lowest-order approxima-
tion for the ideal AEROC when the signal is weak.

To compute this Fisher information, we start with the
conditional likelihood

pr(g|a7 07H1)

A(gla, 0) =
(Bl O == ey

which now depends on the signal amplitude, and the cor-
responding ideal AEROC test statistic

T/(gla) = f pr(0)A(g|a, O)u(b;(g|a),0)d6. (48)

We will assume that # is an ordinary vector parameter.
The derivative of the test statistic is

d d N
—T(gla) = f pr(6) { d—A(g|a, 0)] u(0;(gla),0)d6

da a

d6y(gla)
+ . V,,/Jpr(O)A(gM,o)

da
Xu(#, 0)d0] . (49)
0'=0,(gla)

The last term in the square brackets is zero by definition
of the ideal EROC estimator. When a=0, the ideal EROC
estimate is independent of the data. We will call this es-
timate 6. Therefore,

d
aTl(g| @) »

f pr(0)(d/da)pr(gla, 6,H;)]4-o (6, 0)d 0

= , (50
pr(g|Ho) .
and
{d<T(|)> } <dT(|)> 0
T U 8l¥))gH, = - 118l =0.
da 8 w0 da et |
(61)
We also have
[Tl(g|a)]a=0=fpr(0)u(007 0)d0=l’707 (52)

in which the constant on the right is defined.

Now we are ready to put the pieces together to compute
F,. After some rearranging of integrals, we find that an
important function is the conditional score, defined as

d
s(g|0)={—d ln[pr(gla,O,Hl)]} : (53)
%

a=0

We may now write the derivative in Eq. (50) as
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d
[d—Tz(ga)} = jpr(o)s(go)u(00,0)d0. (54)
a a=0

The function s(g|#) may be regarded as a random func-
tion of @; in other words, a random process on the param-
eter space. The random nature of this process is due to
the random vector g. For the mean of this random pro-
cess, we have

<3(g| 0)>g\H0 =0.

This implies that the following expectation is the covari-
ance for this random process:

Fo(0,0) = (s(g] 0)s(8]0) g, (55)

This function might be called a Fisher information kernel
and generalizes the standard notion of the Fisher infor-
mation. Finally, the Fisher information that we seek is
given by the expectation

Fo=(u(60,,0F(0,0)u(60,0))q . (56)

This number is necessarily nonnegative since the covari-
ance operator of a random process is a nonnegative defi-
nite operator. With this value for F;, and using Eqs. (51)
and (54), we have, to lowest order in the signal amplitude,

AEROC; = ([ 5 + ; erf(5Fi )], (57)

for weak signals. If we plot the ideal AEROC versus sig-
nal amplitude, this equation tells us that the slope is de-
termined by %, and F(. This can be used to relate the
ideal AEROC to the ideal AUC for the pure detection task
when the signal is weak.

9. CONCLUSIONS

The EROC curve is a straightforward generalization of
the LROC curve to the task of detecting a signal and es-
timating an arbitrary parameter vector associated with it.
The use of a general utility function also takes us beyond
the standard LROC paradigm. The relation between
AEROC and 2AFC studies provides an easy way to mea-
sure observer performance, as measured by the AEROC,
in combined detection/estimation tasks.

The formulas for the ideal EROC observer are also easy
generalizations of those for the ideal LROC observer. The
ideal AEROC can, therefore, be computed as a figure of
merit that is task dependent but independent of any par-
ticular detection/estimation algorithm. Of course, this fig-
ure of merit also depends on the choice of utility function.

There is a relation between the ideal AEROC, when the
utility function is positive, and the ideal AUC for an arti-
ficially constructed detection task. The bounds and ap-
proximations derived from this relation allow us to import
many of the methods that have been developed to com-
pute the ideal AUC to the computation of the ideal
AEROC. In particular, for weak signals, the ideal AEROC
can be approximated from a Fisher information kernel to
lowest order in the signal amplitude.

Finally, with particular choices for the prior and the
utility function, many commonly used detection test sta-
tistics and estimators turn up as special cases of the ideal
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EROC observer. This gives conditions under which many
popular detection algorithms and parameter estimators
are optimal in the EROC sense.

APPENDIX A

1. Proof of Equation (15)
First, we want to prove that

AEROC = (T\(g")step[T/(g") - TH(8) Dg'|u g, (A1)

To see why this equation is true, we start with

T/(g') = j pr(O)A(g'|0)u(,(g'),0)d0. (A2)

This expression then gives us
(T(g")step[T((g') - Tl(g)]>g'\H0
= (u[0(g"), Olstep[T(g") — T(g) g om,-  (A3)

On the right in this equation is the inner expectation in
the 2AFC expression for the ideal AEROC in Eq. (7).
Since the outer expectations in the two expressions for
the ideal AEROC are the same, this shows their equiva-
lence.

2. Proof of Equation (34)
For a nonnegative utility function, we may define an
equivalent test statistic by

t=In(Ty). (A4)
Then the ideal AEROC is given by
AEROC, = (exp(t )step(t' =)y, (AB)

The following chain of equalities leads to an expression
for the ideal AEROC in terms of complex moments of 7.
We start with the characteristic function

Ui(@) = {exp(- 2ot )z, (A6)

and write the ideal AEROC as an integral in frequency

space
o 1 *
AEROC; = f ()| 4| - 2m 1/25(w)

=
+P dw. (A7)

2w

Evaluating the delta function gives
1\|" 1 "
AEROC; = 1/2 bl - 5= + _.Pf ()
2 2w ),

1 “do
X l//t w—% : (AS)

In terms of the ideal test statistic 77, this expression be-
comes
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AEROCI = 1/2<TI>T1‘HO

+i'P ) <T—2‘n'iw> <T—2m'w+1>* d_w
omi ) I T{H\L 1 TH, ® :

(A9)

If we let B=-27w, the integral can be written as

1o g
AEROCI = 1/2<T1>TI|HO - 2_m7)f <TLIB>TI‘HO<TI_LB>T1|HOE.

(A10)

This last integral can be viewed as a contour integral
along the imaginary axis. We shift the contour one-half
unit to the right in order to dispense with the principal
value. The integrand is analytic on the strip between
these two contours due to two inequalities. The first in-
equality is

KTF ™ g, | < TPy, (A11)

which is true for any x and y, and the second inequality is

(Tprjm, <1+ {Torm, (A12)

which is true for 0 <x<1. When we shift the contour, i8is
replaced by %+ia. After taking into account the pole at
the origin and then keeping only the real part, we arrive
at

1 (” da
— _ 1/2+ia 1/2-ia o
AEROCI = <TI>T‘H0 - 47Tf_x <TI + >TI|H0<TI i >TI|H0 a2 N i )

(A13)
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