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impulse response from  time  limited  input  and 
output:  Theory  and  experiment;.  IEEE  Trans. 
Inst. & Meas.  Dec. 1985, pp.541-546. 
H. Chen, T. K. Sarkar, S .  A .  Dianat  and J. 
Brule, "Adaptive  Spectral  Estimation 
utilizing  the  conjugate  gradient  method," 
IEEE  Trans. on Acoustics  speech and signal 
proc.,  April 1986, pp.272-284. 

Tapan  Sarkar to be Co-Associate  Editor 
for  Feature  Articles 

Beginning with the current issue,  Prof. Tapan K. 
Sarkar will share the position of Associate Editor for 
Feature Articles on the  AP-S  Newsletter  staff  with 
Prof.  Arlon T. Adams. Tapan will take  primary 
responsibility  for  soliciting and editing  feature 
articles. This addition to  the Newsletter staff has 
been made at the request and suggestion of Arlon, who 
is beginning to feel the demands of chairing the  1988 
AP-S  International  Symposium  and  National  Radio 
Science  Meeting  to be held at Syracuse University. 

To be accurate, Arlon originally tried to resign. 
However, your Editor refused to let the Newsletter so 
easily lose Arlon's experience and expertise.  It  is 
appropriate t o  pause  and  thank  Arlon  for  his 
outstanding work. In the  approximately  one  and 
one-half years since Arlon began as Associate Editor 
for Features, he has  set  a  new  standard  for  this 
critical position. The articles he  has obtained have 
been  of uniformly high  quality. As this issue goes to 
press,  the Newsletter has comnittments for two feature 
articles  per  issue  throughout the  next  year  of 
publication.  Tapan and Arlon  have set a goal to 
maintain  this  "lead  time", and use the  resultant 
flexibility  to expand the scope of Newsletter features 
in response to suggestions from the AP-S membership. 
In  particular,  it  is  hoped that over the next year a 
practice of having at least one article per  issue by 
an author or authors  from  outside  the US can  be 
established. The possibility of having an additional 
feature article (i-e., three) in some - and eventually 
most - issues  is also being  persued. 

.It is perhaps fitting that Tapan takes on this 
position with the issue in which he is also the author 
of  one  of  the  feature  articles.  His  photo  and 
biographical  sketch appear adjacent to the article. 
If  any  reader has suggestions or coments regarding 
the Newsletter's feature articles - or,  best  of  all, 
an article or a suggestion for a topic and  an author - 
please contact Tapan at the address listed inside the 
front cover. 

Your  Editor  welcomes  Tapan to  the Newsletter 
staff. His willingness to serve our Society and  his 
enthusiasm are greatly appreciated. 

Introducing Carl E. Baum 
Feature  Article  Author 

Larl  Baum  was  born in Binghamton,  New  York, on 
February 6,  1940.  He received the BS (with honor), 
MS, and PhD degrees in electrical engineering from the 
California Institute of Technology, in  1962, 1963, and 
1969, respectively. 

Dr. Baum  was  commissioned in the United States Air 
Force in 1962 and was  stationed at the  Air  force 
Weapons Laboratory from 1963 to 1967 and from  1968  to 
1972. Since 1971 he  has served as a civil servant 
vrith the position of Senior Scientist at the Air Force 
Weapons Laboratory.  He  is an advisor to numerous US 
Army,  Navy,  Air  Force, and tri-service agencies on 
EMP-related  matters,  and is  a  US  representative  in 
exchanging  EMP  information  with  various countries. 

Dr. Baum  is a Fellow of the IEEE. He is a member of 
Tau  Beta Pi and  Sigma Xi. He i s  a member of 
Conmissions B and E  of  USNC/URSI, and o f  the New 
nexico Academy of  Science. He is  past president of 
the Electromagentics  Society,  and  founder  and 
president  of SUMMA Foundation.  He received the IEEE 
EMC Society  Richard R .  Stoddart  award,  and  has 
received numerous other awards as author of technical 
papers  and  as editor of EMP technical publications. 

Used  and Out-of-Print Books 
and AP-S Transactions 
Joseph R. Jahoda is seeking  out-of-print  antenna 
books.  He  also  wants back  issues  of  the  AP-S 
Transactions, AP-S International Symposia Digests,  and 
Microwave  Theory and Techniques  Transactions, all 
prior to 1985. He will  pay a reasonable price and 
shippins. Contact him at Astron Cornoration. 929 W. 
Broad -St., Suite '249, Fa1  1s  Church, V A  22046 
(703-241-1490). 
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The Singularity Expansion  Method: 
Background  and  Developments 

Carl E. h u m  

Air  Force Weapons Laboratory (NTAAB) 
Kirtland AFB. NM 871 17 

PREFACE 

When  A.T.  Adams asked me t o   c o n t r i b u t e  a f e a t u r e  
a r t i c l e  on t h e   s i n g u l a r i t y   e x p a n s i o n  method (SEM) we 
discussed  what it should be. C o n s i d e r i n g   t h a t  it 
should  be  an  overview we d e c i d e d   t h a t  a recent   paper  
by  mysel f  was most s u i t a b l e .  Thus t h e   p a p e r   t h a t  
f o l l o w s  was o r i g i n a l l y   p u b l i s h e d   a s   t h e   f i r s t   p a p e r   i n  
t h e   S p e c i a l   I s s u e  on the   S ingu la r i t y   Expans ion   Method 
e d i t e d  by L. Wilson  Pearson  and  Lennart  Marin.  This 
was Vol. 1, No. 4, October-December  1981 o f   t h e   j o u r -  
na l   E lect romagnet ics ,   publ ished  by  Hemisphere  Publ ish-  

. ing  Corporat ion.   Hemisphere  has  grac ious ly   granted 
p e r m i s s i o n   t o   r e p r i n t   t h a t   a r t i c l e   h e r e .   F o l l o w i n g  
t h e   a r t i c l e   i t s e l f  I have  added  an  appendix  concerning 
some d e v e l o p m e n t s   s i n c e   t h i s   a r t i c l e  was o r i g i n a l l y  
pub l i shed .   Fo r   i n te res ted   readers  a ve ry   ex tens i ve  
b i b l i o g r a p h y   i s   i n c l u d e d   i n   t h e   a b o v e - m e n t i o n e d   s p e -  
c i  a1 i ssue .  

ABSTRACT 

The s ingu la r i t y   expans ion   method (SEH) arose  f rom 
t h e   o b s e r v a t i o n   t h a t   t h e   t r a n s i e n t   r e s p o n s e   o f   c o m p l e x  
e lec t romagnet ic   sca t te rers   appeared  to   be   dominated   by  
a smal l  number o f  damped s inuso ids .   In   the   complex  
f requency  p lane,   these damped s i n u s o i d s   a r e   p o l e s   o f  
the  Laplace- t ransformed  response.  The q u e s t i o n   i s  
t h e n   o n e   o f   c h a r a c t e r i z i n g   t h e   o b j e c t   r e s p o n s e   ( t i m e  
and  frequency  domains) i n  t e r m s   o f   a l l   t h e   s i n g u l a r i -  
t i e s   ( p o l e s ,   b r a n c h   c u t s ,   e n t i r e   f u n c t i o n s )   i n   t h e  
complex  f requency  p lane  (hence  s ingular i ty   expansion 
method) .   Bu i ld ing  on t h e   o l d e r   c o n c e p t   o f   n a t u r a l  
f requencies,   formulae  were  developed  for   the  po le 
t e r m s   f r o m   a n   i n t e g r a l - e q u a t i o n   f o r m u l a t i o n   o f   t h e  
sca t te r i ng   p rocess .  The r e s u l t i n g   f a c t o r i n g   o f   t h e  
pole  terms  has  impor tant   appl icat ion  consequences.  
Later  developments  include  the  e igenmode  expansion 
method (EEM) w h i c h   d i a g o n a l i z e s   t h e   i n t e g r a l - e q u a t i o n  
k e r n e l s  and which  can  be  used  as  an  in termediate  s tep 
i n   o r d e r i n g   t h e  SEM terms.   Addi t ional   concepts  which 
have  appeared  include  eigenimpedance  synthesis and 
e q u i v a l e n t   e l e c t r i c a l   n e t w o r k s .  O f  c u r r e n t   i n t e r e s t  
i s   t h e   u s e  o f  t h e   t h e o r e t i c a l   f o r m u l a e   t o   e f f i c i e n t l y  
ana lyze  and order   exper imenta l   data.   Related t o   t h i s  
i s   t h e   a p p l i c a t i o n   o f  SEM r e s u l t s   t o   t a r g e t   i d e n t i f i -  
ca t i on .   Th i s   paper   does   no t   de l ve   i n to   t he   ma themat i -  
c a l   d e t a i l s ;  i t p r e s e n t s   a n   o v e r v i e w   o f   t h e   h i s t o r y  
and major  concepts and r e s u l t s   i n  SEM and EEM and 
r e l a t e d   m a t t e r s .  

1. BACKGROUND 

1.1. Natura l   Frequencies 

An impor tan t   an tecedent   phys ica l   concept  i s   t h a t  
o f   n a t u r a l   f r e q u e n c i e s .  These a r e   t h o u g h t   o f   a s  

f r e q u e n c i e s   f o r   w h i c h   t h e r e   i s  a response wi th no 
f o r c i n g   f u n c t i o n .   A l s o   c a l l e d   n a t u r a l   o s c i l l a t i o n s   o r  
resonances,  these i n  g e n e r a l   e x h i b i t  a damping  phe- 
nomenon ( i n   t h e   c a s e   o f   p a s s i v e   o b j e c t s )   w h i c h   c a n   b e  
i n t e r p r e t e d  as  one p a r t   o f  a complex  frequency. I n  
e lec t romagnet ic   responses   o f   var ious   sca t te rers /an ten-  
nas, there   a re   var ious   examples   o f   ear ly   work  on 
na tu ra l   f r equenc ies .  The p e r f e c t l y   c o n d u c t i n g   t h i n  
w i r e   a n d   c i r c u l a r  1 oop were   t rea ted   by  numerous i nves -  
t i g a t o r s   i n c l u d i n g  Pock1 i n g t q n   i n  1897  [12], Abraham 
[1,2], Oseen [4-71, H a l l e n  [3],  and  Rayleigh 
[13,14]. Th is  was extended t o   p e r f e c t l y   c o n d u c t i n g  
p r o l a t e   s p h e r o i d s  by Page and  Adam  [8-111  and  per- 
f e c t l y   c o n d u c t i n g   s p h e r e s   b y   S t r a t t o n  [15]. An impor- 
t a n t   c o n t r i b u t i o n  was made by  Schwinger  [41] who 
t r e a t e d   t h e   s p e c i a l   c a s e   o f   e l e c t r o m a g n e t i c   f i e l d s  
i n t e r n a l   t o   p e r f e c t l y   c o n d u c t i n g   c a v i t i e s .   I n   t h i s  
case   t he   na tu ra l   f r equenc ies   a re   a l l   on   t he  j w  a x i s  
(pure   imag inary )   in   the   complex- f requency  ( 5 )  o r  
Lap lace- t rans form  p lane,   and  the   na tura l  modes have a 
conven ien t   o r thogona l  i t y  p roper t y .  

1.2 Laplace  Transform 

Var ious  mathemat ica l   too ls   had  been i n  use i n  
e l e c t r i c a l   e n g i n e e r i n g  and  prov ided some s t a r t i n g  
p o i n t   f o r   c o n s t r u c t i n g   b a s i c  SEM formulae when t h e  
t ime  was r i p e .  One such   t oo l  was c e r t a i n l y   t h e  
L a p l a c e   ( o r   F o u r i e r )   t r a n s f o r m   w h i c h  we t a k e   i n   t h e  
two-sided  sense as 

T ( s )  E F( t )   e -s td t  , F ( t )  = - P(s) eStds 
no+jm 

-m 2nJ ao-jm 

t t ime  , - (above) E Lap lace   t rans fo rm 

s I n + jw = L a p l a c e   t r a n s f o r m   v a r i a b l e  
(1.1) 

= complex  frequency 

F ( t )  I any Lap lace   t rans fo rmab le   t ime   func t i on  
o r   ope ra to r   ( sca la r ,   vec to r ,   t enso r ,   e t c . )  

where t h e  Bromwich  contour,  Re[s] = sao, f o r   i n v e r s i o n  
i s  chosen i n   t h e   s t r i p   o f  convergence,  say na < ReCsl 
< SIb' 

1.3 Complex Var iab le  Theory 

Cons ider ing   the   response  o f  some antenna o r  
s c a t t e r e r   a s  a f u n c t i o n   o f  s i n   t h e  complex s p lane 
one  can  descr ibe  the  s-plane  behavior i n  t e r m s   o f   t h e  
s i n g u l a r i t i e s   ( o r   b o u n d a r i e s   o f   a n a l y t i c i t y )   i n   t h e  
c o m p l e x   p l a n e ,   i n c l u d i n g   t h e   b e h a v i o r   a t   i n f i n i t y  
( e n t i r e   f u n c t i o n ) .   A p p r o p r i a t e   c o n t o u r   i n t e g r a l s   c a n  
be  used t o   d e s c r i b e   t h e   r e s p o n s e ;   t h e   c o n t o u r s   c a n   b e  

1s 
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deformed t o   g i v e   s e p a r a t e   t e r m s   f o r   e a c h   s i n g u l a r i t y  
i n   b o t h  complex-frequency  and  t ime  domains [MI. 
1.4 C i r c u i t  and  System  Theory 

I n   e l e c t r i c a l   e n g i n e e r i n g   t h e r e   h a s  been a con- 
s i d e r a b l e  body o f  knowledge  developed  concerning 
e l e c t r i c a l   n e t w o r k s .   T h i s   i s  summarized i n   c i r c u i t  
a n a l y s i s  and c i r c u i t   s y n t h e s i s   t h e o r y   w h i c h   ( e s p e -  
c i a l l y   i n   t h e   l i n e a r   c a s e )   i s  documented i n  numerous 
t e x t s .   T h i s   i s   f u r t h e r   e x t e n d e d   t o   l i n e a r   s y s t e m  
t h e o r y  and c o n t r o l   t h e o r y   w h i c h   a r e  now m a j o r   s u b j e c t  
a r e a s   w i t h  an e x t e n s i v e   l i t e r a t u r e .  The u s e   o f   t h e  
Lap lace   t rans form i s   q u i t e   e x t e n s i v e   i n   t h e s e   a r e a s ,  
and  expansions i n  t e r m s   o f   p o l e s   a r e   o f t e n  used.  Our 
p r o b l e m   o f   e l e c t r o m a g n e t i c   i n t e r a c t i o n   ( s c a t t e r i n g )   i s  
r e l a t e d   i n   t h a t  a s c a t t e r e r   c a n   b e   t h o u g h t   o f  as a 
d i s t r i b u t e d   n e t w o r k   o r   s y s t e m   o f  a s p e c i a l   k i n d   ( w i t h  
response  descr ibed  by  the  Maxwel l   equat ions).   Fur-  
thermore, it i s   p o s s i b l e   t o   d e s c r i b e   t h e   s c a t t e r i n g  
process by  an e q u i v a l e n t   c i r c u i t  by u s i n g   c i r c u i t  
synthes is   concepts to   syn thes ize   (perhaps   approx imate-  
l y )  t h e   a p p r o p r i a t e   c o m p l e x   t r a n s f e r   f u n c t i o n s  and 
impedances o f   t h e   s c a t t e r e r .  

1.5 I n t e g r a l   E q u a t i o n s   f o r   E l e c t r o m a g n e t i c  
Scatterers  and  Antennas 

F o r   p e r f e c t l y   c o n d u c t i n g   o b j e c t s   ( a s   w e l l   a s   f o r  
c e r t a i n   t y p e s   o f  impedance  loading)  an  integral   equa- 
t i o n  reduces  the  problem  f rom  three  space  dimensions 
( t h e   M a x w e l l   d i f f e r e n t i a l   e q u a t i o n s )   t o   t w o   d i m e n s i o n s  
( the   sca t te re r   su r face ) .   Pe rhaps   more   impor tan t ,   t he  
r a d i a t i o n   c o n d i t i o n   a t   i n f i n i t y   f o r   t h e   s c a t t e r e d  
f i e l d s   i s   e x p l i c i t l y   i n c o r p o r a t e d   i n t o   t h e   i n t e g r a l  
equat ion  so t h a t  one  need no t   be   concerned  w i th   the  
a n a l y t i c   c o n t i n u a t i o n   o f   t h e   r a d i a t i o n   c o n d i t i o n   i n t o  
t h e   l e f t   h a l f   o f   t h e  s plane. We1 1 -known i n t e g r a l  
e q u a t i o n s   i n c l u d e   t h e   e l e c t r i c - f i e l d   i n t e g r a l   e q u a t i o n  
and t h e   m a g n e t i c - f i e l d   i n t e g r a l   e q u a t i o n   ( i n   v a r i o u s  
forms).   In  one-dimensional-   approximate  forms  ( for  
w i r e s )   t h e r e   a r e   t h e   H a l l e n  and Pockl ington  equa- 
t i o n s .  The d e t a i l s   o f   t h e s e   e q u a t i o n s   d o   n o t   c o n c e r n  
us  here. The i m p o r t a n t   p o i n t   i s   t h a t   t h e y   a l l  have 
t h e   f o r m  

* + +  . + +  
- < r ( r , r ' ; s )  , J( r ' , s )>  = i(; ,s)  
+ +  
I ( r , s )  1 i n c i d e n t   o r   s o u r c e   f i e l d   o f  some k i n d  

( s p e c i f i e d ]  . .  
Y ..++ (1.2) 
r ( r , r ' ; s )  E k e r n e l   ( r e l a t e d   t o   G r e e n ' s   f u n c t i o n )  - which may be  a d i s t r i b u t i o n  

+ +  
J ( r '  ,s)  5 t y p i c a l l y   c u r r e n t   d e n s i t y   o r   s u r f a c e  

c u r r e n t   d e n s i t y  

Here 

< , > e  symmetr ic  product (1 .3 )  

i s  our   conven ien t  way t o   i n d i c a t e   m u l t i p l i c a t i o n   ( o f  
the   two  te rms  separa ted   by   the  comma) fo l l owed   by  
i n t e g r a t i o n   w i t h   r e s p e c t   t o   t h e  common s p a t i a l   c o o r d i -  
n a t e s   o v e r   t h e   d o m a i n   o f   t h e   s c a t t e r e r ;   t h e   t y p e   o f  
m u l t i p l i c a t i o n  (e.g., d o t  ( - )  o r   c r o s s  ( X )  produc t )  
i s   i nd i ca ted   by   app rop r ia te   symbo ls   above   t he  comma. 
W i t h   a d d i t i o n a l  commas t h i s  symmetr ic  product i s  
extended t o  as many te rms  and  in tegra t ions   as   des i red .  

One can i n   p r i n c i p a l   s o l v e   t h e   i n t e g r a l   e q u a t i o n  
by i n v e r t i n g   t h e   i n t e g r a l   o p e r a t o r .  One f o r m a l l y  
determines  an  inverse  kernel   (which may be  a d i s t r i b u -  
t i o n )   w h i c h   g i v e s  a s o l u t i o n  

+ +  
J(r ,s)  = < r  ( r , r ' ; s )  , I ( r ' , s ) >  

*-1 + + . + +  

( 1 . 4 1  - . - -  , 
+ +  . --1+ + 

Y 

..+ + 
< ~ ( r , r ~ ~ )  , r ( r l ' , r ' ; s )>  = l(r - r ' )  

I i d e n t i t y  on s c a t t e r e r  

where t h e   i d e n t i t y   i s   t a k e n   i n   t h e  sense o f   t h e   r e l e -  
van t   vec tor   components   and  domain   o f   in tegra t ion  
(e.g., t w o   o r   t h r e e   d i m e n s i o n s   f o r   s u r f a c e s  or v o l -  
umes, respec t i ve l y . )  

For  SEM these   i n teg ra l   equa t ions   have   p roven   t o  
be   very   use fu l  i n   c o n s t r u c t i n g   f o r m u l a e   f o r   t h e   v a r i -  
o u s   t e r m s .   S i n g u l a r i t y   e g a n s i o n s   c a n   b e   c o n s t r u c t e d  

--1 r ( r e l a t e d   t o   t h e   c l a s s  1 and c l a s s  2 forms o f   t h e  
c o u p l i n g   c o e f f i c i e n t ,   r e s p e c t i v e l y ) .   F u r t h e r m o r e ,   t h e  
i n t e g r a l - e q u a t i o n   k e r n e l s  can  be  used t o   c o n s t r u c t  
e igenmode  expans ions   wh ich   g ive   add i t iona l   ins igh t  
i n t o   t h e  SEM terms. 

N f o r   b o t h   t h e   r e s p o n s e  3 and t h e   i n v e r s e   k e r n e l  

1.6 Matr ix   and  Operator   Theory 

In teg ra l   equa t ions   have  been c a s t   i n   a p p r o x i m a t e  
numer ica l   form by t h e  moment method (MOM). I n   t h i s  
n u m e r i c a l   s o l u t i o n   p r o c e d u r e   ( t y p i c a l l y   f o r   u s e   w i t h  
l a r g e   d i g i t a l  c o m p u t e r s )   t h e   c u r r e n t   d e n s i t y   ( r e -  
sponse) i s  expanded i n  a s e t   o f   f u n c t i o n s   ( o f   f i n i t e  
number i n   p r a c t i c e )   c a l l e d   e x p a n s i o n   f u n c t i o n s ;   t h e  
i n c i d e n t   o r   s o u r c e   f i e l d   i s   s i m i l a r l y  expanded i n  a 
s e t   o f   t e s t i n g   f u n c t i o n s  [46]. The v e c t o r s   o f   c o e f f i -  
c i e n t s   o f   t h e s e   t w o   s e t s   ( t a k e n   w i t h   e q u a l  numbers o f  
components) a r e   r e l a t e d  by a mat r ix   (square)   wh ich  
r e p l a c e s   t h e   i n t e g r a l   - e q u a t i o n   o p e r a t o r   i n   t h e   f o r m  

(?n,m(s)) - (Jn(s ) )  = ( T n ( s ) )  (1.5) 

I n v e r t i n g   t h e   m a t r i x ,  one  has  an  approximate  solut ion 
t o   t h e   o r i g i n a l   e q u a t i o n  (1.2) i n  a form  analogous t o  
(1.4). I n   m a t r i x   f o r m   o u r   e q u a t i o n   i s  more f a m i l i a r  
t o   e l e c t r i c a l   e n g i n e e r s   b e c a u s e  such  types  of   equa- 
t i o n s  appear i n   c i r c u i t  problems.  The  arsenal o f  
m a t r i x   t h e o r y   i s  now a t   o u r   d i s p o s a l .   E i g e n v e c t o r s  
and  e igenva lues   can   be   cons t ruc ted   fo r   represent ing  
t h e   s o l u t i o n   a n d   u n d e r s t a n d i n g   i t s   p r o p e r t i e s .  Com- 
b i n i n g   m a t r i x   ( o r   o p e r a t o r )   t h e o r y   w i t h   c o m p l e x   v a r i -  
a b l e   t h e o r y   i s   e s s e n t i a l  t o  SEM. Th is   paper  will n o t  
d e l v e   i n t o   t h e   m a t h e m a t i c a l   t h e o r y   o f   s u c h   o p e r a t o r s ,  
t h i s   s u b j e c t   b e i n g   l e f t   t o   o t h e r s .  

2. EARLY  DEVELOPMENT  OF  SEM 

2.1 The Beg inn ing  

I n   e a r l y  1971 t h e   q u e s t i o n  was posed  (by t h i s  
au thor ) .   Exper imenta l   observa t ions   o f  damped s i n u -  
s o i d s   i n  EMP exper iments  [47]   suggested  poles i n   t h e  
corresponding  Laplace  t ransforms.  Then i n  Laplace- 
t r a n s f o r m   o r   c o m p l e x - f r e q u e n c y   d o m a i n   t h i s   l e d   t o   t h e  
idea  o f   expand ing   the   response i n  t e r m s   o f   a l l   t h e  
s i n g u l a r i t i e s   i n   t h e  complex  frequency  plane.  Besides 
p o l e s ,   s u c h   s i n g u l a r i t i e s   m i g h t   i n c l u d e   b r a n c h   p o i n t s  
a n d   a s s o c i a t e d   i n t e g r a l s ,   e s s e n t i a l   s i n g u l a r i t i e s ,  and 
( f o r   c o m p l e t e n e s s )   e n t i r e   f u n c t i o n ( s )   c o r r e s p o n d i n g   t o  
a n y   s i n g u l a r i t i e s   a t   i n f i n i t y .  

Concent ra t ing   on   the   po les  i t  was observed  tha t ,  
e x c e p t   f o r   p o l e s  i n  t h e   e x c i t i n g   w a v e f o r m   ( t r a n s -  
fo rmed) ,   these  were   the   na tura l   f requenc ies   o f   the  
sca t te re r   o r   an tenna   because   i n teg ra l   equa t ions  de- 
s c r i b i n g   t h e   o b j e c t   r e s p o n s e   w o u l d   a d m i t   n o n - t r i v i a l  
responses  at   such  f requencies wi th no e x c i t a t i o n .  
Said  another  way, t h e   r e s p o n s e   a t  an p b j e c t   p o l e   i s  

. i n f i n i t e  i f  t h e   e x c i t a t i o n   i s   n o n - z e r o   a t   s u c h  a 
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complex   f requency .   In te rpre t ing  (1.2) i n   t h i s  sense 
g i ves  

<r ( r , r l  ;s ) : )> = 6 , s : natura l   f requency  

+ +  (2.1) 
J a  
or   f rom (1 .5 )  i n  MOM fo rm 

... 
- + +  

a 

( r )  z n a t u r a l  mode c o r r e s p o n d i n g   t o  s 

(?,(sa)) - ( j n ) a  = (On) , d e t ( ( Y n ( s a ) )  = 0 (2 .2 )  

which  g ives a way o f  comput ing  natura l   f requencies.  
N o t i n g   t h a t   t h e   m a t r i x   i s   s i n g u l a r   ( a n d  hence so i s  
i t s   t r a n s p o s e )  we can w r i t e  

where t h e  use o f   t h e   c o u p l i n g  mode will become c l e a r  
l a t e r .   F o r   t h e  common case o f  a symmetr ic  kernel   (as 
i n   t h e   E - f i e l d   o r  impedance i n t e g r a l   e q u a t i o n )   t h e  
c o u p l i n g  mode can  be  set  equal t o   t h e   n a t u r a l  mode. 
The c h o i c e   o f  a n o r m a l i z a t i o n   f o r   t h e s e  modes i s  
somewhat a r b i t r a r y  . 

H a v i n g   e q u a t i o n s   f o r   t h e   n a t u r a l   f r e q u e n c i e s  and 
modes t h e n   c o n s t r u c t  a s o l u t i o n   i n   t h e   f o r m  

U( r ,s )  = 1 ;a;a(F)(s - sa) + o t h e r   s i n g u l a r i t y   t e r m s  
-1 

: n o r m a l i z e d   ( d e l t a - f u n c t i o n )   r e s p o n s e   t o   i n c i -  

," 
+ +  

a 

d e n t   o r   s o u r c e   f i e l d  

+ +  
J ( r , s )  = E ? ( s )  U(r,s)  , n I c o u p l i n g   c o e f f i c i e n t  

+ +  - 
0 a 

Y 

f ( s )  : inc iden t   o r   sou rce   wave fo rm  (Lap lace   t rans -  
formed) 

E : s c a l i n g  amp1 i t u d e   f o r   i n c i d e n t   w a v e f o r m  

where t h e   p o s t u l a t e d   c o u p l i n g   c o e f f i c i e n t   c o n t a i n s   t h e  
s p a t i a l   c h a r a c t e r i s t i c s   o f   t h e   i n c i d e n t   f i e l d .  Here 
f i r s t   o r d e r   p o l e s   h a v e  been assumed, a l t hough   h ighe r  
order   po les  can  be  inc luded.  One c a n   a l s o   i n c l u d e   t h e  
i n c i d e n t   w a v e f o r m   i n   t h e   p o l e   r e s i d u e s   a s  

J ( r , s )  = E 1 f ( s  ) j ( r ) ( s  - s ) 

0 

+ +  ...+ + -1 

O a  a a a  a 

+ o t h e r   s i n g u l a r i t y   t e r m s  (2.5) 

Th is  was the   genera l   s ta te   o f   know ledge   on   t h i s  
s u b j e c t  when i n  September 1971 a spec ia l   mee t ing  was 
h e l d   a t   N o r t h r o p   C o r p o r a t e   L a b o r a t o r i e s   o f f i c e   i n  
Pasadena, C a l i f o r n i a .  Many prominent   e lect romagnet ic  
s p e c i a l i s t s   p a r t i c i p a t e d   i n   t h i s   d i s c u s s i o n   o f  SEW. 
The bas ic   concepts  were  presented as o u t l i n e d   a b o v e   t o  
s t i m u l a t e   b a s i c   i d e a s  and p o t e n t i a l   a p p l i c a t i o n   t o  
areas  such as EMP d a t a   a n a l y s i s ,   t a r g e t   i d e n t i f i c a -  
t i o n ,   e q u i v a l e n t   c i r c u i t s ,   e t c .  

2.2 E v a l u a t i o n   o f   t h e   C o u p l i n g   C o e f f i c i e n t  

I n   l a t e  1971  a key  d iscovery was  made i n   t h a t  
f o r m u l a e   f o r   t h e   c o u p l i n g   c o e f f i c i e n t  were  developed 
i n  terms o f   t h e   i n t e g r a l - e q u a t i o n   t e r m s   i n  (1.2). 
This was done  independent ly   w i th   d i f fe ren t   approaches 
by Baum [20] and  by Mar in  and  Latham [24]. The de- 
t a i l s   o f   t h e s e   d e r i v a t i o n s  need no t   concern   us   here  as 
t h e y  were rather  involved.  Subsequent  papers  have 
s i m p l i f i e d   t h i s  somewhat. 

N o t i n g   t h a t   t h e   k e r n e l  i: and   no rma l i zed   i nc iden t  
Y 

o r   s o u r c e   f i e l d   a r e   a n a l y t i c   f u n c t i o n s   o f  s near 
sa, expand  them i n  a power s e r i e s   i n  s - sa. C o l l e c t -  
i n g   t e r m s   a n d   a p p l y i n g   t h e   c o u p l i n g   v e c t o r   l e a d s   t o  
t h e   c l a s s  1 c o u p l i n g   c o e f f i c i e n t  

Y 

= e  
. .  

a 

where t h e   t u r n - o n   t i m e  to can  be a f u n c t i o n   o f   t h e  
o b s e r v e r   p o s i t i o n  ?. An a l t e r n a t e   f o r m   i s   t h e   c l a s s  2 
c o u p l i n g   c o e f f i c i e n t   w h i c h   r e s u l t s   z r o m   f i r s t   f i n d i n g  
t h e  SEM r e p r e s e n t a t L o n   ( s t r i c t )   o f  f - l  and then as_ i n  
(1.4) o p e r a t i n g   o n   t ( n ) ( f b , s )   w i t h   t h e   p o l e s   o f  F-' 
g i v i n g  

IS'S 
a 

where t h e   t u r n - o n   t i m e  to can  here  be a f u n c t i o n   o f  
bo th  f and f ' .  See [16] f o r  a more  complete  der iva- 
t i o n .  

The t w o   c l a s s e s   o f   c o u p l i n g   c o e f f i c i e n t s  have 
some s i g n i f i c a n t   d i f f e r e n c e s .   E x c e p t   f o r  a de lay  
f a c t o r   t h e   c l a s s  1 form i s   p a r t i c u l a r l y   s i m p l e ,   b e i n g  
independent  of  s, so t h a t   i n   t i m e  domain the   normal -  
i z e d   r e s p o n s e   i n  (2.4) t akes   t he   f o rm 

+ +  s t  
U(r , t )  = 1 11 Ja(;) e a u ( t  - t 4 0 ) t  

a a  
+ o t h e r   s i n g u l a r i t y   t e r m s  

0 

Here t h e   c o u p l i n g   c o e f f i c i e n t   a t  s = s 

<; (T) ; P ( ; , s  )> (2.10) 

so t h a t   b o t h   c l a s s e s   r e d u c e   t o   t h e  same t h i n g   a t   t h e  
p o l e  ( s  = s ). W h i l e   t h e   c l a s s  1 f o rm  g i ves   s imp le  
damped sinuasoids t h e   c l a s s  2 f o rm  g i ves  a c o n v o l u t i o n  
as 

a 
+ o t h e r   s i n g u l a r i t y   t e r m s  

o I c o n v o l u t i o n   w i t h   r e s p e c t   t o   t i m e  
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n =  
a N 

A t  l a t e   t i m e   t h e   t i m e - d o m a i n   p o l e   t e r m s   i n  (2.9) and 
(2.11) g i v e   t h e  same. s imp le  damped s inuso ids .   For  
to = 0 i n   c l a s s  2, and to ( t y p i c a l l y   u s e d )   i n   c l a s s  1 
chosen  on or b e f o r e   t h e  wave reaches   t he   sca t te re r ,  
c l a s s  1 and c l a s s  2 g i v e   i d e n t i c a l   p o l e   t e r m s   a f t e r  
t h e  wave passes  the  body.  There  are numerous d e t a i l s  
c o n c e r n i n g   t h e   p r o p e r t i e s   o f   t h e   t w o   c l a s s e s   o m i t t e d  
here. A r e c e n t   p a p e r   g o e s   i n t o   t h i s   t o p i c   i n   g r e a t e r  
depth  [23]. 

2.3 Example  Problems 

Now t h a t   t h e   f l o o d g a t e s  were  open  numerous i nves -  
t i g a t o r s   c o n s i d e r e d   s p e c i f i c   f i n i t e - s i z e   s c a t t e r e r s   i n  
f r e e  space. The ear ly  examples  were  the  sphere  (ana- 
l y t i c a l l y )  [20], t h e   t h i n   w i r e   ( a p p r o x i m a t e )  [28], and 
t h e   t h i n   w i r e  by numerical  (MOM) computat ion [33]. 
The reader   can   consu l t   t he   b ib l i og raphy  i n   t h i s  spe- 
c i a l   i s s u e   f o r  many more  examples. A rev iew book 
chapter  by t h i s   a u t h o r  [16] summarizes  most o f   t h e  
e a r l y  examples o f   t h i s   t y p e .  

3. LATER  DEVELOPMENTS 

3.1 Natura l  Modes f o r   R a d i a t e d   o r   S c a t t e r e d   F i e l d s  

An e a r l y   e x t e n s i o n   o f   t h e  SEM concepts was t o  go 
f r o m   t h e   c u r r e n t s  and  charges on an o b j e c t   t o   t h e  
r a d i a t e d  or s c a t t e r e d   f i e l d s   i n   t h e  space  surrounding 
t h e   o b j e c t .   I n  1973 there  were  papers by Tesche [34] 
c o n c e r n i n g   t h e   n u m e r i c a l   c a l c u l a t i o n   o f   t h e   f a r   f i e l d s  
f rom 1 inear  antennas i n  t e r m s   o f   n a t u r a l  modes, and  by 
Baum [21] conce rn ing   t he   f o rma l i sm  o f   such   na tu ra l  
modes f o r   n e a r  a d   f a r   f i e l d s .  These r e s u l t s   e s t a b -  
l i s h e d  a concept o f   t r a n s i e n t   a n t e n n a   ( o r   s c a t t e r e r )  
p a t t e r n s   i n   t e r m s   o f   n a t u r a l   f r e q u e n c i e s ,  modes, and 
c o u p l i n g   c o e f f i c i e n t s .  

3.2 Analys is   o f   Exper imenta l   Data  

S i n c e   t h e   o r i g i n a l   i m p e t u s   t o w a r d  SEM came f rom 
o b s e r v a t i o n s   o f   t h e   g e n e r a l   p r o p e r t i e s   o f   t h e   t r a n -  
s ient   e lect romagnet ic   response  o f   systems,  it i s  
unders tandab le   t ha t   t he   genera l  SEM theo ry   shou ld   be  
app l i ed   t o   such   exper imen ta l   da ta .   Cer ta in  SEM 
parameters  are i n   p r i n c i p l e   e x p e r i m e n t a l l y   o b s e r v a -  
b l e .   I n  1974 a paper (USNC/URSI meet ing,   Boulder,  
Colorado,  October 1974, l a t e r   i n  [40] by Van B lar icum 
and M i t t r a   a p p l i e d   t h e   P r o n y   t e c h n i q u e   t o   t r a n s i e n t  EM 
s c a t t e r i n g  waveforms t o   f i n d   t h e   n a t u r a l   f r e q u e n c i e s  
and res idues  by f i t t i n g   t h e  waveform  wi th  a sum o f  
damped s inuso ids .   S ince   t hen  many i n v e s t i g a t o r s  have 
t r i e d   v a r i o u s   o t h e r   t e c h n i q u e s   i n   a t t e m p t s   t o   i n c r e a s e  
speed o f   c o m p u t a t i o n ,   m i n i m i z e   t h e   e f f e c t   o f   n o i s e   i n  
t h e  waveform,  and  maximize the   accuracy  i n   d e t e r m i n i n g  
t h e   t r u e   p o l e s   i n   t h e   s c a t t e r i n g   d a t a .  

3.3 Eigenmode  Expansion  Method (EEM) 

I n  1975 t h i s   a u t h o r   i n t r o d u c e d   t h e  eigenmode 
expansion  method t o   f i n d  more p r o p e r t i e s   o f   t h e  SEM 
[22]. One def ines  e igenvalues  and eigenmodes f o r   t h e  
i n t e g r a l   o p e r a t o r   ( k e r n e l )   i n  ( 1 . 2 )  v i a  

N 

<?(;,;I ;S)  , J ( F ' , S ) >  = y 6 ( S )  ;,(f,S) 

N 

* +  
- 

6 

N 

X ( s )  = e igenva lue  6 
N N 

+ +  
j (r,s) = r i g h t  , ( r ,s )  = l e f t  

+ +  
6 e i  genmode 6 e i  genmode 

U n l i k e   t h e   n a t u r a l  mode-, t h e  eigenmodes  can  be  gen- 
e r a l  1.y b io r thonormal   i zed   as  

g i v i n g   t h e   r e p r e s e n t a t i o n s   f o r   t h e   k e r n e l   ( a n d   i t s  
i n v e r s e )  
-n + + r ( r , r ' ; s )  = 1 ?(s)  S (:,SI ( f ' , s )  
- N - 

6 6  6 
(3 .3 )  

6 

N 

and the  response 
N 

Whi le   t he re   a re   va r ious   ma themat i ca l   p rob lems   to  
be  cons idered  concern ing  completeness,   root   vectors ,  
sense o f  convergence,  etc. ,   there  are some approximate 
ways t o  v i e w   t h i s   m a t t e r .   C a s t i n g   t h e   i n t e g r a l  equa- 
t i o n  (1.2) i n t o   m a t r i x  (MOM) numerical   form  as i n  
(1 .5) ,  t h e  EEM i s  cons idered  as a p r o b l e m   o f   f i n d i n g  
the   e igenva lues  and l e f t  and r i g h t   e i g e n v e c t o r s   o f  
(?n,m(s)). 

Summarizing some o f   t h e  SEM r e l a t e d   r e s u l t s  we 
have - 

X6(s6,6') = 0 I S6,61 s (3.5) 

so t h a t   t h e   n a t u r a l   f r e q u e n c i e s   a r e   z e r o s   o f   p a r t i c u -  
l a r   e igenva lues   (hence  a +. ( 6 , 6 ' ) ) ,  s o  t h a t   t h e   e i g e n -  
v a l u e s   o r d e r   o r   p a r t i t i o n   t h e   s e t   o f   n a t u r a l   f r e q u e n -  
c i e s .   S i m i l a r l y   f o r   t h e  modes ( w i t h   a p p r o p r i a t e  
normal i z a t i   o n s )  

For   the  denominator  
have - 

. d  * + +  
r ( r , r ' ; s  

i n   t h e   c o u p l i n g   c o e f f i c i e n t s  we 

(3 .7)  

which  al lows  us t o   r e p r e s e n t   c l a s s  1 ( i n  (2 .7))  and 
c l a s s  2 ( i n  (2 .8 ) )  i n  terms o f  EEM q u a n t i t i e s .  

A n o t h e r   a p p l i c a t i o n   o f  EEM i s   t o   t h e   s y n t h e s i s   o f  
t rans ien t   responses   v ia   chang ing   t he   e igenva lues .  - Eigenimpedance  synthesis  considers  the  e igenvalues 
2 ( s )  o f   t h e  impedance   , (o r   E - f i e ld )   i n teg ra l   equa t ion  
afid no tes   t ha t ,  i f  t h e   s c a t t e r e r   o r   a n t e n n a   i s  imped- 
ance  loaded i n   c e r t a i n  ways ( 2  ( s ) ) ,  the  e igenimped- 
ances a r e   m o d i f i e d   a s  II 

which  al lows  one t o   s y n t h e s i z e  a 'i ( s )  t o  move t h e  
na tu ra l   f r equenc ies  s 6~ t o   o t h e r  more d e s i r a b l e  
p o s i t i o n s   i n   t h e  compfe; s plane.  These EEM ma t te rs  
a r e   n e c e s s a r i l y   q u i t e   a b b r e v i a t e d  here.. More complete 
r e v i e w s   a r e   i n c l u d e d   i n  [17,18]. O f  s p e c i a l   n o t e   i s  
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t h e   r e c e n t   e x t e n s i o n   o f  Sancer e t   a l .   [ 2 5 ]   i n   w h i c h  
the   e igennodes  o f   the   "pseudosymmet r ic "   H- f ie ld   in te -  
g r a l   e q u a t i o n   a r e   p a i r e d   w i t h   c o r r e s p o n d i n g   e i g e n -  
va lues  (normal ized)   adding t o  1.0. 

3 . 4  T a r g e t   I d e n t i f i c a t i o n  

I n   t h e   o r i g i n a l   d e v e l o p m e n t   o f   t h e  SEM concept 
( s e c t i o n  2.1) i t  was n o t e d   t h a t   t h e   n a t u r a l   f r e q u e n -  
c i e s   o f  a s c a t t e r e r  were  independent   o f   the  exc i t ing 
f i e l d s .   T h i s  was cons idered a p o t e n t i a l l y   u s e f u l  
p r o p e r t y   f o r   t a r g e t   i d e n t i f i c a t i o n   p u r p o s e s .   I n  1975 
two  groups  publ ished  papers  proposing  techniques  for  
t h i s  genera! k i n d   o f   t a r g e t   i d e n t i f i c a t i o n  [42,43], 
based  on  work da t ing   f rom  about  1974. Another  group 
C441  gave a spoken  paper on t h i s   s u b j e c t   i n  1975 
a lso.   Th is  was a l so   abou t   t he   t ime   (1975)   o f   t he  
i n t roduc t i on   o f   t he   concep t   o f   e igen impedance   syn the -  
s i s   f o r   m o d i f y i n g   t h e   p o l e   p a t t e r n   i n   t h e  s p l a n e   t o  
flake t h e   i d e n t i f i c a t i o n  more d i f f i c u l t  [22]. 

3.5 E q u i v a l e n t   C i r c u i t s   f o r   A n t e n n a s  and S c a t t e r e r s  
I 

I n  1976 t h i s   a u t h o r  showed how t o   c o n s t r u c t  
f o r m a l   e q u i v a l e n t   c i r c u i t s   a t  an an tenna /sca t te re r  
p o r t   f r o m   t h e  SEM rep resen ta t i on  [271. A review  of  
t h i s  development i s   i n c l u d e d   i n  [18]. The key t o   t h i s  
development i s   t o   n o t e   t h a t   t h e   a d m i t t a n c e  and s h o r t -  
c i r c u i t   c u r r e n t   ( o r   t h e  impedance  and o p e n - c i r c u i t  
vo l tage )   have   t he  same p o l e   l o c a t i o n s   i n   t h e  s p lane  
because  they  have  the same i n t e g r a l - e q u a t i o n   o p e r a t o r ;  
o n l y   t h e   s o u r c e   f i e l d s   a r e   d i f f e r e n t .   F o r   t h e   s h o r t -  
c i r c u i t  boundary   va lue   p rob lem  th i s   l eads   t o  a p a r a l -  
l e l   c o m b i n a t i o n   o f   s e r i e s   " r e s o n a n t "   c i r c u i t s   w i t h  
se r ies   vo l tage   sou rces .   Fo r   t he   open-c i r cu i t   boundary  
v a l u e   p r o b l e m   o n e   h a s   t h e   d u a l   s i t u a t i o n   o f  a s e r i e s  
c o m b i n a t i o n   o f   p a r a l l e l   " r e s o n a n t "   c i r c u i t s   w i t h  
para1 1 e l   cu r ren t   sou rces .  More r e c e n t   i n v e s t i g a t i o n s  
have  centered on c a n o n i c a l   p r o b l e m s   f o r   e x p l o r i n g   t h e  
r e a l   i z a b i  1 i t y  o f  such  networks.  Results  have  been 
obtained  by  Pearson e t   a l .  C29-311, S inga ra ju  and Baum 
[26],  and  Sharpe  and  Roussi  [321. 

3.6 C a l c u l a t i o n   o f   N a t u r a l   F r e q u e n c i e s  

I n i t i a l   c o m p u t a t i o n s   o f   t h e   n a t u r a l   f r e q u e n c i e s  
f r o m   t h e  MOM m a t r i x   d e t e r m i n a n t   i n  (2.2) were  by 
c l a s s i c a l  Newton  and Mul le r   zero-search ing   techn iques  
[36 ] .   Fo l low ing  an e a r l y   p a p e r   i n   1 9 7 4  [35], Baum, 
Giri, and S ingara ju   deve loped   con tou r   i n teg ra l   t ech -  
niques  including  computer  programs t o   e f f i c i e n t l y  and 
a c c u r a t e l y  compute a l l   t h e   n a t u r a l   f r e q u e n c i e s   i n  a 
g i v e n   p o r t i o n   o f   t h e  s p lane [37,39]. Th is  i s   a l s o  
reviewed i n  [18].  Also o f   i n t e r e s t   i s   t h e   v a r i a t i o n a l  
technique  based  on EEM concepts  proposed  by  Mi t t ra   and 
Pearson C381. 

3.7 Fora  and  Reviews 

An i m p o r t a n t   m i l e s t o n e   i n  SEM development was t h e  
f i r s t   s p e c i a l   s e s s i o n   a t  a USNC/URSI m e e t i n g   i n  
Boulder,  Colorado,  August 1973. S i n c e   t h a t   t i m e   t h e r e  
have  been many SEM s e s s i o n s   a t   t h e   v a r i o u s  USNC/URSI 
meet ings and I E E E  Antennas  and  Propagation  symposia. 
Rev iews   on   t he   sub jec t   have   been   g i ven   a t   t he   t r i en -  
n i a l  U R S I  Genera l   Assembl ies   beg inn ing   w i th   the  one i n  
Lima,  Peru, i n  1975. T h i s   a u t h o r   h a s   w r i t t e n   t h r e e  
major   rev iew  papers   and  book   chapters   on   th is   sub jec t  
[16-181;  these  can  be  consul ted  for  more complete 
developments and  numerous references. A review  [19]  
by  Dolph and S c o t t   t r e a t s  some o f   t h e   a p p l i c a b l e  
mathemat ica l   theory.  Now SEM has  reached  another 
m i l e s t o n e   w i t h   t h e   r e c e n t  symposium: "Mathematical 
Founda t ions   o f   t he   S ingu la r i t y   Expans ion  Method," 
U n i v e r s i t y   o f   K e n t u c k y ,  November 1980. Th is   spec ia l  
SEM i s s u e   i s   t h e   p r o c e e d i n g s   o f   t h a t  symposium. 

4. CONTINUED DEVELOPMENT 

Quo vadimus?  Quo v a d i t  SEM? These a r e   d i f f i c u l t  
ques t ions .  SEM i s   c u r r e n t l y   b e i n g   p u r s u e d  on two 
l e v e l s .   F i r s t   t h e r e   i s   t h e   e n g i n e e r i n g   t h e o r y  and 
a p p l i c a t i o n s   o r i e n t e d   t o   m e e t i n g   t h e   p r a c t i c a l  needs 
o f   t r a n s i e n t  and  broadband EM app l i ca t i ons   such  as 
EMP, l i g h t n i n g ,  and t a r g e t   i d e n t i f i c a t i o n .   T h i s   i s  
even f i n d i n g   a p p l i c a t i o n   i n   a c o u s t i c   t a r g e t   i d e n t i f i -  
c a t i o n   ( s e e   r e f e r e n c e s   t o   [ 4 5 ] ) .  It i s  t h e s e   a p p l i c a -  
t i o n s   o r i e n t e d   d e v e l o p m e n t s   t h a t  I have  concentrated 
on i n   t h i s  paper. On ano the r   l eve l   t he   ma themat i c ians  
a r e   p u r s u i n g  a r i g o r o u s   e x p l o r a t i o n   o f   t h e  SEM theo ry  
w i t h  a v i e w   t o   d e f i n i n g   t h e   p r e c i s e   l i m i t s   o f   a p p l i c a -  
b i  1 i t y .  Other  papers i n   t h i s   i s s u e   a d d r e s s   s u c h  
po in ts .  

From  an a p p l i c a t i o n s   p o i n t   o f   v i e w  I see some 
impor tan t   a reas ,   bo th   t heo re t i ca l   and   exper imen ta l ,  
f o r   f u t u r e   d e v e l o p m e n t .   F o r   e x p e r i m e n t a l   d e s c r i p t i o n  
o f  complex e lec t ron ic   equ ipment  we need t o   a p p l y   a l l  
o u r   p o w e r f u l   i n s i g h t s   c o n c e r n i n g   t h e  SEM d e s c r i p t i o n  
t o   o b t a i n i n g  fi t h e  SEM pole  (and  o ther)   parameters 
f r o m   t h e   e x p e r i m e n t a l   s c a t t e r i n g   ( o r   i n t e r a c t i o n )  
data.  Using (2.5) ( in   f requency   and/or   t ime  domains)  
one  can  use t h e   f a c t o r i n g   o f   t h e   p o l e   t e r m s   t o   e x h i b i t  
t h e  dependence o f   t h e  response  on t h e   v a r i o u s   s e p a r a t e  
parameters   o f   the   sca t te r ing   p rob lem.   Th is   g ives  a 
much more  compact r e p r e s e n t a t i o n   o f   t h e   d a t a   ( i n   t h e  
resonant   reg ion)   a l lowing  one t o  much more r e a d i l y  see 
t h e   i m p o r t a n t   f e a t u r e s ,   i n c l u d i n g   w o r s t   c a s e s ,   e t c . ,  
o f   t h e  response .   Th i s   f ac to r i za t i on   can   a l so  1 i k e l y  
be  used t o  more a c c u r a t e l y   e v a l u a t e   t h e  SEM parameters 
by  having (2.5) s imu l taneous ly  f i t  many da ta   records  
c o r r e s p o n d i n g   t o   d i f f e r e n t   l o c a t i o n s  and e x c i t a t i o n  
cond i tons .  

The c o n s t r u c t i o n   o f   e q u i v a l e n t   c i r c u i t s  needs 
much more  development.   Al ternate  canonical   forms 
(such as ladder   networks,   e tc . )  need t o  be  devel-  
oped.  Perhaps other  expansions  such as a low- 
f requency  expansion [ 1 7 ]  c o u l d   b e   u s e f u l   i n   c o n j u n c -  
t i o n   w i t h  SEM and EEM. Both a deeper   unders tand ing   o f  
SEM/EEM decompos i t ion   o f   sca t te rer   response,  and  more 
accu ra te  and e f f i c i e n t   o b t a i n i n g   o f   t h e s e   p a r a m e t e r s  
f rom  exper imen ta l   da ta ,   a re   needed   fo r   t he   t a rge t  
iden t i f i ca t ion   p rob lem.   Th is   a rea   has  a ve ry   g rea t  
p r a c t i c a l   p o t e n t i a l .  
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APPENDIX:  RECENT DEVELOPMENTS 

Since t h i s  paper was o r i g i n a l l y   p u b l i s h e d  many 
add i t iona l   papers   concerned  w i th  SEM t o p i c s  have  been 
pub1  ished.  With  no  attempt t o  be  exhaust ive I would 
l i k e   t o   p o i n t   o u t  a few  areas  where  progress  has  been 
made. F o r   b r e v i t y  I will pass  over   var ious  numer ica l  
a p p l i c a t i o n s   i n   f a v o r   o f  more   genera l   resu l ts .  

A. PROCESSING OF DATA TO OBTAIN SEM PARAMETERS 

Much work i n   t h e   p a s t  h a s   d e a l t   w i t h   t h e   a n a l y s i s  
o f   exper imenta l   t rans ien t   waveforms and  frequency 
s p e c t r a   t o   o b t a i n   e s t i m a t e s   o f   t h e   p o l e s   ( a n d   p e r h a p s  
r e s i d u e s )   c o n t a i n e d   t h e r e i n .  The i n t e r e s t   m i g h t   b e  
EMP i n t e r a c t i o n   o r   r a d a r   t a r g e t   i d e n t i f i c a t i o n .   W h i l e  
t h i s   c o n t i n u e s  t o  r e f i n e   t h e   a l g o r i t h m s   t h e r e   i s  
p o t e n t i a l l y  more  (and  perhaps  more  accurate)  informa- 
t i o n   t o  be obta ined  by  process ing a number o f   t r a n -  
s i e n t  waveforms o r   f requency   spec t ra   co r respond ing   t o  
t h e  same , s c a t t e r e r ,   b u t   a t   d i f f e r e n t   l o c a t i o n s   a n d / o r  
i n c i d e n t  wave cond i t i ons .  A recent   paper  by t h i s  
au tho r   p resen ts   seve ra l   concep ts   conce rn ing   t he   use   o f  
t h e  SEM and EEM r e p r e s e n t a t i o n s   t o   e n f o r c e   c o n d i t i o n s  
c o n c e r n i n g   t h e   i n f o r m a t i o n   t o  be e x t r a c t e d   f r o m   t h e  
d a t a  [All. 

The group  a t   Un ivers i ty   o f   M ich igan  has   pursued 
some c o n c e p t s   u s i n g   m u l t i p l e   s p a t i a l   l o c a t i o n s   f o r  
f requency  spect ra  (us ing  sca le  models)  [A2,A3]. 
Dudley  [A41  has  pursued  such  matters i n   t i m e  domain. 
Heg inn ing   w i th  some n a t u r a l  mode e x t r a c t i o n   i n  [A51  by 
L i n  and Cordaro ,   genera l   a lgor i thms  invo lv ing   bo th  
n a t u r a l  lnodes  and c o u p l i n g   c o e f f i c i e n t s   i n   t i m e  domain 

have  been  developed by Park  and  Cordaro  [A6]. Th is  
l a t t e r  has l e d  so f a r   t o   t h e   d e t e r m i n a t i o n   o f   t h e  
c o u p l i n g   c o e f f i c i e n t s   f o r   s e v e r a l   s y m m e t r i c   n a t u r a l  
modes o f  an a c t u a l   f l y i n g  NASA F-106 a i r c r a f t  [A7]. 
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ENTIRE-FUNCTION CONTRIBUTION 

From t h e   b e g i n n i n g   t h e   q u e s t i o n   o f  an e n t i r e -  
f u n c t i o n   c o n t r i b u t i o n  t o  t h e  S E M  representa t ion   has  
been a d i f f i c u l t  one. S i n c e   t h e   e n t i r e   f u n c t i o n   c a n  
be   thought   o f  as a s i n g u l a r i t y   a t   i n f i n i t y ,  it i s  
b a s i c a l l y  a h i g h - f r e q u e n c y   ( o r   e a r l y - t i m e )   c o n t r i b u -  
t i o n .  A ser ies  of   papers  [Bl-B3]  considers  cases 
under  which an e n t i r e   f u n c t i o n  can  be  avoided,  based 
on  asymptot ic   est imates  o f   terms  appear ing i n   t h e  
in tegra l   equat ions   (wh ich   inc ludes   [23 ]  as w e l l ) .  
Never the less   a t   ea r l y   t imes   conve rgence   t roub les   occu r  
[B5]. It i s   p o i n t e d   o u t   i n  [B6] t h a t   s c a t t e r e d   f i e l d s  
( i n s t e a d   o f   s a y   s u r f a c e   c u r r e n t   d e n s i t y )   d o   r e q u i r e  an 
e n t i r e   f u n c t i o n   i n   t h e i r   r e p r e s e n t a t i o n .  A s e r i e s   o f  
shor t   papers  C87-691  go f u r t h e r   i n t o   t h i s   e a r l y - t i m e  
p r o b l e m ,   i n c l u d i n g   r e l a t i o n   t o   o t h e r   e a r l y - t i m e   r e p r e -  
s e n t a t i o n s   ( a l s o   s e e   p a r t   0 ) .  

It i s   i n t e r e s t i n g   t o   n o t e   t h a t   a t   l e a s t   f o r  
s u r f a c e   c u r r e n t   d e n s i t y  and su r face   cha rge   dens i t y ,  
numerous n u m e r i c a l   r e s u l t s   f o r   s t e p - f u n c t i o n   e x c i t a -  
t i o n  show t h a t   a t   l e a s t   i n  such  cases  no  ent i re-  
f u n c t i o n   i s   r e q u i r e d   t o   g e t   t h e   c o r r e c t  answer 
[16,64].  Perhaps,  though, a d e l t a - f u n c t i o n   e x c i t a t i o n  
does r e q u i r e  an e n t i r e   f u n c t i o n   ( s a y  a d e l t a   f u n c t i o n )  
i n   t h e  response. One example, t h e   i n p u t   a d m i t t a n c e   o f  
a f i n i t e - l e n g t h   c y l i n d r i c a l   a n t e n n a   h a s  been t r e a t e d  
i n  [34]  and shown t o  have  such  an e n t i r e   f u n c t i o n .  

I e x p e c t   t h a t   t h i s   e n t i   r e - f u n c t i o n   q u e s t i o n  will 
remain somewhat c o n t r o v e r s i a l ,   f o r  a w h i l e   a t   l e a s t .  

21 
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BRANCH CONTRIBUTION 

I n  a  general SEM f o r m a l i s m   t h e r e   c a n   b e   c o n t r i -  
b u t i o n s   f r o m   b r a n c h   c u t s .   G e n e r a l   f o r m u l a e   f o r   t h i s  
a re   found i n  [18]. One recent   paper  [Cl] h a s   a c t u a l l y  
eva lua ted   a   b ranch  in tegra l   wh ich   appears  i n   t h e  case 
o f  an antenna i n  a   l ossy  medium. Another  paper [C2] 
eva lua tes   a   b ranch   i n teg ra l   assoc ia ted   w i th  an i n -  
f i n i t e l y   l a r g e  body ( a   c i r c u l a r   c y l i n d e r ) .  As d i s -  
cussed i n  another  paper [C3] t he   p resence   o f   a   l a rge  
number o f   s c a t t e r e r s ,  when t r e a t e d   s t a t i s t i c a l l y   f o r  
t h e   m u l t i p l e   s c a t t e r i n g ,   a l s o   l e a d s   t o  what i s  a 
b ranch   i n teg ra l .  

Ano the r   ques t i on   a r i ses   conce rn ing   t he   e igen -  
va lues   o f   i n teg ra l   -equa t ion   ope ra to rs .  The z e r o s   o f  
t h e s e   e i g e n v a l u e s   a r e   n a t u r a l   f r e q u e n c i e s   o f   t h e  
s c a t t e r e r  (or antenna). It i s  we1 1 e s t a b l i s h e d  now 
t h a t   p e r f e c t l y   c o n d u c t i n g   s c a t t e r e r s   i n   f r e e   s p a c e  
have  no   b ranch  cont r ibu t ions  i n   t h e  SEM representa-  
t i o n .  However, t h i s  does  not   necessar i ly  mean t h a t  
the   e igenva lues   have  no   b ranch  in tegra ls .   A   recent  
paper [C4] makes a   case  tha t  some sca t te re rs   admi t  
e igenva lues   w i th   b ranch  cu ts .  
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D. CONNECTION WITH  HIGH-FREQUENCY  REPRESENTATIONS 

Knowing t h a t  SEM works   bes t   a t   in te rmed ia te   and 
l a t e   t i m e s ,   t h e r e   h a s  been some i n t e r e s t   i n   c o m b i n i n g  
an SEM rep resen ta t i on   w i th   a   more   app rop r ia te   ea r l y -  
t ime   (h igh - f requency )   rep resen ta t i on   ( i nc lud ing   specu -  

t i o n s ) .  Some success has  been  reported [Dl-D5]. It 
l a r ,   e d g e - d i f f r a c t i o n ,  creeping-wave,  etc. ,   contr ibu- 

appears   t ha t   t he re   a re   va r ious  ways t h e  SEW poles  can 
be  ordered,   g iv ing i n   t h i s  view  what  have  been  re- 
f e r r e d   t o  as l a y e r s   ( r o u g h l y   p a r a l l e l   t o   t h e  ju a x i s  
o f   t h e  s p lane)  [Dl-D4]. One paper [D5] g ives  a   very  
genera l   t heo ry   o f  somewhat a r b i t r a r y   p a r t i t i o n i n g   t h e  
response  between  poles and t h e s e   e a r l y - t i m e   c o n t r i b u -  
ti ons. 
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Convex Objects," IEEE Trans.  Antennas  fropagat., 
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EQUIVALENT CIRCUITS 

One of t h e   e a r l y - r e c o g n i z e d   a p p l i c a t i o n s  of SEM 
f o r   t h e   s y n t h e s i s   o f   e q u i v a l e n t   c i r c u i t s   f o r  

antennas and sca t te re rs .   Reca l l  [ C l ] ,  i n  which  a 
b r a n c h   i n t e g r a l  was approximated i n  an equ iva len t -  
c i r c u i t  sense. I n  add i t i on   two   papers   have   recen t l y  
appeared  f rom  the   Un ivers i ty   o f   M iss iss ipp i   g roup  on  
t h i s   s u b j e c t  [El,E2]. 

E l .  

E2. 
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COLUMBUS CHAPTER WINS 
AP-S BEST CHAPTER AWARD 

The AP-S Columbus  Ohio  Chapter  was pre- 
sented  the  Society  Best  Chapter  Award  for 
1985-1986 at the  Philadelphia  International 
AP-S Symposium  on  June 11. Receiving  the 
award  was Dr. Roberto  Rojas,  newly  elected 
Secretary of the Chapter,  on  behalf  of  the 
Chapter  Chairman, Dr, Inder Gupta. D r -  
Edward  Newman  was  the  Columbus  Chapter  Vice 
Chairman  and Dr. Allen  Dominek  was  Secretary. 
All of the  Columbus  Chapter  officers  are  from 
the  Ohio  State  University  ElectroScience 
Laboratory.  This  was  the  second  consecutive 
year  that  the  Columbus  Chapter  has  won  this 
important  Society award. 

The  Columbus  Chapter  conducted  an  out- 
standing  program of  technical  meetings  for 
its members. The  program  consisted of ten 
technical  meetings  covering  a  variety  of 
topics  in  antennas,  propagation,  scattering 
and  fundamental  electromagnetic theory. Of 
special  note was a  "back to school"  meeting 
during  which 1B5 students  heard Dr. Jonathan 

Young  describe  the  Ohio  State  contributions 
to  the  understanding of  electromagnetic 
scattering.  This  special  program  was  held to 
inform  students of the  interesting  work of 
the  Society  and  encourage  students  to 
join  the IEEE and AP-S. 

The AP-S Best  Chapter  Award is presented 
each  year  to  the  Chapter  which  provides  the 
best  service  to  Society  members at the  Sec- 
tion level. The  Award  results  from  a  vote of 
current  year  Chapter  Chairmen.  Their  vote i s 
based  on  a  detailed  report  from  each  Chapter 
describing  meeting  topics,  duration  and 
attendance  during  the year. 

SIGNIFICANT  GROWTH IN SOCIETY  CHAPTERS 

The  number of AP-S Chapters  has  grown  by 
more  than  a  third  during  this  past year. 
Moreover, it appears  that  over 90% of these 
Chapters  are  active  in  providing  service  to 
their  Society members. For the  first time, 
the  Society  maintains  an  organizational pre- 
sence  on  five  continents -- the Americas, 
Europe,  Africa  and Asia. 

This  record  of  growth  and  interest  in 
Society  technical  activities is impressive 
and  due  to  the  outstanding  efforts of our 
Chapter  officers,  speakers  and  Distinguished 
Lecturers. As the  following  pages of  Chapter 
news indicate,  our  Chapters  have  an  enviable 
record of accomplishment  in  organizing  and 
conducting  technical  pragrams  throughout  the 
year. 

The  Society  recognizes  this  Chapter 
vitality  and  supports  Chapter  activities  as 
an  important  means  for  providing  member  ser- 
vices. The  Distinguished  Lecturer program, 
described  in  the  June  issue of the 
Newsletter,  permits  each  Chapter to hear 
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