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A matrix theory is developed for investigating the scattering of elastic waves in solids by an obstacle of
arbitrary shape. The scattering matrix which depends only on the shape and nature of the obstacle relates
the scattered field to any type of harmonic incident field. Expressions are obtained for the elements of the
scattering matrix in the form of surface integrals around the boundary of the obstacle, which can be
evaluated numerically. Using the principle of reciprocity and the conservation of energy, the scattering

matrix is shown to be symmetric and unitary. These properties are essential to assure the accuracy of
numerical calculations. Both two- and three-dimensional problems are discussed, and the obstacle may be
an elastic inclusion, a fluid inclusion, a cavity, or a rigid inclusion of arbitrary shape.
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INTRODUCTION

A matrix theory for the scattering of acoustic! and
electromagnetic? waves by a single object of arbitrary
size was presented by Waterman a few years ago, Com-
parisons of this theory with other established methods
of analysis such as the eigenfunction expansion method,
the boundary integral technique and the variational
method were discussed in the original paper.! Based
on extensive numerical calculations for the scattering
of acoustic waves by an elliptical or a square scatterer,
Bolomey and Wirgin® summarized that the matrix meth-
od is efficient and is some respects superior to the
boundary integral technique (Green’s function theory),
especially when numerical computations become neces-
sary.

In this paper, we extend Waterman’s matrix theory
to the scattering of elastic waves., In contrast to the
acoustic wave which is governed by a single scalar
wave equation and the electromagnetic wave governed
by a vector wave equation with a single wave speed, the
elastic wave is composed of a longitudinal (p-wave) part
and a transverse (s-wave) part. The former satisfies
a scalar wave equation and the latter, a vector one,
each with a distinct velocity. The coupling of these two
types of waves at the boundary of an elastic solid makes
the analysis very difficult, For instance, while the
scattering of acoustic waves by a hard or soft elliptic
cylinder can be conveniently analyzed using Mathieu
functions as a basis set, the same cannot be done for
elastic waves,

A notable exception is the case of an incident s wave
with displacement vector parallel to the axis of an in-
finitely long prismatic cylinder, propagating in a di-
rection normal to the axis. In this case, the scattered
wave can be represented by a two-dimensional scalar
wave function and the problem is identical to the scat-
tering of acoustic waves by the same cylinder. In the
literature of elastodynamics this is known as the sk
wave (horizontally polarized shear wave) and is ex-
cluded from our discussion,

For a normally incident s wave with any other po-
larization, the wave scattered by a prismatic cylinder
is still two dimensional but it is composed of both p
and Swaves, This is known as the problem of sv waves
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(vertically polarized shear waves). The scattering of
p- and sv waves normally incident on an infinitely long
prismatic cylinder constitute the two dimensional
problems discussed in this paper,

As reviewed by Pao and Mow? only a circular cy-
linder (two dimensional) or a sphere (three dimensional)
can be analyzed effectively by the eigenfunction ex-
pansion method, The application of the boundary inte-
gral equation technique has been tried only for two-
dimensional problems with limited success.® For
these reasons, the matrix method as presented in this
paper offers a promising alternative to the existing
methods of analysis,

For scalar waves, the matrix method begins with the
Helmholtz integral formula for the harmonic wave field
exterior to the bounding surface S of an obstacle,

PR,
- zpo(if) ’

where ? is the incident field and =y - ¢° is the scat-
tered wave field, g®|X’) is the Green function of the
scalar wave equation and #’ . v’ is the normal gradient
at the surface S and primes indicate that they are func-
tions of ¥/ which is any point on S, The procedure is
to expand ¢° in a complete, orthogonal basis set ¥,(X)
with known coefficients A,, and the scattered field in
terms of the unknown coefficients B,. The expansion of
the unknown surface field introduces an additional co-
efficient @, whereas the expansion of g in a circular or
spherical basis set is well known, The essence of the
matrix method is to eliminate the unknown @, by using
the two cases in the Helmholtz formula and express B,
as ZT,,A,. The infinite square matrix T,, known as
the transition or T matrix in quantum mechanics yields
the scattered wave coefficient B, for a given incident
wave,

X outside S,
I {l[)'ﬁ'V'g—gﬁ'- vllpl}dsl=
S

X inside S,

‘The matrix method has several advantages over other
known methods, First the T matrix depends only on the
size and shape of the scatterer. Thus the same matrix
can be used to analyze the response of an obstacle to
any incident wave., Secondly, the principle of reciproc-
ity implies that the T matrix is symmetric and the con-
servation of energy within any surface surrounding the
scatterer implies that the scattering matrix (the S
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matrix which is formed by S=1 - 27T should be unitary.
Conforming to these two properties ensures the accuracy
in the numerical evaluation of the matrix elements.
Thirdly, each element of the matrix involves a line in-
tegral (two-dimensional problems) or a surface integral
(three-dimensional problems) of the basis functions.
Once a computer program is developed for numerical
integration, only the equation to the surface of the
obstacle need be changed for computing the T matrix
for obstacles of different shape, The great efficiency
of this method is demonstrated in Ref. 3.

In order to adapt this method for the scattering of
waves in elastic solids, we need first a Helmholtz-type
integral formula, like the one given above, for elastic
waves. In the literature several formulations exist.
As discussed by Pao and Varatharajulu, 7 the most con-
venient formula contains a second-rank Green’s dis-
placement dyadic and a third-rank Green’s stress ten-
sor in the integral representation, The surface inte-
gral then involves only the surface displacements and
the surface tractions, These quantities are precisely
those prescribed by the boundary conditions of elasto-
dynamics. The success of the matrix method depends
crucially on whether the surface fields can be elimi-
nated in an efficient manner. A brief discussion of the
convenient integral representation is given in Sec, I.

Next we need three sets of orthogonal basis functions
for elastic waves, one for the longitudinal part and two
for the transverse part. They are solutions of the vec-
tor wave equation and their properties have been well
studied,® These basis functions have also been used in
studying the scattering of elastic waves by a circular
cylinder® and by a sphere.!®!' For convenience, they
are briefly summarized in Sec. II.

With all preliminary grounds covered, we show in
Sec. III how the elements of the T matrix are evaluated
for elastic wave scattering. To simplify the discussion,
the scattering by an arbitrary shape cavity in two and
three dimensions is illustrated in detail, The more
general problem of an elastic solid inclusion with the
rigid inclusion, the fluid inclusion, and the cavity as
limiting cases are discussed in Sec. VI.

Finally, there is the need of a reciprocity theorem
that relates the amplitude of the far field scattered
along any direction for a given direction of incidence
to the amplitude of the far field when the directions of
incidence and scattering are interchanged and re-
versed. Because of mode conversion in elastic waves,
D waves may be scattered into s waves and vice versa,
reciprocity relations for elastic waves are far more
complicated than those for acoustic or electromagnetic
waves. A general theorem establishing reciprocity for
elastic solid obstacles of all shapes was recently es-
tablished by Varatharajulu.!? With this theorem, the
symmetry property of the S and 7 matrix and the uni-
tarity of the S matrix are proved in Sec. IV and V.

Only the general formulation of the matrix theory is
presented here, Numerical examples which illustrate
the application of this theory will be presented in the
second part of this paper,
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I. INTEGRAL REPRESENTATION OF THE ELASTIC
FIELD

Consider an infinite, homogeneous, isotropic and
linearly elastic medium of density p and Lamé constants
A and g, in which is embedded an elastic inclusion of
different material constants p,, A, and p,. The sur-
face S of the obstacle is assumed to be smooth, with a
continuous turning normal.

A monochromatic wave of frequency w is incident on
S. The displacement vector corresponding to the inci-
dent wave is denoted by U° and that corresponding to the
scattered wave by 4%, Since the incident wave has time
dependence exp(-— iwt), all field quantities will have the
same time dependence and this time factor is suppressed
for notational convenience. 1°has no singularity in the
region enclosed by S and i has no sources outside S.
The total displacement field outside S is given by

i) =0 =81 , 1)

where T is the position vector of a field point (observa-
tion point).

The equation of motion in the elastic medium is given
by

V. Prpw’i=0, (2)

where 7 is the stress tensor related to the displacement
gradients by

TNV .04 u (V4 GV) 3)
and T is the idemfactor. The traction vector { is de-
fined as

£=0.T=T-7 )

where # is the unit outward normal to the surface S,

Corresonding to Eq. (2) a Green’s dyadic Ganda
Green’s stress tensor T are defined by

v. 2@ )+ 00 BE|F) = -To@- ), )
where 8(F - 1’ ) is the three- or two- dimensional delta
function and I’ is a source point, % is related to Gas 7
is to U according to

2 =A1v. G+ u(vG+GV) . 6)
In indicial notation Eq. (6) reads

Zin=20;8,Gp+ (8, Gp+8, Gy Q)

where 8,=28/3x; and the subscripts i, j, &, ! refer to vec-

tor components which take on values 1, 2, 3 in three

dimensions (3-D) and 1, 2 in two dimensions (2-D).

Note that Z,,, is symmetrlc only in the first two indices

and the tensor GV in Eq. (6) should be interpreted ac-
cording to the last term in Eq. (7), which is different

from the conventional dyadic notation,

The solution to Eq. (5) is well known (see for ex-
ample, Ref, 8, Chap. 13) and is of the form

GyEF[F) =k {8,k gky; T|F")
8,(g(k,; T|F") - glkg; T|THIY,

where ¢’ = 1/(41rpwz), kE=pw?/u, and ki=pw?/(A+ 2u) are
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the squares of the shear wave number and compression-
al wave number, respectively. In Eq. (8), g(%,) and
g(k,) are the Green’s functions to the scalar wave equa-
tion given by

irHy(k|T ~7'|) ;

exp(ik|T -1'|)/|T -F|

2-D

gl F|F) = { )

3-D

where H, is the Hankel function of the first kind and of
order zero. To obtain g(k,) and g(k,) we simply replace
kin Eq. (9) by %, and k,, respectively.

From Eqs. (1), (2), and (5), one can obtain the in-
terior and exterior Helmholtz formulae for elastic
waves in a straightforward manner,? One simply makes
use of the fact that (i° is regular inside S and that T°
is regular outside S, and then applies the divergence
theorem to Eq. (2) when it is postmultiplied by % and
Eq. (5) after it is premultiplied by 4. The formula is

W), | @l SEF) -4 7 G| F)has
S

{E(T‘) ;

0; T inside S

T outside S
(10)

In Eq. (10), the primes indicate that @, 7, and #’ are
functions of ¥’ and dS’ is an element of area on S cen-
tered at ¥/, In deriving the above equation, we have
assumed that suitable radiation conditions are imposed
on the scattered field far from S.” For two-dimensional
scattering geometries the surface integral in Eq. (10)
will be replaced by a contour integral along the circum-
ference of the cylinder.

Equation (10) is the starting point for deriving the
transition matrix for the scattering of elastic waves,
which will be discussed in the following sections.

II. SPHERICAL AND CIRCULAR VECTOR BASIS
FUNCTIONS:

The matrix formulation of scattering differs from the
eigenfunction expansion technique in that the same basis
set may be used for obstacles of any shape. As dis-
cussed in the introduction, the vector spherical wave
functions and the vector cylindrical wave functions form
the basis sets for three- and two-dimensional problems,
respectively, These functions are discussed in detail
in Ref. 8. Since the elastic wave field is composed of
solenoidal (divergence free) and irrotational (curl free)
components, it is practical to choose one vector basis
that is irrotational and two basis sets that are solenoi-
dal.

In elasticity, the displacement vector can be con-
structed from three scalar functions P, @, and S (two
in 2-D) as

VP+Vx(ZQ) ; 2-D

E(ﬂ={ . an

VP4 k, VX({EQ) + VX [VX(FS)]; 3-D

The potential P is associated with p waves and @ and S
with s waves; each function satisfies a scalar wave
equation with the appropriate wave number %, or k,.
The unit vector Z in Eq. (11) is along the axis of the
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cylinder and ¥ is the radial vector in spherical polar
coordinates,

Let $¢, .z[.J:, and X° be the vector basis functions (X
being absent in 2-D). Following Eq. (11), they are de-
fined as follows:

A. Two-dimensional basis functions

Let v, 9 be plane polar coordinates perpendicular to
the axis of a prismatic cylinder. We define

- Viel/2H,(k,7) cos n8]; o=1 '
$a(P) = (12a)
V[el/2H, (k,r)sin nd] ; o=2
and
7 VX (2€}/2H (k,7)cos n8]; o=1
n(F) = 12b
@) { Vx[z€l/2H (k,7)sin n8]); ©=2 (12b)

where €,=1, and €,=2(n>0) is the Neumann factor,
H,(kr) are Hankel functions of the first kind of order

»n and represent outgoing cylindrical waves for large
values of ky. If a basis set that is regular at the origin
is needed, we simply construct $§ and Jg with the real
part of H,, which is J,, the Bessel function of the first
kind, In the following sections, this regular set will be
denoted by Red?, or Rej?.

As shown in Ref. 8 (Chap. 13) the angular parts of
these basis functions satisfy the following orthogonality
conditions:

fz' FoUT) - FU(T) d6 = E o(kep7)8 1y O, (13)

1]

J'Z' @ - 5‘:,,(1‘0 do=F,(k,7) 8,54 (14)
0

[ 8O- Fu0d0= 6,7, b1 -00),  (5)
0

where E,, F,, G,are functions of the Bessel or Hankel
functions, which are not relevant to this paper and 6,,,
is the Kronecker delta, In the above, n, m are integers
which take values 0, 1, 2,... foro, v=1, and 1, 2,
3,... foro, v=2,

B. Three-dimensional basis functions

In three-dimensional problems the polarization of the
shear wave can be in any direction in a plane perpendic-
ular to the wave vector. Since the polarization can not
be easily resolved along two preferred directions, we
need two separate basis functions to desecribe the shear
wave. The three sets of basis functions in spherical
coordinates », 8, ¢ are:

A2 9k, (k,7) P (cos8)cos mp]; o=1

3:(r’)={

AY2 g Y[k, (k,r)PM{(cosO)sin mp]; o=2
(16a)
- kg, VX [F R, (R, 7)PM(cos8)cos m¢]; o=1
r@-| : _
by 1, VX [T h,(k,7) PP(cos9)sin m]; o=2
(16b)
@)= (1/k)Vx (F) . (16¢)
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In the above, k,(kr) are spherical Hankel functions of
the third kind, of order n, P, are associated Legendre
polynomials, m is an integer that takes values 0, 1,
2,...,n, and »n is an integer that takes values 0, 1,
2,...foro=1andl, 2, 3,.,. foro=2 and ¢, and 7,
are normalization factors given by

[ @reDn-m) ]2 e (2n+ 1) (m—m)! /2
c"—[i" An(n+m)! ] ’ "‘|_41m(n+1)(n+m)!]

and the parameter A is given by

A=kb/ks .

We note that the normalization of the compressional
wave functions is different from the shear wave func-
tions. This was not so in the two-dimensional case.

In three-dimensional case this is necessary in order to
prove the symmetry and unitarity of the scattering ma-
trix.

To describe field quantities that are regular at the
origin, we simply replace %, by j,, the spherical Bes-
sel functmn of the first kind. The set will be denoted
by Recp,,, Rezp,,, and Rex,,

Since P7(cosd), sin m¢ and cos m¢ form complete
orthogonal sets, we can again establish certain orthog-
onality relations among the basis functions.

| B0 B d=L, 6,108,184, )

[ REGRAGELEACROL I 8)

| @ X @d2=N, 715,105, (19)

EZGRHAGILELY (20)

| B - Bian-0, (21)
and

f?ﬁ;’(F) @A =1,0k,7, k70,100, . (22)

In the above, d2=sinf d9d¢, the range of integration
being 0=d=<qand 0=¢=2s. The L, M, [,, and N,
are functions involving the spherical Bessel or Hankel
functions; the exact expressions for them are not rele-

vant to the present discussion.

IIl. EVALUATION OF THE TRANSITION MATRIX

In this section, we present the transition matrix (the
T matrix) for the scattering of elastic waves. All field
quantities in the Helmholtz formula [Eq. (10) of Sec.
I], the incident, scattered, and surface fields, the
Green’s displacement and stress tensors, are all ex-
panded in the vector basis functions defined in Sec. II.
The unknown expansion coefficients of the scattered
displacement field are related to the known coefficients
of the incident wave through the transition matrix. The
elements of the T matrix involve surface integrals;
for obstacles of arbitrary shape, they can only be
evaluated numerically.
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= -

TS, (b)

(a) Geometry for points T interior to S.
for points T exterior to S.

FIG. 1.

(b) Geometry

Since the incident field has no sources in the region
occupied by S, we expand U*¥) in Eq. (1) in terms of
basis functions that are regular at the origin of the co-
ordinate system that is situated within S (Fig. 1). Thus,

F0@) = 3 [A3Red% () + BLReJL([) + CoRexe(®)],  (23)

where A, B, C are assumed known [for plane wave in-
cidence 4, B, C are given by Egs. (68), (70), (71)};

Re denotes the real part of the basis functions. The
double summation is over =1, 2 and over m=0, 1,
2,..., foro=1land m=1, 2, 3,..., for 0=2. Actually,
there is a third summation over the integral multiples
of the azimuth angle ¢ [the integer m in Eq. (16)]. This
third summation is omitted in the writing.

The outgoing scattered field is represented by

(@)= (a5 850+ 85,750 + a X1, 24)

where «a,8,y are unknown coefficients to be determined.

The remaining functions to be expanded in t the integral
formulae, Eq. (10), are the Green’s dyadic G and the
Green’s stress tensor Z The expansion of g(k,) and
g(k,) in the scalar basis sets are well known (Ref. 8,

p. 827 for 2-D and p. 1874 for 3-D). Substituting these
expansions in Eq. (8), we obtain after some amount of
reduction

GE[F) =ik Z {(k,

ma

¢0 (f' )Reﬁba (r<)
+ ()P0 F)RePe(F) + XoF>)Rexe, B}, (25)

where k =(pw)2. In Eq (25
eater and lesser of T and r

GEIT)=CF D).

We discuss in the sequel only the three-dimensional
problems. Fortwo-dimensional problems, one replaces
(2,) in Eq. (25)by 7, and omits all terms involving x5,.

T, and ¥, refer to the
respectively. Note that

Now field quantities in Eq. (10) have all been ex-
panded inthe same basis set. The next step is to consider
the two cases on the right hand side of the Helmholtz
formula, namely, ¥ inside S and T outside S.

First consider points ¥ that lie inside the inscribed
sphere, S, (circle in 2-D) and let the origin of the co-
ordinate system be situated at the center of the sphere
[Fig 1(a)]. Since now, IF¥|< ||, we set F,=F" and
T.=T. Substituting Eqs. (23) and (25) into Eq. (10) and
using the definition of % from Eq. (6), we obtain
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3 (A5, Red, () + BS,Refl, () + CLReXe, (D] == 3 f [@ .2 So@F|F) - 2. 7. QF|™)dS’; T inside S, , (26)
mea (14 s
where

CUE| ) = ikl (k) B FReFEE) + (k)T ERePE) + (k)R EReX" @)
*2’:(?] ) =ik ( YATRe P @)V'. T+ u[VEE) + F2F )V | Red (@)}
+iep M [V TE) + E )V IReTUE) + [V RE) + XE )V IR @)}

I A =]

In the above equations x=1/(pw?), and primes on dS’, v/, ¥, 7, #’ indicate that they are functions of ¥ which is
the source coordinate and the variable of integration, Again, for two-dimensio‘p.al problems, (&,) should be re-
placed by m, a&d the ¥ term should be dropped. In writing the expressions for G, and 5: we have used the symmetry
properties of G and 2.

Next, consider points ¥ that lie outside the sphere S, circumscribed on S and choose the origin of the coordinate
system at the center of S, [Fig. 1(b)]. Clearly I¥|> ||, we now obtain from Eqs. 24 and 25,
Y lasde®+ 8200+ 2 @]=3 f [ 2. Zo@ |F) - 0. 7. G | P]dS’, T outside S, , 27)
S

Mme O my
b | %) = i (ke,) VTV Redy(@)Gr () + u[V'Red’(F") + Red’(F)v’] E9);
+ikp(k){ [V'ReFy(F') + ReJo @)V | 2(E) + [V'ReXF) + ReRE )V I @)}
The EZ(F'IE in Eq. (27) is obtained from 6:(FIF') in Eq. (26) by interchanging ¥ and .

Note that in both Eqs. (26) and (27), the &’ and #’+ 7' which are displacement and traction at the surface S re-
spectively, remain unspecified at this stage, To find how A, B, Cfrom Eq. (26) and a, B, ¥ from Eq. (27) are
related to these unspecified surface source quantities, we take the scalar product of Eq. (26) successively with
Red® (¥), Rey’(F),and Rex?,(f) and the scalar product of Eq. (27) successively with ¢°.[), §°(F), and Xo(F). We
then integrate on all possible orientations of ¥ keeping IT| fixed and apply the orthogonality conditions, Egs.
(17)-(22). We then obtain a set of simultaneous equations for A° B;,, Ci(oc=1, 2) which can be solved to yield

m? m

A% = —ix(k,) J' . o ffxv'. LE") + UV PO (F )+ #{5; F)' ] -2 o (EN}as (28)
s

BY,= - ir(k,) f {@. 2 (v P, @) P @IV - 7 o @)}as (29)
S

C%, =~ ik(k,) [ {7 2% [vX5@) + K@)V~ 2/ P Xo@E}as” (30)
S

and from Eq. (27).

% =ik (k,) S {8 a' [TAV'. ReF% @) + uv'Red?,) + uRePeE)V'] - 2. 7. Red?(T")} ds’ , (31)
S
B%,=in(k,) f {t- 2'. [v'Red%, (") + Rep () V'] = 2"+ 7. ReJr, @)} S’ (32)
§
and
V= ik (k,) j {@. 2. [V'ReX%,@") + ReXe,(F )V 1 — #7. '+ ReX,(F)} dS” (33)
N

f
At this stage, we must be specific about the boundary obtain, in matrix notation,
conditions at the surface S. Consider, for example,

the obstacle in the form of a cavity, The surface of a A, @MHZ  @HT @[ a
cavity is stress free, so on the right-hand side of Egs. B | =-—: 1y0v 221 0u 23 ov b 36
(28)- (33) we set m i @Y% (@D, (@9 n| . (36)
~ L c, @z (@%@ |
AT =@ TE)=0, T ons. (34)

The still unknown surface displacement is expanded in Similarly, from E;qs. (31)—(33), we obtain

the vector basis set,

- . . . al, Re(@"M7, Re(@3%, Re@%™ ||
4F") = ; [2Red2@F") + B Re%(F") + c*ReXZ(F)], T onS 63 | =i |Re@)”, Re@®= Re@® | | &
where a, b, c are new unknown coefficients, o Vm Re(Q*), Re(@™) Re@"), Cn

Substituting Eqs. (34) and (35) in Egs, (28)-(30), we 37
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In the above, the surface integrals that were present
on the right-hand side of Eqs. (28)-(33) have been de-
fined compactly in terms of nine @ matrices, infinite in
size,

The expressions for the @ matrices in the case of a
cavity are given below:

@z =ley) | ReFyE). # DTV Fo @)

+ UV ELF) + ndo @)V )dS’ . (38)

The expressions for (@)™ and (@)™, can be obtained
by replacing Re¢)"(r' ) in the integrand of Eq. (38) by
Rezp"(r’) and Re')?,",("’) respectively.

@)% =k [ ReBiE)- AP TLE)+ )V 1S
(39)

and @ and @7 are obtained from Eq. 39 when
Re¢” are replaced by Rei,, and ReY,, respectively.
Similarly,

(Qzl —K#(k ) J. Red’v(i?l) . [vl.x.a (-.I)+xm I)Vl]dsl
(40)

and @*2 and @** are obtained by replacing Red” in the
integrand by Re$ and Rex,,, respectively.

Note that although the values of the @-matrix ele-
ments depends on the shape of S, the integrand does not
depend explicitly on the shape,

The matrix equations (36) may be formally inverted to
solve for @, b, c in terms of A, B, C and substituted
into Eq. (37) to yield

o, (T (T35 ()% | | 47
Bu| == | T (T (TV | | Bo |, (41)
2 (g (T, (1% | C

where we have introduced the notation

Tll T12 Tl 3
Tzl 1\22 7“!3
T31 ‘ 1\"]2 T33

~
n

-1

Re Ql3 Qll le Q13
Re Q23 QZI QZZ Q23
Re Q33 QSI QSZ Q33

' (42)

The double infinite matrix T is the desired transition
matrix,

FRe Qll Re QIZ
Re @1 Re @®
Re @’ Re Q%

In Eq. (42), we have suppressed the indices mn, ov
on the @ and T matrices for brevity. In two-dimensional
problems both the @ and T matrices have a 2x 2 struc-
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ture rather than a 3x3 structure as inthree-dimensional
cases.

Equation (41) conveys the interesting result that the
waves scattered due to any type of harmonic incident
wave represented by the coefficients A, B, C is com-
pletely characterized by the T matrix. The T matrix
depends ‘only on the nature and shape of the obstacle and
is independent of the exciting field. The symmetry
properties due to the geometry of an obstacle are re-
flected in simplified expressions for the @ matrix ele-
ments, For instance, the sphere and a right ciruclar
cylinder are trivial cases in the matrix formulation,
as the @ and T matrices are diagonal if the 3x 3 struc-
ture is taken as a unit element. Even for elliptic cyl-
inders and ellipsoids, we can use symmetry argu-
ments to set many of the elements of the @ matrix
to zero.

Before presenting the T matrix for an elastic obstacle,
we discuss first two global properties of the T matrix,
which are a consequence of the conservation of en-
ergy in elastic solids and the principle of recipro-
city.

IV. SYMMETRY OF THE TRANSITION MATRIX

Just as in acoustic, electromagnetic, and quantum
mechanical scattering processes, certain reciprocity
relations are satisfied in elastic wave scattering, These
have been proved for elastic waves by Varatharajulu, 12
Reciprocity refers to the equality of the farfield ampli-
tude for two processes which are obtained by inter-
changing the position of source and observer and re-
versing the sign of all momenta. In this sense it is not
the same as time reversal in which the source for one
scattering process becomes the receiver for the second
process and vice versa, in addition to reversing all
momenta.

For elastic waves, we get an additional interesting
reciprocity relation which states that the amplitudes of
two waves which have undergone mode conversion in the
opposite sense are proportional to each other,!? For
acoustic and electromagnetic waves, the reciprocity
relation can be used to prove the symmetry of the T
matrix, In this section, the symmetry of the 7 matrix
is proved for elastic wave scattering. Although re-
ciprocity relations have been derived only for plane
wave incidence, the results will be true for the Fourier
components of other types of incident waves.

Since the proof is somewhat involved, the two-
and three-dimensional cases will be treated separate-
ly.

A. Two-dimensional geometry

A plane p or s wave of frequency w propagating along
k is incident on an obstacle, The expansion of a plane
wave in circular cylinder functions is given by (Ref. 8,
p. 828)
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exp(ik-)= Y €, (kr) cosn(8-8,) (43)
n
where %, 9, are the polar coordinates of & and v, 0
those of T.
An incident compressional wave is given by
T°F) = v exp(ik, - )= Y As(BReF;@) (44)
Ne O
where
1/2:n —
- €,/*i"cos n9,, o0=1,
A= " 45
) {e,‘,’zz'"sin n9,, 0=2. #9)
Similarly an incident shear wave is given by
§°() =vx[2exp(ik,- D)= 3 BIRReF (D , (46)
M@
where
. (€%"cosn,, o=1
B@y=] " R )
e /?"sin ng,, 0=2.

Thus for plane wave incidence Aj=Bj.

When k.7 is large, the scattered displacement in Eq.
(24) may be written as

) o 71k, P)2/ink,7)' /% exp(ik,r)

+07,(k, V)(2/ink ) /% exp(ik,7) . (48)

#* consists of two outgoing cylindrical waves propagating
along T, the direction of observation are polarized paral-
lel and perpendicular to #, respectively. The wave po-
larized along # is the p wave and its amplitude f, de-
pends only on @ and the direction of incidence, namely

k. Similarly £, is the amplitude of the scattered s wave.
Expressions for f, and f, may be obtained from Eq. (24)
by substituting the asymptotic form of the radial part of
the basis functions,

foll, 7) =ik, 3 [AS]* a3(R) (49)
and
f®, P =—ir, Y [ B2 R, (50)

no
where the asterisk indicates complex conjugate, and
A@) is given in Eq. (45) with 8, replaced by 6.

Given below are the reciprocity relations derived in
Ref. 12:

fpp(E’ ?)=fpp(_;, —E) ’ (51)

Fos By D) =fog(=7, = B), (52)
and

Ry f By #Y= =ty fosl—7, —B) . (53)

An additional subscript (the second) is assigned to de-
note the polarization of the incident wave. Thus,
f.+»(E, 7) is the amplitude of an s wave scattered along
# when a p wave is incident along k.

From Eq. (45), it may be observed that AJ(-#)
=[A%@)]*. For a p wave, B=0, Using the solution of
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the scattered wave coefficients given in Eq. (41), we
obtain from Eq. (49),

FoplBy 7) = — ik, A* () T A(R)
=— ik, AR)TIA* @) . (54)

In the above we have suppressed all indices and sum-
mation signs, A(#) denotes the column matrix formed
by A7 and the overhead bar indicates transposition.

For example AT indicates the matrix product of the
row vector formed by A4 and the matrix T, The sec-
ond equality in Eq. (54) is derived by taking the trans-
pose of the equation. Since f,, is just a scalar, f”= Tope

Similarly
Fopl=7, = B)=— ik, A(R) TV A* () . (55)
Substituting Egs. (54)—(55) in Eq. (51), we find
-7 | (56)
Next note that
FoolB, P =il A* (P)T2 AB) = ik, A(R) TZ AX(7) (67)
and
Fuul=7, —E) =ik, AR)TR2A*@) . (58)

The second reciprocity relation, Eq. (32) then implies

T22_ T2, (59)
Finally, note that
FopBy V) =i A*(F)T'AR) (60)

and
foal= 7, = B) == ik, AR)T BA*(¥) = - ik, AR (T BAR), (61)

and the third reciprocity relation implies

T2=-T2, (62)
From Eqs. (56), (59), and (62)
u  piz T TEi | _
r=|T T T LT (63)
TZI. TZZ Fﬂ Fz-z

B. Three-dimensional scattering geometry

Again assume that a plane wave of frequency w propa-
gating along % is incident on the abstacle. If the inci-
dent wave is a shear wave, the polarization vector of
the incident wave can lie in any direction in a plane
perpendicular to Ze, unlike the two-dimensional case
where it is uniquely fixed.

In order to write the expansion of a plane wave in
spherical polar coordinates, we first define the vector
spherical harmonics which form a complete orthogonal
set (p. 1898 of Ref. 8),

KZ.(?’)= {:‘,’,}[P,’,,(B) coslp] , o=1,
g #[PL(6)sinlp] , o0=2,

(64)

o=1,

2,

=5 v [Po @) cosio] (65)

WX Ix[TPL(0)sinl¢] , o

and
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5;(;)={77';.VX[;P,',.(9)cosl¢] , o=1, (66)
1V x[rPL(0)sinlp] , o=2,

where £2 and 77 have been defined in Eq. (16).

The expansion coefficients of a p wave propagating
along £(6,, ¢,) can be obtained from Ref. 8, p. 1866 as

D@ = Y A2 AYE) Rep? () (67)
n,0
Thus the first coefficient in Eq. (23) is
AE) = AV, L R(R) (68)

A plane shear waye with polarization vector 7 and
propagation vector % is written as

@) = Y % [{BE) RepIE) + CCRIRSCE)] . (69)

Thus, in Eq. (23),
B()=i- B(R) (70)

and

(1)

The scattered field far from S can be obtained by us-
ing the asymptotic forms for the spatial part of the
basis functions in Eq. (24), with

w(r) — 7/, (&, 7) explik,r)/r

r~

CB)="%- C2(}) .

+[8r,, (&, %)+ &f .2k, P explit,r)/r . (72)

The scattered field again consists of two outgoing spher-
ical waves, polarized parallel and perpendicular to the
direction of propagation ¥. The polarization of the
shear wave is further resolved in two orthogonal direc-
tions § and &; with amplitudes f,, and f,,. Expressions
for the scattered amplitudes can be written as

f,&, 7)== mz [AS)]* a(R) (73)
and .
e (8,4, 7) + 3 0B, 7))
=-iy {[BO6E +[CNIER ,  (74)

n, o

where # is the polarization vector of the outgoing,
spherical, shear wave.

The reciprocity relations obtained for three-dimen-
sional scattering are quoted below from Ref. 12,

f»@’ 7) =fpp(_ 7= E) ’ (75)
% [afsls(};) ?)+ éfs&s@; ?)]
==D- [a-kfsls(_ 7’»—’3)+‘$-ﬁfszs(- ’7’,-—;)] y (76)

and

f,,(];, ’;')= A(“ :’:') ° [a-hfslp(_ ’7') - l‘é) + é-kfszp(_ ';.7 - ’;)] . (77)
In Egs. (76) and (77), ? is the polarization vector of the
wave prapagating along 2 and #, that of the wave propa-

gating along 5"; 9_,, and qﬁ_,, are the unit vectors corre-
sponding to — % in spherical polar coordinates.
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Under the transformation #~ - 7,
A%-7), BI=7), C3= )~ [AZ@)]*, [82)]*, (U * .
Substituting the expressions for the scattered amplitudes
from Egs. (73) and (74) and making use of the expres-

sion for a, 8,y in terms of the T matrix and the incident
wave coefficients A, B, C from Eq. (41), we obtain

fopll, V)= in AT PA(R) = inAR) TTA*(7) (78)
and

Fol= 7, = R)=in AR)T ' A*(7) . (79)
From the first reciprocity relation we obtain

TH=TT (80)

In the above we have made use of the fact that B,C=0

for an incident p wave.
TZZ TZ:! B(];)
TR 13(|Cch)

2 13| 8%7)
32 73| | c*@®)

(81)

For an incident s wave, A=0,

iyt
R T T I
c*(7)

_; BR[|
C(k)
and
- Z' ¢ [a-kfsls(_ ’;’) - E)"' é-kaZs(_ ;, - E)

=i[3(£)]‘ T2 sz [B*W:]
c®) |12 T |lc*

where a superscript ¢ also indicates transpose of the
matrix. The second reciprocity relation implies that

T2 T3 1?2‘2 F‘a?:
2 po| |78 7%
For the mode conversion result,

- Ayt
fps(’;: #)= A AXG)T 2T 13)[3(181 —iA [B(k)] (T27 B) A% (3)
)

(82)

{83)

Clk C(k)
(84)
and
- z’ M [a-kfslp(— ;’) - 5)+ &-&fs?o(— ?’1 - E)]
- t
B 21
_;| B®) [T A%H),  (85)
cR)| L™
and the third reciprocity relation implies that
TR_72 ang TO=73%, (86)

combining Eqs. (80), (83), and (86) yields the required
result that

T=T (87)

V. UNITARITY AND ENERGY CONSERVATION

We now proceed to explore some further properties
of the T matrix which are due to the fact that no energy
i1s dissipated in an elastic solid containing an elastic or
an ideal fluid inclusion. Another way of stating this is
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that averaged over a period of time, the rate of energy
flux across a closed surface surrounding the obstacle

is zero. In Ref. 12, the total energy flux carried by the
scattered field has been related to the amplitude of the
scattered wave in the forward direction, in what are
referred to as forward amplitude theorems.

The average energy flux flowing through a closed sur-
face S’ surrounding the obstacle is given by

(w/2)Im f 3@ . 7@ - 7dS=0, (88)
..

where S’ is the surface of a sphere (circle in 2-D) with
radius ; large compared to the dimensions of S. In
Eq. (88) and the sequel Im denotes the imaginary part.
Since U=1"+0® and T=7"+7, Eq. (88) can be rewritten
as

Im [ @.7*.7dS'=—Im | [4° P*+u°. TO¢]. 7ds.
s s’
(89)
The right-hand side of the above equation has been eval-

uated in 2-D and 3-D for both p and s wave incidence.

Consider first the case of p wave incidence. The B(I;)
and C() in Eq. (23) vanish. The right-hand side of Eq.
(89) is found to be — (27/k,)Imf,, (%, ) for 2-D; and
—Ref,(%, k) for 3-D.'? On the left-hand side, since S’
is a sphere of very large radius, the asymptotic form
of U* in Eq. (72) may be used, and the 7* is derived
from u® by using Eq. (3). After substitutions, the final
results are -

2r 1 - . 2 1 P,
f [E A% 2 1) |ao

{ —(21/ky) Im f,(E, 75), p wave incidence , (90)
- ;(Zn/k )Imf,(i E) s wave incidence ,
f Lo 8, 9] 2+ A{[ il D] >+ | fualh, 9] a2
{ Ref,(k,k), p wave incidence , 1)
-Ref,(t,k), s wave incidence .

In the above, Eq. (90) is for the case of 2-D, and Eq.
(91) for 3-D where df2 is the solid angle subtended by
the element of area dS’.

To prove the unitarity of the scattering matrix, we
need to consider the general case when p and s waves
are incident simultaneously. Since the right-hand side
of Eq. (89) is linear in the incident field, we can super-
pose the results obtained in Eqs. (90) and (81) for p
and s waves incident separately.

The scattered wave amplitudes ean be written in
terms of the plane wave expansion coefficients and the
T matrix, calculations are performed for the three-di-
mensional case as the two-dimensional case is simpler.

From Egs. (73), (74), and (41), we note that

‘A(R)
f,G&, 9 =ir AT 2T )| BG) | , (92)
c)

J. Acaust. Soe. Am., Vol. 60, No. 3, September 1976

1(2)
Fulh, V=iBGTATRT?) BR) | , (93)
C(k)
and
A(%)
fuall, NV =iCE*(TA 2T BR) | - (94)
c(z)
From Eq. (92)
AR\
f |7, 2a2= %] 3(k) { fA*(?)xT’i’)dﬂ}
C)
A* (k)
x (T 2er 36y [ B¢ | . (95)
c*(k)

The integral in Eq. (95) can be evaluated using the
relation between the_column vector A and the vector
spherical harmonic A. Thus

j ASX(PAL(#)dQ = i P 1a fA:(i) CAYYQ

= A'IOW,OW ’ (96)

where we have used the orthogonality of the vector
spherical harmonies (Ref. 8, p. 1900). Similarly,

[Er @B @IaR= [CrOICHF)AR = By, (07)

Writing all terms on the left-hand side of Eq. (91) in a
form like Eq. (95) and using Eqs. (96) and (97) to evalu-
ate the angular integrals, adding the three matrix prod-
ucts on the left-hand side, and substituting for the am-
plitudes on the right-hand side of Eq. (91), we obtain

A*(%)
ARBE)CENT T*| B()
c*()
A* (k)
=—Re|(@AR)BE)CER)T| B*®) || . (98)
c*(k)

The right-hand side of Eq. (98) may be written in the form
Re(xTx*)=RexImTImx - Imx ImT Rex
+ImxReTImx+RexReT Rex ,

where we have defined x=[A(£)B(Z)C ()] for brevity.
The first two terms on the right-hand side of the above
equation cancel on taking the transpose of the first term
and recalling that T is symmetric. The last two terms
can be combined to yield

Re[xTx*]=xReTx* . 99)

Substituting Eq. (99) on the right-hand side of Eq. (98),
we obtain

TT*=—ReT . {100)
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Exactly the same property results for the two-dimen-
sional case also.

Equation (100) does not imply that the T matrix is
unitary, but in the quantum mechanical literature, one
defines a scattering matrix S as

S§=1-2T and thus S=S. (101)
Using Egqs. (100) and (101),
SS*=1, (102)

thus proving that the S matrix is unitary.

VI. SCATTERING BY AN ELASTIC OBSTACLE

In deriving an expression for the T matrix, the val-
ues of the displacement and traction on the surface of
the obstacle must be specified in Eqs. (26) and (27). To
preserve the continuity of the discussion in Sec. III we
completed the derivation for the simplest case, that of a
cavity. We should note however, that up to Eq. (34), no
boundary conditions have been applied and the results
are general. In this section, we treat the general case
of an elastic scatterer along with a discussion on the
boundary conditions for four types of obstacles.

A. Cavity
As discussed before, the boundary conditions are
W T =aG". 7@)=0, ¥ onS. (103)

The surface displacement can be expanded in terms of
the vector basis set
@)= E [aZ Red?+ B Reyl+c Re;f,'], ' on 5. (104)
ny,a
Determination of the unknown coefficients @, b, ¢, and
the T matrix have been discussed in Sec. III.

B. Rigid obstacle

A rigid obstacle is regarded as the limiting case of a
very hard obstacle (A, ¢, large) embedded in a soft
matrix material (A, u small). The commonly assumed
boundary conditions at the surface S of the obstacle are

' =a@")=0, (105)

If these conditions were substituted in Eqs. (28) and
(27), together with an assumed basis function expansion
for the unknown traction at the surface S,

pet 4
ronsS.

alt). 7@ = Z [af Re$:+ b,‘,’ReE:+c,‘:Re;Z] , ¥onS
y O
i (106)
one would be able todetermine a, b, ¢, and the T matrix
for a rigid obstacle just as in the case of a cavity. How-
ever, it is known that the boundary condition (105) leads
to an unusual result of scattering, which contradicts the
inverse fourth-power-wavelength law in the Rayleigh
limit. 1°
As pointed out by Pao and Mow, '3 this unusual result
is caused by the unreasonable boundary conditions as-
sumed. Egq. (105), implies that the obstacle is not only
rigid, but also fixed in space. In the absence of exter-
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nal agents to restrain it, the obstacle moves as a rigid
body under the excitation of an incident wave. Thus a
correct formulation of the boundary conditions for a
rigid obstacle should allow it to translate and rotate, 3
and the solution based on Eq. (105) is only of academic
interest.

C. Elastic inclusion

Consider an obstacle composed of an elastic material
with material constants py, Ay, and pu,. If the obstacle
is completely welded to the matrix material, the six
boundary conditions at the interface (four in two-dimen-
sional problems) S are

u(r)=4,"), (105)

AT =a". 7,6, (106)
In the above equations and the sequel, the subscript 1
indicates a quantity pertaining to the inclusion and the

unsubscripted variables pertain to the surrounding ma-
terial.

r’ons,

-y
ronsS.

Inside the inclusion, there is a standing wave re-
fracted from the interface. It can be represented as

5 = 2 [Reds, )+ b Reys, (F) + ¢ Rexe, (],

n,o

T inside S, (107

where a, b, ¢ are unknown coefficients. The subscript 1
indicates that the wave numbers %2, =p,w?/(\, +2p,) and
k31=pyw°/ 1ty should be used with the basis functions §,
$, and y.

Since 61(?) are regular functions and continuous inside
the surface S, we can complete the spatial differentia-
tions and determine 7,(r) from Hooke’s law [Eq. (3), with
constants A, and ] inside S. Both u,(t) and 7,(r) thus
assumed are also valid for T at the boundary S. These
surface quantities are continuous across S according to
Eqs. (105) and (106). Hence both u(r’) and #’ - 7(') for
r’ at S are obtained. Substituting them into Egs. (26)
and (27) for the exterior region, we have expressed the
unknown surface sources u’ and #’ - 7' in these integral
formulae in terms of the basis functions Refﬁ‘{,,, Reiﬁ‘l’,,
Rei‘{,, and three unknown coefficients a, b,¢. The pro-
cedure for determining a, b, ¢, and the transition ma-
trix is same as in the case of a cavity.

D. Fluid inclusion

If instead of a solid material, the inclusion is filled
with an inviscid fluid, it can not sustain shear waves.
Thus instead of three continuity conditions for displace-
ments [Eq. (105)], only the normal component is con-
tinuous across S,

;ull . E(I.") =;l’ . El(‘;l)’

Because of the inviscid assumption, the tangential dis-
placements are discontinuous across S. Furthermore,
of the three stresses, only the normal component is con-
tinuous.

O (O R Bl A B g

The other two tangential stress components of the sur-

Tons. (108)

¥ onS. {(109)
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rounding medium vanish at S,
a'x[7@") - 2'1=0, (110)

The number of boundary conditions are reduced from
six to four (three in two-dimensional problems).

ronS.

It was shown that in the eigenfunction expansion meth-
od, the solution for a fluid inclusion can be derived from
that of an elastic solid by letting p,~0 (Chap. 6 of Ref.
4). 3 In the matrix method, it is easier to assume, in-
stead of Eq. (107),

8, =2 a%Red?, (r); T inside S. (111)
m,a
The stress tensor in the fluid is related to ﬁl by
7,0 =x,Tv- 4,(t); T inside S. (112)

These two expressions are also valid when T is at the
surface S. By applying Eqs. (108) and (109), one thus
specifies the normal components of the surface displace-
ment 0 and the traction #’- 7' in Eqs. (26) and (27),
which are expressed in terms of Re¢},, and the unknown
coefficients a%. From Eq. (110), we set the remaining
two tangential components of the traction in Eqs. (26)
and (27) to zero.

The remaining unspecified surface sources in these
integrals are the two tangential components of the dis-
placement at the surface S, approached from the ex-
terior. We assume

T-7m). SF)= 2, ([-2n)- (6L ReVE(") + % ReXLE)],

m,q
(113)
The two basic functions should be those pertaining to the

surrounding solid matrix material. Note that the dyadic
1— 77 is perpendicular to 7 as 7 - (T-#n)=0.

=y
r on S.

With the surface field completely specified, the in-
tegral formulas, Eqs. (26) and (27) again contain three
sets of unknown coefficients a, b, ¢, and the T matrix
can be determined as in the previous cases.

In all four cases, the unknown surface sources are
expressed in terms of three sets of expansion coeffi-
cients a, b, ¢, and the procedure for determining the
T matrix is the same. However, the elements of the
@ matrices will be different in each case.

Vil. CONCLUDING REMARKS

The matrix formulation of elastic wave scattering as
presented in this paper should complement existing
methods of analysis. As discussed in the introduction,
the chief advantage of the matrix method is that it is
applicable to obstacles of arbitrary shape, using the
same set of basis functions. This eliminates the need
for calculating and tabulating a special set of wavefunc-
tions for each type of geometry. The only special func-
tions needed are the Bessel functions, the spherical
Bessel functions and the spherical harmonics.

This paper was confined to the formulation of the
method and the general structure and properties of the
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transition matrix without reference to any particular
geometry. The properties of symmetry and unitary of
the 7 and S matrix, respectively are particularly im-
portant since they are indispensable for checking the
accuracy of the numerical calculations.

The major steps involved in the numerical calculation
of the T matrix are (1) evaluation of the @-matrix
elements which consist of surface integrals involving
the vector basis functions, (2) inversion of the @ matrix,
and (3) computation of the T matrix as the productRRe @ @™.

The integration in step 1 can be performed efficiently
by any of the existing algorithms. The second step is
somewhat involved since @ is an infinite matrix. Fur-
thermore, to evaluate the T matrix, @' and @ have to
be computed to the same order of accuracy. The de-
sired accuracy is better attained if all @ matrices are
orthogonalized by applying the Schmidt process of or-
thogonalization. Once Q! are calculated, the last step
is straightforward.

Finally we note that only a single obstacle is dis-
cussed in this paper. In multiple scattering of elastic
waves, a matrix theory can be formulated analogous to
that for acoustic waves. ' The task of computing the
transition matrix for problems involving more than two
obstacles would, however, be formidable.
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