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Abstract—A fast full-wave analysis technique that can be used
to analyze the scattering and radiation from large finite arrays
of microstrip antennas is presented. The technique discretizes the
mixed potential integral equation (MPIE) in the spatial domain
by means of a full-wave discrete complex image method. The
del operators on the Green’s functions are transferred from
the singular kernel to the expansion and testing functions. The
resultant system of equations is solved using the biconjugate
gradient (BCG) method in which the matrix–vector product is
evaluated efficiently using fast Fourier transform (FFT). This
results in an efficient and accurate computation of the scattering
and radiation from finite arrays of microstrip antennas. Several
numerical results are presented, demonstrating the accuracy,
efficiency, and capability of this technique.

Index Terms—Microstrip arrays, numerical method.

I. INTRODUCTION

M ICROSTRIP antennas and arrays have several unique
features, which make them attractive candidates for

many antenna applications, ranging from mobile communi-
cations to phased-array radar systems. A microstrip antenna
array can be analyzed using two approaches. One approach is
to approximate the array as an infinite array and, as a result,
the analysis of the array is then reduced to the analysis of
a single element using Floquet-type representation of fields
[1]–[3]. This approach is very efficient; however, it does not
account for the edge effects of a finite array nor can it deal with
the effect of the feed network. The other approach is to deal
with the finite array directly. This approach is considerably
more difficult because of the necessity of solving a large
matrix equation, which requires a large computer memory
and excessive computing time. In the past, finite arrays of
printed dipoles and rectangular microstrip patches have been
studied by using the spectral-domain moment methods [4]–[6].
A microstrip series-fed array has also been analyzed [7] using
a full-wave discrete image technique that transforms a spectral-
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domain formulation into the spatial domain without losing any
full-wave information [8], [9].

A powerful numerical technique that can significantly re-
duce the memory requirement and computing time is to
combine the conjugate gradient (CG) method with the fast
Fourier transform (FFT). The resultant method is often re-
ferred to as the CG-FFT method. This method was first
developed by Bojarski [10] and has been applied to many
large electromagnetic problems. The CG-FFT method can
be implemented in several different schemes, which differ
primarily in the manner in which the derivatives are treated
and the Green’s functions are calculated. A comparison of
some of these methods as applied to the flat-plate scattering
problem can be found in [11] and [12]. The results indicate
two important facts. First, the conventional CG-FFT method
[11], [13] usually requires a large FFT pad to reduce aliasing
errors since the analytical Fourier transform of the Green’s
function extends over the entire space. This problem can be
overcome by using a spatial discretization scheme [12], [14].
Second, a much more accurate and efficient solution can be
achieved by transferring the del operators from the Green’s
function to the expansion and testing functions [12]. Realizing
these two facts, a full-wave analysis technique for microstrip
structures has been proposed, which combines the CG-FFT
method with the full-wave discrete image technique [15].

When a spatial-domain discretization is used in the CG-FFT
method, the efficiency of the method is primarily deter-
mined by the convergence of the CG algorithm. In many
applications, the CG algorithm can be substituted by other
iterative algorithms for a faster convergence. A commonly
used alternative is the biconjugate gradient (BCG) algorithm.
The BCG algorithm for solving linear systems was first
developed by Lanczos [16] and discussed by Fletcher [17]
and Jacobs [18]. This algorithm has several significant features
that make it an attractive alternative to the standard CG
algorithm. For example, the BCG algorithm requires only
one matrix–vector product per iteration for solving sym-
metric systems. Furthermore, it does not square the con-
dition number, which generally translates to an improved
convergence rate [19], although it does not decrease the
residual error monotonically. Therefore, the BCG algorithm
is better suited for systems that are poorly conditioned than
the CG algorithm. It is found that in the application dealt
with in this paper, the BCG algorithm outperforms the CG
algorithm significantly.
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Fig. 1. The number of iterations versus the number of unknowns.

In this paper, we present a new fast full-wave analysis
technique that can be used to analyze large microstrip antenna
arrays. We discretize the integral equation describing the
microstrip problem by converting the spectral domain Green’s
functions into the closed-form spatial Green’s functions by
means of full-wave discrete image representations. In this
procedure, the del operators are transferred from the singular
kernel to the expansion and testing functions. The BCG
algorithm in conjunction with the FFT is then employed to
solve the resulting system of equations. Once the currents on
the microstrip antennas are obtained, the radar cross section
(RCS) and radiation pattern are calculated using the reciprocity
theorem. The numerical results show that the proposed method
is efficient for the analysis of large microstrip antenna arrays.

II. MPIE AND DISCRETIZATION

To set up an integral equation that can be used to solve the
problem of scattering and radiation from a microstrip patch
antenna, we start with the boundary condition associated with
the tangential electric field on a perfectly conducting surface

on (1)

where denotes the conducting surface of the antenna,
denotes the scattered field excited by the current on,
denotes the incident electric field given by

(2)

for a plane-wave incidence, and denotes the reflected field
by the grounded dielectric substrate in the absence of the
antenna, which can be written as

(3)

where and are the reflection coefficients at the
interface of the air and dielectric substrate for the TM and
TE incidences, respectively.

For microstrip structures, the mixed potential integral equa-
tion (MPIE) yields a weaker singularity in its integrands than

Fig. 2. The CPU time per iteration versus the number of unknowns.

the electric field integral equation (EFIE). The MPIE for (1)
can be written as

(4)

where

(5)

(6)

in which is the unknown current on the microstrip antenna,
, and denote the Green’s functions for the magnetic

vector potential and the electric scalar potential, respectively.
The spatial-domain Green’s functions and are the

key to the discretization of the MPIE in the spatial domain.
The has four components; however, only the and
components are used in the solution of (4) for the unknown
current . These two components are denoted here as. The
Green’s functions and can be written in the form of
the Sommerfeld integral

(7)

where denote the spectral domain Green’s functions.
Generally, this inverse Hankel transform cannot be solved
analytically. Fortunately, a full-wave discrete complex image
technique has been developed for a rapid evaluation of this in-
tegral [8], [9], yielding closed-form spatial Green’s functions.

As illustrated in [8] and [9], the discrete complex im-
age method extracts the quasi-dynamic and surface wave
contributions from the spectral-domain Green’s function and
approximates the remainder as complex images by Prony’s
method. The spatial-domain Green’s function can then be
obtained analytically using the Sommerfeld identity. When
this is applied to (7), one obtains

(8)

where represents the contribution from the quasi-
dynamic ( ) images, which dominates in the near-field
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Fig. 3. The RCS (���) versus frequency for a rectangular microstrip patch
antenna (patch size: 36.6 mm� 26.0 mm,"r = 2:17, substrate thickness:
h = 1:58 mm, �i = 60�, �i = 45�).

region, represents the contribution from the surface
waves ( ), which dominates in the far-field region, and

represents the contribution from the complex images
( ), which dominates in the intermediate region. The specific
forms of and can be written as

(9)

where

(10)

(11)

(12)

and

(13)

where

(14)

(15)

(16)

In the above, with being the thickness

of the substrate, and where
and are complex numbers determined together withand

by Prony’s method, and with being
the relative permittivity of the substrate. Furthermore, is
the surface wave pole located on the real axis of the complex

plane and and are the residues of the integrand at the

Fig. 4. The RCS (���) versus frequency for a circular microstrip patch
antenna (patch radius:r = 7:1 mm, "r = 2:2, substrate thickness:
h = 0:7874 mm, �i = 63�, �i = 0�).

pole . The summation in (11) carries over the poles
of the TE surface waves and the summation in (15) carries
over the poles of both the TE and TM surface waves. The
in (12) and (16) denotes the number of complex images and
usually for an accuracy with less than 1% error.

With the intent of computing the left-hand side of (4) via
the FFT, we place the conducting surface of the antenna in
a rectangular area which is then divided into small
rectangular cells whose side lengths are and along the

and directions, respectively. Assume that
and are vector basis functions in the and

directions, respectively, where represent the roof-top
functions. The Galerkin’s formulation for solving (4) can be
written as

(17)

where denotes the inner product of two vector functions.
We can expand the surface-current distributionin a sequence
of vector basis functions and as follows:

(18)

Substituting (18) into (17), we obtain the following:

(19)

where
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(a)

(b)

(c)

Fig. 5. The current on a series-fed microstrip antenna arrayL = 10:08

mm, W = 11:79 mm, L1 = 23:6 mm, L2 = 13:4 mm, L3 = 12:32

mm, d1 = 3:93 mm, d2 = 1:3 mm, the thickness of substrateh = 1:5748

mm, �r = 2:1, f = 9:42 GHz. (a) Geometry. (b)x-directed current. (c)
y-directed current.

in which

and

In the above, is the two-dimensional (2-D) unit pulse
function defined over th rectangular cell.

(a)

(b)

Fig. 6. TheE-plane radiation patterns of a series-fed microstrip antenna
array. (a)L1 = 23:6 mm. (b)L1 = 14:6 mm.

III. BCG-FFT SOLUTION

The linear system implied by (19) can be solved via
either a direct or an iterative method. In order to analyze
large finite arrays of microstrip antennas, we employ the
BCG algorithm and FFT to significantly reduce the memory
requirement and central processing unit (CPU) time. The BCG
algorithm employed here for the solution of in
which is symmetric can be found in [12] and [19]. In
this BCG algorithm, is only involved in the matrix–vector
product. For the problem considered here this product can be
computed efficiently via FFT without a need to generate the
square matrix.

In fact, it is observed that the relationship between and
is a convolution. Therefore, we can obtain the following

discrete convolution relationship:

(20)

(21)
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Fig. 7. The geometry of 8� 4 microstrip corporate-fed planar array,
L1 = 10:08 mm, L2 = 12:32 mm, L3 = 18:48 mm, W = 11:79 mm,
d1 = 1:3 mm, d2 = 3:93 mm, the thickness of substrateh = 1:59 mm,
�r = 2:2, f = 9:42 GHz.

It is also observed that the relationship betweenand
is a convolution. Thus, the following discrete convolution
relationship can be obtained:

(22)

(23)

where

(24)

(25)

and

(26)

(27)

Apparently, the matrix–vector product can be calculated effi-
ciently via FFT by using (20)–(27).

IV. FAR-FIELD CALCULATION

Once the surface currents are obtained, the scattered or ra-
diated field in the far-field zone can be evaluated conveniently
using the reciprocity theorem [20]. In accordance with the
reciprocity theorem, the field ( ) radiated by in the
presence of the grounded dielectric substrate is related toby

(28)

(a)

(b)

Fig. 8. The current distribution on the 8� 4 microstrip corporate-fed planar
array. (a) Thex-directed current. (b) They-directed current.

where denotes an arbitrary electric current and is
the field radiated by in the presence of the grounded
dielectric substrate. Choosing an infinitesimal electric current
element, either -polarized or -polarized, and placing it at the
observation point in the far zone, we can compute the electric
field ( ) in the presence of the dielectric substrate without
the patch antenna, where is due to the -polarized electric
current element and due to the -polarized electric current
element. In the backscatter case, they are the same as those in
the right-hand side of (1). Hence, from the reciprocity theorem,
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(a)

(b)

Fig. 9. The radiation patterns of the 8�N microstrip corporate-fed planar
array. (a)E-plane pattern. (b)H-plane pattern.

we can obtain the scattered/radiated field as

(29)

In the case of scattering, if the incident field is polarized in
the direction and the component of the scattered field is
considered, where and can be or , then the RCS is
given by

(30)

V. NUMERICAL RESULTS

In this section, we present several numerical results to
demonstrate the accuracy and efficiency of the method de-
scribed above. The normalized residual is defined as

. All computations are carried out on a DEC Alpha
workstation.

In order to test the convergence of the method, we first
consider the problem of scattering by a rectangular microstrip
patch antenna at normal incidence [21] (patch size: 10 mm

15 mm, , substrate thickness: mm,

(a)

(b)

Fig. 10. The monostatic RCS of the microstrip corporate fed planar arrays.
(a) 8 � 8 array. (b) 8� 16 array.

GHz). For a given tolerance , the
number of iterations and the CPU time per iteration versus
the number of unknowns for the CG-FFT [15] and for the
present method are given in Figs. 1 and 2. Both figures show
that the convergence behavior and the efficiency of the present
method are much better than that of the CG-FFT method.

As the second test case, we consider the scattering from
a rectangular microstrip patch antenna (patch size: 36.6 mm

26.0 mm, , substrate thickness: mm,
incident angle: , ). The monostatic RCS is
given in Fig. 3 as a function of frequency and is compared
with the result in [22]. The two results agree very well,
demonstrating that the proposed method has a good accuracy.

The third case concerns the scattering from a circular
microstrip patch antenna (circular patch radius: mm,

, substrate thickness: mm, incident angle:
, ). The monostatic RCS is given in Fig. 4 as

a function of frequency and is compared with the measured
data [23], showing a good agreement.

As the fourth example, we consider the radiation from
a four-element series-fed microstrip antenna array, which is
fed at the left end. The geometric parameters and current
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(a)

(b)

Fig. 11. The radiation patterns of the 16� 8 and 16� 16 microstrip
corporate-fed planar arrays. (a)E-plane pattern. (b)H-plane pattern.

distributions are given in Fig. 5. The-plane radiation pattern
is given in Fig. 6 and is compared with the measured data [7].

The last example concerns the scattering and radiation from
microstrip corporate fed planar arrays to test the capability
of the proposed method. The 8 4 microstrip corporate-
fed planar array is depicted in Fig. 7, where
and the substrate thickness is mm. The current
distributions on the 8 4 microstrip corporate-fed planar
array are given in Fig. 8 and the radiation patterns are given
in Fig. 9. In calculating the radiation patterns, we have in-
creased the number of microstrip patch elements in each arm
from 4 to 16 to show the effect on the radiation pattern.
The monostatic RCS of the same structure are given in
Fig. 10. Finally, the radiation patterns of a 16 8 and a
16 16 microstrip corporate-fed planar array are given in
Fig. 11. The requirement of computational resources is listed
in Table I.

VI. CONCLUSION

A fast full-wave analysis method for simulating the scat-
tering and radiation from large finite arrays of microstrip

TABLE I
CPU TIME AND STORAGE OF DEC ALPHA WORKSTATION

Array
Number
of Un-
knowns

CPU
Time per
Iteration

Number
of Itera-

tions

Computer
Storage

Tolerance
Err

8 � 8 118 073 11.6 s 313 18 Mb 10�3

8 � 8 118 073 11.6 s 599 18 Mb 10�6

16� 16 495 044 97.81 s 425 65 Mb 10�3

16� 16 495 044 97.81 s 1070 65 Mb 10�6

antennas is presented. In this method, the MPIE is discretized
in the spatial domain by means of a full-wave discrete image
technique. This keeps the necessary FFT pad size to the
minimum and results in a more efficient code. The resulting
system is solved using BCG algorithm in conjunction with
FFT. Numerical results show that the proposed method is
more efficient than the CG-FFT method and requires minimum
memory and CPU time.
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