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F lo r i s  Takens .  

1. Introduction.  

Since [19] was wr i t ten ,  much m o r e  accura te  expe r imen t s  on the onset  of 

turbulence have been made,  espec ia l ly  by F e n s t e r m a c h e r ,  Swinney, Gollub and Benson 

[6,8,9,10].  These  new exper imenta l  data should be in te rpre ted  accord ing  to [19] in t e r m s  

of s t range  a t t r ac to r s ,  or  they should falsify the whole p ic ture  given in that paper .  F o r  

such in te rp re ta t ions  one uses  in genera l  the so -ca l l ed  power  spec t rum.  It is however  not 

at all c l ea r  how to r econs t ruc t  tt~e " s t r ange  a t t r a c t o r s "  f rom a power s p e c t r u m  (with continuous 

par ts) ;  even w o r s e  : how can one see  whe ther  a given power s p ec t ru m (with continuous 

par t s )  might have been "genera ted"  by a s t range  a t t r a c t o r ?  In this paper  I p r e s en t  

_proc_e_dure___s _t_o_deci_de_ whether  one may a t t r ibute  certain} ..experimen_t.a j datta___as_ in the  onset  " 

o f  turbulences_ to the p r e s e n c e  of s t r ange  a t t r a c t o r s .  These  p rocedures  cons i s t  of 

a lgor i thms ,  to be applied to the exper imenta l  data i t se l f  and not to the power  spec t rum;  

in fact,  I doubt whether  the power  spec t rum contains the re levant  informat ion.  

In o r d e r  to desc r ibe  the p rob lems  and r e su l t s ,  t rea ted  in this paper ,  in 

m o r e  detail ,  I shal l  f i r s t  review the ideas of [19],  a lso  compar ing  them witl~ those 

e~posed by Landau and Li fschi tz  [13],  in re la t ion with the flow between two rota t ing 

cy l inders .  It was this s ame  exper iment  which was ca r r i ed  out to grea t  p r ec i s i on  by 

Swinney e t . a l .  [6, 8, 10]. 

It should be noted that the d i scuss ion  in [19] is not r e s t r i c t ed  to this 

si tuation but should a lso  be applicable to o ther  s i tuat ions where  an o rde r ly  dynamic 

changes to a chaotic one; see  [8] for  a d i scuss ion  of some examples .  Also, our 

p r e sen t  d i scuss ion  should be applicable to these  c a s e s .  

The Taylor -Coue t te  Exper imen t .  

We cons ide r  the region D between two cy l inders  as indicated in f igure 1. 

In this region we have a fluid. We study 

its motion when the outer  cyl inder ,  the 

top and bottom a re  at r e s t ,  while the inner  

cy l inder  has an angular  velocity ~.  p is 

some fixed point in the i n t e r io r  of D. F o r  

a number  of values of ~, one component  

C in top ~ 

bottom 

- C out 
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of the veloci ty  of the fluid at  p is m e a s u r e d  as  a function of t ime.  In [19]  the idea was 

the following : for  each value of ~ the se t  of ai1 "poss ib l e  s t a t e s "  is a Hi lber t  space  H ~  

cons i s t ing  of (d ivergence  f ree)  vec to r  f ie lds  on D sa t i s fy ing  the app rop r i a t e  boundary  

condi t ions  ( these  vec to r  f ields r e p r e s e n t  veloci ty  d i s t r ibu t ions  of the fluid). F o r  each [~ 

t he re  is an evolut ion semi - f low 

{r H a - ,  Hi.~]tEIR,N+= {t E N i t  > 0] , 
+ 

such that  if X ( Hf~ r e p r e s e n t s  the s t a t e  at  t ime  t = 0 tlaen ~?0(X) r e p r e s e n t s  the s t a t e  at  

t ime  t 0. We a s s u m e  that  for  al l  va lues  of f~ under  cons ide ra t ion ,  t he re  is an  " a t t r a c t o r "  

7 ~  c H ~  to which (a lmost )  a l l  evolut ion c u r v e s  cptO(X) tend as  t --* =. (At this  

point  we don ' t  want  to specify  the t e r m  " a t t r a c t o r " . )  AQ and ~ t [ A a  then d e s c r i b e  the 

a sympto t i c  behav iour  of al l  evolut ion c u r v e s  r Roughly the ma in  a s sumpt ions  in 

[19]  could be r e p h r a s e d  as  : ~p?lAff behaves  jus t  as  an a t t r a c t o r  in a f inite d imens iona l  

d i f f e ren t i ab le  dynamica l  s y s t e m .  In m o r e  detai l ,  the a s sumpt ion  was that  for  al l  va lues  

of [~ under  cons ide ra t ion  t h e r e  is a smooth  f ini te  d imens iona l  manifold M ~  a Hf~, smooth ly  

depending on ~, such that  : 

(i) MQ is i nva r i an t  in the s e n s e  that  for  X E Mf~, {p?(X) E M ~ ;  

(ii) MQ is a t t r a c t i v e  in the s e n s e  that  evolut ion c u r v e s  q0?(X), s t a r t i n g  outs ide  MQ tend 

to Mr; fo r  t - ~  ; 

(tit) the flow, induced in Mf~ by (p?, is smooth ,  depends smooth ly  on f~ and has  an 

a t t r a c t o r  A a . 

Some jus t i f ica t ion  for  this  a s s u m p t i o n  was given by Mar sden  [15, 16].  Apar t  

f r om this  we used g e n e r i c i t y  a s s u m p t i o n s  : if Zf~ denotes  the vec to r  field on M a which is 

the i n f i n i t e s s ima l  g e n e r a t o r  of ~?lM a, we a s s u m e  (Mfl, Z ~)  to be a gener i c  o n e - p a r a m e t e r  

fami ly  of vec to r  f ie lds .  (If however  the phys ica l  s y s t e m  under  cons ide ra t ion  has 

s y m m e t r y ,  l ike  the ca se  of the Couet te  flow, then a s ame  type of s y m m e t r y  mus t  hold 

['l and hence  for  Zf~. In this  c a se  gene r i c i t y  should be unders tood within the for  Mf~, r ' 

c l a s s  of vec to r  f ields hav ing  this  s y m m e t r y ;  see  [ 1 8 ] . )  

In the L a n d a u - L i f s c h i t z  p ic tu re ,  one a s s u m e s  that  the l imi t ing  motion (or  

attractor) is quasi-periodic, i.e. of the form 
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fi'~(X ' a l e  1 , a2e . . . .  ) 
~ t (X)  = 2rrico t 27ria~2t 

where  ~0 i and a. depends on ~ and where  for  each ~ only a finite number  of a. is 
�9 1 1 

non-ze ro .  One can imagine that, as  more  and more  a. become non-ze ro ,  the motion 
1 

gets  more  and more  turbulent .  

Also in this last description we have a smooth finite dimensional manifold as 

attractor, namely an n-torus, but such attractors do not occur for generic parameter 

values of generic one-parameter families of vector fields. It should be noted however 

that for generic one-parameter families of vector fields there may be a set of parameter 

values with positive measure for which quasi periodic motion occurs; see LII]. 

This n - t o ru s  a t t r ac to r  has topological entropy ze ro  and its d imens ion  is an 

in teger .  On the o ther  hand " s t r ange  a t t r a c t o r s "  have in genera l  posi t ive  entropy and 

often non- in tegra l  d imension .  Hence it would be impor tant  to de t e rmine  entropy and 

dimension of a t t r ac to r s  f rom "exper imenta l  data" .  

In view of the exper iment  just  desc r ibed ,  we have to add one m o r e  point to 

out fo rmal  descr ip t ion ,  namely we have to add the function (observable)  f rom the s ta te  

space  to the r ea l s  giving the exper imenta l  output (when composed with ~ t ( X )  ). In the 

p r e sen t  example  of the %aylor-Couet te  exper iment ,  this function y~:Hfi  - '  IR a s s igns  to 

each X ~ H a the measured  component  of X(p). As far  as the asymptot ic  benaviour  is 

concerned,  we only nave to deal with y~lM~ (or with yf~[A~). Since M~ depends 

smoothly on ~ all M~I a re  di f feomorphic  and so we may drop the ~ .  

Summar is ing ,  we have a manifold M with a smooth o n e - p a r a m e t e r  family of 

vec tor  f ields Z ~  and a smooth o n e - p a r a m e t e r  family of functions y ~ .  F o r  a number  of 

values of f l  the function yl~(g~;~(x)) is  known by m e a s u r e m e n t  (for some  x in or  nea r  

M which may depend on ~'t; cpi'~denotes l~ere the flow on M genera ted  by Zfl. ffhe point is 
t 

to obtain informat ion about the a t t r ac to r ( s )  of Z ~  f rom these  m e a s u r e m e n t s ,  i . e .  f rom 
r  

the functions t ~ yf~((p'[(x)). F o r  this we shall  allow ourse lves  to make gener ic i ty  

a ssumpt ions  on (M, Z~, y~,  x). 

We shall  prove  that under sui table gener ic i ty  a ssumpt ions  on (M, ZO, yfl, x) 
f ~  

the posi t ive  l imit  se t  L+(x) of x is de te rmined  by the function y~(cP~(x)). In our "main  

theorem"  in sect ion 4 we d e s c r i b e  a lgor i thms  which, when applied to a sequence  
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{ai= Yr'(~P~Y,~, u i(x))}i r~''=l Iq s u f f i c i e n t l y  big,  wi l l  g ive  an a p p r o x i m a t i o n  f o r  the  d i m e n s i o n  
+ = ~ + 

of L (x), r e s p e c t i v e l y  f o r  the  topo log ica l  en t ropy  of  (PCr [L (x). ~fhis l eads  in p r i n c i p l e  

to a p o s s i b i l i t y  of t e s t i n g  and c o m p a r i n g  the  h y p o t h e s i s  m a d e  by L a n d a u - L i f s c h i t z  E13~ 

and R u e l t e - T a k e n s  [ i 9~ ;  s e e  the  o b s e r v a t i o n  at  the  end of s e c t i o n  4. The  a u t h o r  

w i s h e s  to a c k n o w l e d g e  the  h o s p i t a l i t y  of  the d e p a r t m e n t  of m a t h e m a t i c s  of  W a r w i c k  

U n i v e r s i t y  and the  m a n y  d i s c u s s i o n s  wi th  p a r t i c i p a n t s  of  the  t u r b u l e n c e  and d y n a m i c a l  

s y s t e m s  s y m p o s i u m  t h e r e  d u r i n g  the  p r e p a r a t i o n  of  th is  p a p e r .  

2. D y n a m i c a l  s y s t e m s  wi th  one  o b s e r v a b l e .  

L e t  M be a c o m p a c t  man i fo ld .  A d y n a m i c a l  s y s t e m  on M is a d i f f e o m o r p h i s m  

~ .M -~ M ( d i s c r e t e  t ime)  o r  a v e c t o r  f ield X on M (cont inuous  t i m e ) .  In both  c a s e s  the  

t i m e  evolu t ion  c o r r e s p o n d i n g  wi th  an in i t ia l  pos i t i on  x 0 E M is deno ted  by q~t(x0) : in the  

1N and q0 i = (cp)t; in the c a s e  of  con t inuous  t i m e  t E IR and of  c a s e  d i s c r e t e  t i m e  t 

t ~* ~ot(x 0) is  the  X i n t e g r a l  c u r v e  th rough  x 0. 

An o b s e r v a b l e  is  a s m o o t h  func t ion  y :M ~ IR. The  f i r s t  p r o b l e m  is  th i s  : 

if, f o r  s o m e  d y n a m i c a l  s y s t e m  wi th  t i m e  evolu t ion  r we know the func t ions  t ~  y(CPt(x)), 

x E M, then  how can  we obta in  i n f o r m a t i o n  about  the  o r i g i n a l  d y n a m i c a l  s y s t e m  (and 

man i fo ld )  f r o m  th i s .  The  nex t  t h r e e  t h e o r e m s  dea l  wi th  th is  p r o b l e m .  (Af t e r  the  

r e s e a r c h  f o r  th i s  p a p e r  was  c o m p l e t e d ,  the  a u t h o r  was  i n f o r m e d  that  th is  p r o b l e m ,  o r  a t  

l e a s t  p a r t s  o f  i t ,  was  a l s o  t r e a t e d  by o t h e r  a u t h o r s ,  s e e  i t ,  171. S ince  out r e s u l t s  a r e  

in s o m e  s e n s e  s o m e w h a t  m o r e  g e n e r a l  we  s t i l l  g ive  h e r e  a t r e a t m e n t  of the  p r o b l e m  

i n d e p e n d e n t  of  the  r e s u l t s  in the  above  p a p e r s . )  

T h e o r e m  1. L e t  M be  a c o m p a c t  man i fo ld  of  d i m e n s i o n  m .  F o r  p a i r s  (r ~0:M -* M 

a s m o o t h  d i f f e o m o r p h i s m  and y:M -* I R a  s m o o t h  funct ion ,  it  is  a g e n e r i c  p r o p e r t y  that  

the  map  ~(@, y) :M -* IR 2m+1,  def ined  by 

~5(cp, y)(X) =- (y(x), y(~p(x)) . . . . .  y(cp2m(x)) 

is  an e m b e d d i n g ;  by " s m o o t h "  we m e a n  a t  l e a s t  C 2. 

P roo f .  We may ,  and do, a s s u m e  tha t  if x is  a po in t  wi th  p e r i o d  k of  ~ ,  k < 2 m  + 1, 

a l l  e i g e n v a l u e s  of (dr a r e  d i f f e r e n t  and d i f f e r e n t  f r o m  1. A l s o  we  a s s u m e  tha t  no two 

d i f f e r e n t  f ixed po in t s  of ~ a r e  in the  s a m e  leve l  of y. F o r  O(r y) to be an i m m e r s i o n  n e a r  a 

2 m  ~fx(M). ~f~is is  the  c a s e  f ixed po in t  x ,  the  c o - v e c t o r s  (dY)x, d ( y r  d(y~ )x m u s t  span  
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f o r  g e n e r i c  y if d@ s a t i s f i e s  the  a b o v e  c o n d i t i o n  a t  e a c h  f ixed po in t .  

In the  s a m e  way  one p r o v e s  tha t  @(g~, y) is  g e n e r i c a l l y  an  i m m e r s i o n  and even  

an  e m b e d d i n g  when  r e s t r i c t e d  to the  p e r i o d i c  p o i n t s  wi th  p e r i o d  g 2 m  + 1. So we m a y  

a s s u m e  tha t  f o r  g e n e r i c  (~ ,y )  we have  : ~ ( ~ , y ) ,  r e s t r i c t e d  to a c o m p a c t  n e i g h b o u r h o o d  V 

of the  s e t  of po in t s  wi th  p e r i o d  g 2 m  + I is  an  e m b e d d i n g ;  f o r  s o m e  n e i g h b o u r h o o d  tI of 

( d , y ) , t ~ ( q ~ , y ) l V  is  an  e m b e d d i n g  w h e n e v e r  (~0,y) E l/. We w a n t  to show tha t  f o r  s o m e  

((~,y) E tl, a r b i t r a r i l y  n e a r  (~ ,  y ) ,  ~5((p, Y) is  an  e m b e d d i n g .  

F o r  an y  po in t  x q M, w h i c h  i s  no t  a po in t  of p e r i o d  <2m + 1 f o r  ~ ,  the  
- 2 m  

c o - v e c t o r s  (dY)x,d(~0)x,d(~4~2)  x . . . . .  d(yO )x E T*(M)  can  be  p e r t u r b e d  i n d e p e n d e n t l y  by  

p e r t u r b i n g  y. H e n c e  a r b i t r a r i l y  n e a r  y t h e r e  is  y s u c h  tha t  ( ~ , y )  E tl and s u c h  tha t  

~5- = i s  a n  i m m e r s i o n .  T h e n  t h e r e  i s  a p o s i t i v e  r such  tha t  w h e n e v e r  0 < ~Xx, x ' )  ~ ~, 
(~9, y) 

--~ J~5(~,v)(X) #_~(~,v)(X');~_ J p is some fixed metric on M. There is even a neighbourhood 

tl'c tl of (~o, y) such that for any (q~,y) ~ tl', q'(~9, y) is an immersion and _~(q~,Y)(X) 

�9 (@,y)(X') whenever x ~ x' and p(x,x') ~ ~. From now on we also assume that each 

component of V has diameter smaller than s. 

F i n a l l y  we  trove to show tha t  in tl' we  h a v e  a p a i r  (~9, y) wi th  ~5(~),y) i n j e c t i v e .  

F o r  th i s  we need  a f in i t e  c o l l e c t i o n  ~Ui}i_N1 of open  s u b s e t s  of M, c o v e r i n g  the  c l o s u r e  of 
2 m  

M \ {iN=0 g~J(v)}, and s u c h  tha t  : 

(i) f o r  e a c h  i = I . . . . .  N and k = 0 ,1  . . . .  2m,  d i a m e t e r  ( ~ - k ( u i ) )  < ~; 

( i t )  f o r  e a c h  i , j  = I . . . . .  N and  k , i  = 0 ,1  . . . . .  2m,  -q~-k(u i) f~ Uj / ~ and -~s Uj # 

impIy  tha t  k = l ;  

( i i i )  f o r  ~J(x) E M \ (~J U.),  j = 0 . . . . .  2m,  x '  ~ V and O ( x , x ' )  > s ,  no  two p o i n t s  of the  

s e q u e n c e  x , ~ ( x ) ,  . l . . , ~ 2  , - , - , m ( x ) , x  ,~0(x ) . . . . .  ( p2m(x )  b e l o n g  to the  s a m e  U..  
1 

Note  t ha t  (i i)  i m p l i e s ,  bu t  is  no t  i m p l i e d  by 

( i i ) '  no two p o i n t s  of the  s e q u e n c e  x,q~(x) . . . . .  ~2m(x)  b e l o n g  to the  s a m e  U . .  
i 

We take a corresponding partition {k.] of unity, i . e . ,  k. is a non-negative function with 
l 1 

s u p p o r t  ld. and ~ l X i (x )  = 1 f o r  a l l  x E M \ V. C o n s i d e r  the  m a p  
1 i 
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~:M x M x IRN-* 1R 2m+l  x IR 2 m + l  wh ich  is de f ined  in the fo l lowing  way  

~'(x'x"sl ..... N aN) =(~($,~s)(x),~(~, ys)(x')), where g stands for (el ..... SN) and 
= 

yg = y + D c.X.t t " We de f ine  W c M x M as  W = { (x ,x ' )  E M x M [ D ( x , x ' )  > g and not  
i=l  

both  x and x'  a r e  in in t (V) t .  ~, r e s t r i c t e d  to a s m a l l  ne ighbourhood  of WX{0} in (MxM) xlR N, 

is  t r a n s v e r s e  wi th  r e s p e c t  to the d iagona l  of 1R 2 m + l  IR 2m+l  x "[his t r a n s v e r s a l i t y  

fo l lows  i m m e d i a t e l y  f r o m  al l  the  cond i t i ons  i m p o s e d  on the  c o v e r i n g  {Ui}iN1 . F r o m  th i s  

t r a n s v e r s a l i t y  we  c onc lude  tha t  t h e r e  a r e  a r b i t r a r i l y  s m a l l  c E 1R N such  that  

Y(Wx[e}) ~ A = 0- If a l s o  fo r  such  an ~ , ( ~ , y ~ )  ( tI' then ~ ( ~ , y e )  is  i n j ec t i ve  and h e n c e  

an e m b e d d i n g .  

T h i s  p r o v e s  that  fo r  a d e n s e  s e t  of  p a i r s  ( o , y ) ,  q~(tp,y) is  an e m b e d d i n g .  

Since  the  s e t  of a l l  e m b e d d i n g s  is  open  in the  s e t  of a l l  m a p p i n g s ,  t h e r e  is  an  open and 

d e n s e  s e t  of p a i r s  (O,Y), fo r  wh ich  ~((p,y)  is  an e m b e d d i n g .  7 h i s  p r o v e s  the  t h e o r e m .  

R e m a r k .  ~Ihis t h e o r e m  a l s o  w o r k s  fo r  M n o n - c o m p a c t  if we  r e s t r i c t  our  o b s e r v a b l e s  to 

be p r o p e r  f u n c t i o n s .  

~ rheorem 2. L e t  M be  a c o m p a c t  man i fo ld  of d i m e n s i o n  m.  F o r  p a i r s  (X,y) ,  X a 

s m o o t h  ( i . e . ,  C 2) v e c t o r  f ie ld  and y a s m o o t h  func t ion  on M, i t  is  a g e n e r i c  p r o p e r t y  tha t  

~X, y :M ~ IR 2 m + l ,  de f ined  by & ,  y(X) = (y(x) ,  y(~01(x)) . . . . .  y(O2m(X)) is  an embedd ing ,  

w h e r e  ~0 t i s  the  flow of  X.  

Proof. The proof of this theorem is almost the same as the proof of theorem i. In 

this case we impose the following generic properties on X : 

(i) if  X(x) = 0 then  al l  e i g e n v a l u e s  of  (dO1) x : Tx(M) -~ fix(M) a r e  d i f f e r e n t  and d i f f e r e n t  

from I ; 

(ii) no p e r i o d i c  i n t eg ra l  c u r v e  of X has  i n t e g e r  p e r i o d  ~2m + 1. 

In th i s  c a s e  q01 s a t i s f i e s  the  s a m e  cond i t i ons  a s  $ in the  p r e v i o u s  p r o o f .  The  r e s t  of 

the  p r o o f  c a r r i e s  o v e r  i m m e d i a t e l y .  

1[he nex t  t h e o r e m  is  only  included fo r  the  s a k e  of c o m p l e t e n e s s ;  it  wil l  not  

be  used  in the  s eque l  of th i s  p a p e r ,  
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T h e o r e m  3. L e t  M be  a c o m p a c t  man i fo ld  of d i m e n s i o n  m.  F o r  p a i r s  ( X , y ) , X  a s m o o t h  

v e c t o r  f ie ld  and y a s m o o t h  func t ion  on M, it is  a g e n e r i c  p r o p e r t y  that  the  m a p  

OX,y:M -* IR 2 m + l ,  de f ined  by 

d 2m 

. . . .  (y(~t(x))) [ t=0) ~X,  y(X) (y(x), d (y(~p t (x ) ) ) I t=0 , ,  d t 2 m  

is  an e m b e d d i n g .  H e r e  ~t aga in  d e n o t e s  t he  flow of X; th i s  t i m e ,  s m o o t h  m e a n s  a t  l e a s t  

C 2 m + l  . 

P roo f .  A l s o  th is  p r o o f  is  qu i te  ana logous  to that  of  t h e o r e m  1. F i r s t  we  m a y ,  and do, 

a s s u m e  tha t  a g e n e r i c  v e c t o r  f ield X has  the  p r o p e r t y  that  w h e n e v e r  X(x) = 0, a l l  

e i g e n v a l u e s  of (dX) x a r e  d i f f e r e n t  and d i f f e r e n t  f r o m  z e r o .  Sing(X) d e n o t e s  the  s e t  of  

po in t s  w h e r e  X is z e r o ;  th is  s e t  is  f in i t e .  

As  in the  p r o o f  of t h e o r e m  1, fo r  such  a v e c t o r  f ie ld  X the  se t  of  func t ions  

y :M -* IR such  that  ~ X , y  is  an i m m e r s i o n  and,  when  r e s t r i c t e d  to a s m a l l  ne ighbourhood  

of Sing(X), an embedd ing ,  is  r e s i d u a l .  

F ina l ly ,  to obta in  an e m b e d d i n g  fo r  (X ,y ) ,  y n e a r  y, we  don ' t  need  an open 

c o v e r i n g  in the  p r e s e n t  c a s e .  One can c o n s t r u c t  d i r e c t l y  a map  Yv'V in s o m e  f in i te  

d i m e n s i o n a l  v e c t o r  s p a c e  V, w h i c h  is the  ana logue  of Yt '  wi th  the  fo l lowing  p r o p e r t i e s  : 

( i)  Yo = y; 

(it) f o r  x E Sing(X), the  1 - j e t  of  Yv is  i n d e p e n d e n t  of  v; 

(iii) f o r  x , x '  ~ Sing(X), x # x '  the  map  

.2m 2m j2xm ' . 2 m x j  : V ~ J x(M) x (M) 
] x x '  

2m 
has  a s u r j e c t i v e  d e r i v a t i v e  fo r  air ( x , x ' )  in v = 0; J x(M) is  the  v e c t o r  s p a c e  of 

2 m - j e t s  of  f u n c t i o n s  on M in x; j2xm(v ) is  the 2 m - j e t  of  Yv in x.  

Using Yv one defines a map 

]~:M x M x V RR 2m+l ]R 2m+l • as before . 

The rest of the proof of theorem i now carries over to the present situation. 
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F r o m  the  l a s t  t h r e e  t h e o r e m s  i t  is  c l e a r  how a d y n a m i c a l  s y s t e m  wi th  t i m e  

evolu t ion  q~t and o b s e r v a b l e  y is  d e t e r m i n e d  g e n e r i c a l l y  by the  s e t  of a l l  f unc t ions  

t -* y(~t (x)) .  In p r a c t i c e  the  fo l lowing  s i tua t ion  m a y  o c c u r  : we  have  a d y n a m i c a l  s y s t e m  

wi th  con t inuous  t i m e ,  but  the  value  of the  o b s e r v a b l e  y is  only d e t e r m i n e d  fo r  a d i s c r e t e  

s e t  [0, c ~ , 2 ~ , . . .  } of va lues  of t; c~ > 0. T h i s  happens  e . g .  in the m e a s u r e m e n t s  of  the  

o n s e t  of  t u r b u l e n c e  [6,  8 ,9 ,  10] .  A l so  i n s t ead  of  al l  s e q u e n c e s  of the  f o r m  

[y(~icz(x))}i=0 , x E M, we  only  know such  a s e q u e n c e  fo r  one,  o r  a few va lues  of x 

(depend ing  on the  n u m b e r  of  e x p e r i m e n t s )  and t h e s e  s e q u e n c e s  a r e  not  known e n t i r e l y  

but  only f o r  i = 1 . . . . .  I~ f o r  s o m e  f in i t e  but b ig  i'4 (in [ 6 ] ,  I~ = 8192 = 213). In th is  

l ight  we should know w h e t h e r ,  u n d e r  g e n e r i c  a s s u m p t i o n s ,  the topology  of, and d y n a m i c s  

in the  p o s i t i v e  l i m i t  s e t  

L+(x) = ix '  E M[~t.1 -* ~ wi th  q~t.(x) ~ x '}  
1 

of x is d e t e r m i n e d  by the  s e q u e n c e  {y(q0i, c~(X))}i= 0 . Th i s  ques t i on  is  t r e a t e d  in the  next  

t h e o r e m  and i t s  c o r o l l a r y ;  in l a t e r  s e c t i o n s  we c o m e  back  to the  po in t  that  t h e s e  

s e q u e n c e s  a r e  only  known up to s o m e  f in i te  I~. 

T h e o r e m  4. L e t  M be  a c o m p a c t  man i fo ld ,  X a v e c t o r  f ield on M with  flow ~Pt and p 

a po in t  in M. Then  t h e r e  is  a r e s i d u a l  s u b s e t  CX, p of p o s i t i v e  r ea l  n u m b e r s  such  that  

f o r  C~ ( CX, p, the  p o s i t i v e  l i m i t  s e t s  of p fo r  the  flow qO t of X and fo r  the  d i f f e o m o r p h i s m  

q0c~ a r e  the  s a m e .  In o t h e r  w o r d s ,  fo r  cz E C X , p  we nave  that  e a c h  point  q E M w h i c h  

is  the l i m i t  o f  a s e q u e n c e  ~ t . (p ) ,  t i E IR, t.1 ~ + %  is  the  l i m i t  of a s e q u e n c e  ~n . . r~ (P) '  

n. E ~N, n. ~ 1 1 
1 1 

Proof .  Take  q E L+(p).  F o r  a a ( s m a l l )  p o s i t i v e  r e a l  n u m b e r  de f ine  

C , q  {r~>0 [~ n E iN, s u c h  that  O(~0n.~(p) ,q)  < ~}, 0 is  s o m e  f ixed m e t r i c  on M. 

C l e a r l y  C is  open;  it  i s  a l s o  d e n s e .  To p r o v e  th i s  l a s t  s t a t e m e n t  we  o b s e r v e  that  fo r  
s , q  

any  ~ > 0 and ~ > 0, t h e r e  is  a po in t  of  C in (d,d + ~) i f  and only if t h e r e  is  a 
e , q  

t E ( n . ~ , n . ( ~ ) )  wi th  p ( ~ t ( p ) , q )  < a fo r  s o m e  i n t e g e r  n.  The  e x i s t e n c e  of  such  t fo l lows  

f r o m  the  fac t  tha t  f o r  b ig  n the  i n t e r v a l s  ( n . ~ , n . ( ~  + s ) )  o v e r l a p  (in the s e n s e  tha t  fo r  

b ig  n, n . ( ~  + ~) > ( n + l ) . ~  and the  fac t  that  t h e r e  a r e  a r b i t r a r y  b ig  va lues  of  t wi th  

0(q~t(P),q) < ~.  

S ince  C ~ , q  is  open and d e n s e  we  can take  fo r  C X , p  c IR4_+ the fo l lowing  

= ~ C 1 Iqj} is  coun tab l e  d e n s e  s e q u e n c e  in L+(p).  r e s i d u a l  s e t  C X , p  i, j=i  w h e r e  a 

T ' q j  
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C o r o l l a r y  5. L e t  M be a c o m p a c t  m a n i f o l d  of d i m e n s i o n  m .  We c o n s i d e r  q u a d r u p l e s ,  

c o n s i s t i n g  of a v e c t o r  f ie ld  X, a f unc t i on  y, a po in t  p, and a p o s i t i v e  r e a l  n u m b e r  c~. 

F o r  g e n e r i c  s u c h  ( X , y , p , ~ )  ( m o r e  p r e c i s e l y  : f o r  g e n e r i c  (X ,y )  and  ~ s a t i s f y i n g  g e n e r i c  

c o n d i t i o n s  d e p e n d i n g  on X and p), t he  p o s i t i v e  l i m i t  s e t  L+(p) i s  " d i f f e o m o r p h i c "  wi th  

the  s e t  of  l i m i t  p o i n t s  of  t he  fo l l owing  s e q u e n c e  in IR 2 m + l  : 

[(Y(~Pk, o~ (p)) '  Y(~O(k+l). o~ (P)) . . . . .  Y(g~ (k+2m) .  c~ (P))) ] 2 0  

The meaning of "diffeomorphic" should be clear here : it means that there is a smooth 

embedding of M into IR 2m+l mapping L+(p) bijectively to this set of limit points. 

F o r  f u r t h e r  r e f e r e n c e  we r e m a r k  t ha t  t he  m e t r i c  p r o p e r t i e s  of  

{(Pi R(P) ] i  ~--0. = c M, wi th  { O i . J P ) /  a s  a s e q u e n c e  of d i s t i n g u i s h e d  p o i n t s  a r e  the  s a m e  a s  

bi } ~=1 IR 2 m + l  { c with  {b i} a s  a s e q u e n c e  of d i s t i n g u i s h e d  p o i n t s  : 

b i : (Y(tPl.~(P)) . . . . .  y ( ~ ( l + 2 m ) . c c ( p ) ) )  6 IR 2 m + l  

T h e s e  m e t r i c  p r o p e r t i e s  a r e  the  s a m e  in the  s e n s e  tha t  d i s t a n c e s  in M and 

the  c o r r e s p o n d i n g  d i s t a n c e s  in 1R 2 m + l  h a v e  a q u o t i e n t  w h i c h  is  u n i f o r m l y  bounded  and  

bounded  a w a y  f r o m  z e r o .  

3. L i m i t  c a p a c i t y  and  d i m e n s i o n .  

T h e r e  a r e  s e v e r a l  w a y s  to d e f i n e  the  no t ion  of d i m e n s i o n  fo r  c o m p a c t  m e t r i c  

s p a c e s .  T h e  de f i n i t i on  w h i c h  we u s e  h e r e  g i v e s  the  s o - c a l l e d  l i m i t  c a p a c i t y .  S o m e  

i n f o r m a t i o n  on t h i s  no t i on  can  be  found in [ 1 4 ] .  S ince  t h i s  l i m i t  c a p a c i t y  i s  no t  we l l  

known we t r e a t  h e r e  s o m e  of i t s  b a s i c  p r o p e r t i e s .  

L e t  (S ,p)  be  a c o m p a c t  m e t r i c  s p a c e .  F o r  a > 0 we  m a k e  the  fo l l owing  d e f i n i t i o n s  

s ( S , g )  i s  the  m a x i m a l  c a r d i n a l i t y  of  a s u b s e t  of  S s u c h  t ha t  no two p o i n t s  h a v e  

d i s t a n c e  l e s s  t han  r s u c h  a s e t  i s  c a l l e d  a m a x i m a l  g - s e p a r a t e d  s e t ;  

r ( S , r  i s  the  m i n i m a l  c a r d i n a l i t y  of a s u b s e t  of  S s u c h  tha t  S i s  the  un ion  of  a l l  

t he  r  of  i t s  po i n t s ;  s u c h  a s e t  i s  a l s o  c a l l e d  a m i n i m a l  

r  s e t .  

Note  tha t  
c 

r(S,~) ~ s(S,s) ~ r(S,~) ............. (i) 
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~ h e  f i r s t  i n e q u a l i t y  fo l lows  f r o m  the  f ac t  t ha t  a m a x i m a l  s - s e p a r a t e d  s e t  i s  E - s p a n n i n g .  

T h e  s e c o n d  i n e q u a l i t y  fo l lows  f r o m  the  f ac t  tha t  in an  ~ - n e i g h b o u r h o o d  of any  po in t  (of 
g 

a m i n i m a l  ~ - s p a n n i n g  s e t )  t h e r e  c an  be  a t  m o s t  one poin t  of an  s - s e p a r a t e d  s e t .  

Nex t  we  d e f i n e  the  l i m i t i n g  c a p a c i t y  D(S) of  S a s  

i n  (r(S, s )) I n  (s(S, s ) 
D(S) = m2 = lim j, nf ; 

t he  f ac t  t ha t  the  l a s t  two e x p r e s s i o n s  a r e  equa l  fo l lows  f r o m  (1). ~fhe no t ion  of c a p a c i t y ,  

o r  r a t h e r  S - c a p a c i t y ,  w a s  o r i g i n a l l y  u s e d  fo r  s ( S , s ) .  ~fhis l i m i t  c a p a c i t y  i s  s t r o n g l y  

r e l a t e d  to the  H a u s d o r f f  d i m e n s i o n ,  s e e  [5 o r  12~, wl l ich is  c l e a r  f r o m  the  fo l l owing  

e q u i v a l e n t  d e f i n i t i o n .  L e t  l/ be  a f i n i t e  c o v e r i n g  [Ui] iE I of  S. ~fhen fo r  a > 0 

(Ui))a .  a s  the  i n f t n u m  of Da,1/  w h e r e  t/ r u n s  o v e r  Da,LI = i ~  ( d i a m  Nex t  we d e f i n e  Da ,  s 

a l l  f i n i t e  c o v e r s  of  S e a c h  of w h o s e  e l e m e n t s  h a s  d i a m e t e r  c .  No t i ce  t ha t  

s ) . r  , r ( S , ~ ) . s  ] .  i t  i s  not  h a r d  to s e e  t ha t  t h e r e  i s  a un ique  n u m b e r ,  Da, t ~ [r (S, a a a 

w h i c h  is  in f a c t  the  l i m i t  c a p a c i t y  D(S), s u c h  tha t  f o r  a > D(S), r e s p .  a < D(S), 

l i m  in[  D is  z e r o ,  r e s p .  i n f in i t e .  ~fhis l a s t  de f i n i t i on  of l i m i t  c a p a c i t y  g o e s  o v e r  in 
s-~0 a, g 

the definition of Hausdorff dimension if we replace "each of whose elements has diameter 

s" by "each of whose elements has diameter ha. 

[b l ] i=  0 

by : 

F o r  l a t e r  r e f e r e n c e  we  i n d i c a t e  a t h i rd  d e f i n i t i o n  of  l i m i t  c a p a c i t y .  L e t  

be  s o m e  c o u n t a b l e  d e n s e  s e q u e n c e  in S. F o r  ~ > 0 we d e f i n e  the  s u b s e t  Js a N 

0 E ]e; for [ > 0 : 

i s Js if and only if for all j with 0 ~ j < i and j 6 is' we have @(bi, b j) ~ s. 

C s denotes the cardinality of Je" From these definitions it easily follows that whenever 

0<g <g', 

r(S,s') ~ C < s(S,s). 
s 

in C 
l!r~ ~ From the literature, see [12] Hence we may also define D(S) by D(S) = ~ in[ -in s 

we know that the Hausdorff dimension is greater than or equal to the topological dimension 

and from the above considerations it is clear that the limit capacity is greater than or equal to 

the Hausdorff dimension. Both the Hausdorff dimension and the limit capacity depend on the metric 

(and not only on the topology). If however p and p' are metrics on S such that for some constant 

C and any x,y E S, C.p(x, y) a p'(x, y) a c-l.p(x, y), then the limit capacity and the Hausdorff 

dimension are the same for the metrics p and p'. In this case the metrics p and ~' 

are called metrically equivalent. Finally if S is a compact manifold with a metric p 
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w h i c h  i s  m e t r i c a l l y  e q u i v a l e n t  wi th  a m e t r i c  i nduced  by a R i e m a n n i a n  s t r u c t u r e ,  t h e n  the  

l i m i t  c a p a c i t y  e q u a l s  the  topo log ica I  d i m e n s i o n .  

Examples where the Hausdorff dimension is different from the limit 

capacity were given by Man~ [14]. It seems to be an open question whether a 

difference between Hausdorff dimension and limit capacity can occur for positive limit 

sets of smooth vector fields on compact manifolds; if the answer is no then for all our 

purposes the Hausdorff dimension and the limit capacity are the same. 

C o n t r a r y  to the  t o p o l o g i c a l  d i m e n s i o n ,  the  H a u s d o r f f  d i m e n s i o n  and  the  l i m i t  

c a p a c i t y  need  no t  be  i n t e g e r s .  If we  t ake  f o r  e x a m p l e  fo r  g a C a n t o r  s e t  in IR, d e f i n e  

as ~ = ~ where : S O [0, i]; Si+ I z z i=0Si = c S.; S. has 2 i intervals of length i, R < �89 and 

Si+ 1 is obtained iron S by removing in the middle of each segment of S. a segment of 
I 1 

length R~.(I-2R). We takeas countable dense subset S the union of the left endpoints of 

i . 2 i" the intervals of S. for all i. If we compute C for r = cr we find C = From 
1 g I 

t h i s  it  i s  no t  h a r d  to d e d u c e  tha t  CL 

i n  2 
D(S) = - 

i n  

In d e t e r m i n i n g  the  l i m i t  c a p a c i t y  of  a c l o s e d  s u b s e t  of  a c o m p a c t  m a n i f o l d  

it  i s  i m p o r t a n t  to no te  tha t  t h e r e  i s  on ly  one  m e t r i c  e q u i v a l e n c e  c l a s s  on the  m a n i f o l d  

w h i c h  c o n t a i n s  a m e t r i c  induced  by a R i e m a n n i a n  s t r u c t u r e .  L i m i t  c a p a c i t y  i s  a l w a y s  

a s s u m e d  to be  de f ined  wi th  r e s p e c t  to a m e t r i c  in t h i s  c l a s s .  

4. Determination of dimension and entropy. 

We consider the following situation : M is a compact manifold with a smooth 

vector field X, a smooth function y:M - IR and a point p E M. We assume that p is 

part of its own positive limit set L+(p); also we assume that for some fixed (~ > 0, the 

sequence [cpi~(p)}i~0 is dense in L+(p) and that (cp ,y) is generic in the sense of theorem 

i; cpt denotes the flow of X. Note that the only non-generic assumption we made on 

( M , X ,  y , p , ~ )  i s  p E L+(p) .  T h i s  a s s u m p t i o n  c a n  in s o m e  s e n s e  be  j u s t i f i e d  : i f  t h e  o r b i t  

qot(q) g o e s  to an  " a t t r a c t o r  f o r  t - co", t hen  if we  r e p l a c e  q by  cpT(q ) = q,  ~f >> 1, it  i s  

a l m o s t  t r u e  tha t  q E L+(q) .  So the  a s s u m p t i o n  p E L+(p) c a n  be  s e e n  a s  a w a y  to 

i n c l u d e  in the  d e s c r i p t i o n  ( s e e  the  i n t r o d u c t i o n )  the  f a c t  tha t  we  can  only  s t a r t  m e a s u r i n g  

a f t e r  the  e x p e r i m e n t  i s  a l r e a d y  g o i n g  fo r  qu i t e  a t i m e  (with f ixed  [t). 



377 

In t h i s  s i t u a t i o n  we have  the  s e q u e n c e  {a i = y(q9 i .R(p))}~0= w h i c h  r e p r e s e n t s  

the  e x p e r i m e n t a l  ou tpu t  (so  f o r  the  m o m e n t  we a s s u m e  the  e x p e r i m e n t  ha s  b e e n  c a r r i e d  

out  f o r  an  in f in i t e  a m o u n t  of t i m e ) .  F r o m  th i s  s e q u e n c e  we ob ta in  s u b s e t s  J n , e  a kN by 

the  fo l lowing  i nduc t i ve  d e f i n i t i o n  ( s e e  a l s o  the  end of s e c t i o n  3) : 

0 E Jn, s ;  f o r  i > 0 : 

i ~ J n , s  if and on ly  if  f o r  a l l  0 < j < i, w i th  j E Jn, s 

m a x ( l a i - a j l ,  J a i + l - a j + l  I . . . . .  ] a i + n - a j + n l  ) > a . 

Cn,  e d e n o t e s  the  c a r d i n a l i t y  of ]n,e 

Main  t h e o r e m .  ~lhe l i m i t  c a p a c i t y  of L+(p) e q u a l s  

l nC  
D(L+(p))  = limn ~ (lim_~ ~nf ~ n '  c )), 

w h e r e  l i m  r e a c h e s  the  l i m i t  va lue  f o r  e v e r y  n a 2 (d im(M)) .  
n 4  m 

T h e  t o po log i ca l  e n t r o p y  of q~c~ [L+(p) e q u a l s  

InC 
H(L+(p))  = l i  n , r  e~r~ ( t im 4~u  p ( - - - - 7 - - ) )  , 

w h e r e  ii+m 0 of ten  ( e . g .  if  L+(p)  is  an  e x p a n s i v e  b a s i c  s e t  [ 3 ] )  r e a c h e s  the  l i m i t  va lue  f o r  

e v e r y  0 < r < ~0 fo r  s o m e  r 

P roof .  We take  s o m e  N a 2 . d i m ( M ) .  T h e  m a p  ~5:M -* IR N+I ,  de f ined  by  

q ~ (y(q),y(r . . . . .  Y(ON.cz(q)) 

is  an  e m b e d d i n g .  On ~5(M) we  u se  the  m e t r i c  

p ( (x  0 . . . . .  XN), (x  0 . . . . .  x N) )  = m a x  ]x i -x ; [  . 
i 

~Ihis m e t r i c  i s  e q u i v a l e n t  in the  m e t r i c  s e n s e  to any  m e t r i c  on ~ ( M )  d e r i v e d  f r o m  a 

R i e m a n n i a n  m e t r i c .  Se we m a y  u s e  p to c o m p u t e  D(L+(p))  = D( r  

T h e  f i r s t  s t a t e m e n t  in the  m a i n  t h e o r e m  now fo l lows  by  a p p l y i n g  s e c t i o n  3 to 
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to the s e q u e n c e  ~qoi.~t(p)];1 in L+(p). 

Next  we c o m e  to the d e t e r m i n a t i o n  of the topologica l  en t ropy  of L (p). 

F o r  th is  we have  to find the c a r d i n a l i t y  of a m i n i m a l  s - s p a n n i n g  se t  of o rb i t s  of 

length n, s ee  Bowen ~2].  A m i n i m a l  e - s p a n n i n g  se t  of o rb i t s  of  length  n of ~cr is  a 

f in i te  se t  [q t} i ( i  in L+(p) such that  : 

(t) f o r  e v e r y  q E L+(p) t he r e  is s o m e  i 0 E I such  that P(Oi .~(q) 'o i .o t (q io) )  < S fo r  a l l  

0 ~ i < n ;  

(ii) a m o n g  a l l  subse t s  of L+(p) s a t i s fy ing  (i), [qi}iEi has  m i n i m a l  c a r d i n a l i t y .  

Le t  r ( n , s )  be this  c a rd ina l i t y .  T h e r e  is a l so  a m a x i m a l  c a r d i n a l i t y  of g - s e p a r a t e d  o rb i t s  

of length  n, denoted by s (n , a )  ( see  [1 ] ) .  The  en t ropy  can now be def ined as 

= - -  ( l n ( s ( n ,  s ) )  
H(L+(p)) lsim 0 (Iimn.,oo sup(' ln r{n, S ) n  )) = s"oliIrk (limn.,~sup - n )" 

If we use  the m e t r i c  p, def ined above,  we can r e p l a c e  s ( n , s )  o r  r ( n , s )  by Cn+N,s ;  s ee  

sec t ion  3. F r o m  this  we obtain : 

H(L+(P)) = Ii~rn0 (iimn-*Sup ( ln(Cn+N'  s)  ) ) n  ~- lirrk ( l i r a s  ~ u n-*~sup ( ln (Cn '  S ) n  - -  ) )  . 

O b s e r v a t i o n .  Appl ica t ion  of this  main  t h e o r e m  to the output of the " f a y l o r - C o u e t t e  

e x p e r i m e n t ,  d e s c r i b e d  in the in t roduc t ion ,  g ives  s o m e  c o m p l i c a t i o n s  due to the fact  that  

{ai}i=lN is f in i te  in this  c a s e .  F o r  such a f in i te  s equence  one should p roceed  as  fol lows:  

Jn, s ~ N as  fo l lows : fo r  n , s , m  with  n + m g IQ we def ine  subse t s  , m  

(i) 0 E J n , a , m ;  fo r  i > 0 : 

(it) i ~ Jn , s ,m  

(a) 

(b) 

if and only if both : 

i ~ m ;  

fo r  a l l  j < i, j ~ J n , s , m ' 0 ~ l <  ~x  )ai+k - aj+k) > s .  

Jn s ,  l i m C  =C Cn, s ,  m denotes  the c a r d i n a l i t y  of , m" F o r  iq = % one would have m -*= n , s , m  n , s  

Cn, s ,  m is n o n - d e c r e a s i n g  in m.  Hence  it s e e m s  r e a s o n a b l e  to take C n , s , i q _ n  as  an 

a p p r o x i m a t i o n  of Cn, s p rov ided  the d i f f e r e n c e  be tween  Cn, s,i,]_ n and say,  Cn, as189 ] 



379 

i s  s u f f i c i e n t l y  s m a l l ,  s a y  of  t he  o r d e r  of  1 o r  2~0. In t h i s  w a y  we  h a v e  t he  p o s s i b i i i t y  

of  c a l c u l a t i n g  C in a c e r t a i n  r e g i o n  of t he  ( n , e ) -  p l a n e ;  a l s o  one  shou ld  c o n s i d e r  t h e s e  
n , 8  

v a l u e s  f o r  C on ly  r e l i a b l e  if ~ i s  we l l  a b o v e  the  e x p e c t e d  e r r o r s  in the  m e a s u r e m e n t .  
n , g  

F r o m  t h e s e  n u m e r i c a l  v a l u e s  f o r  C one  s h o u l d  d e c i d e ,  on t he  b a s i s  of  t he  m a i n  
+ n ,g  

t h e o r e m  wha t  the  v a l u e s  of  D(L (p)) and  H(L+(p))  a r e  o r  w h e m e r  the  l i m i t s  d e f i n i n g  t h e s e  

v a l u e s  "do  no t  e x i s t  n u m e r i c a l l y " .  

If, in the  c a l c u l a t i o n  of D(L+(p)) ,  the  lnirtz would  h a v e  the  t e n d e n c y  of  g o i n g  

to in f in i ty ,  t h i s  would i m p l y  tha t  r e p r e s e n t i n g  the  evo lu t i on  on a f in i t e  d i m e n s i o n a l  

m a n i f o l d  i s  a m i s t a k e .  If on the  o t h e r  hand  t h i s  I i m i t  would  go to a n o n - i n t e g e r ,  t h i s  

would  be  e v i d e n c e  in f a v o u r  of  a s t r a n g e  a t t r a c t o r .  N a m e l y ,  a s  we h a v e  s e e n  in 

s e c t i o n  3, f o r  a C a n t o r  s e t  C we  m a y  h a v e  D(C) a non  i n t e g e r ,  and  s t r a n g e  a t t r a c t o r s  

h a v e  in g e n e r a l  a C a n t o r  s e t  i ike  s t r u c t u r e ,  e . g .  s e e  [ 3 ] .  

If the  e x p e r i m e n t a l  da t a  do not  c l e a r l y  i n d i c a t e  the  l i m i t s  in t he  c a l c u l a t i o n  

o f  D(L+(p))  and  H(L+(P)) to e x i s t  and  to be  f in i t e ,  t h e n  bo th  t he  L a n d a u - L i f s c h i t z  and  t h e  

R u e l l e - T a k e n s  p i c t u r e  a r e  to be  r e j e c t e d  a s  e x p l a n a t i o n  of the  e x p e r i m e n t a l  d a t a .  

F i n a l  r e m a r k s .  

1. It d o e s  no t  s e e m  to be  known w h e t h e r ,  f o r  d i f f e r e n t i a b l e  d y n a m i c a l  s y s t e m s  

t he  " i n f '  and  " s u p "  in the  de f i n i t i on  of l i m i t  c a p a c i t y  and  e n t r o p y  c a n  be  o m i t t e d .  If 

t h e y  c a n  o m i t t e d ,  one  h a s  a b e t t e r  t e s t  on t h e  v a l i d i t y  of  the  a s s u m p t i o n s  " f i n i t e  

d i m e n s i o n a l  and  d e t e r m i n i s t i c "  : a l s o  the  f i r s t  l i m i t  h a s  " to  e x i s t  n u m e r i c a l l y " .  

2.  Y o r k e  po in t ed  out  to t he  a u t h o r  t ha t  he  and  o t h e r s  had  m a d e  c a l c u l a t i o n s  of 

l i m i t  c a p a c i t i e s  in r e l a t i o n  w i t h  a c o n j e c t u r e  on L y a p u n o v  n u m b e r s  and  d i m e n s i o n  f o r  

a t t r a c t o r s ,  s e e  [ 7 ] .  H i s  c a l c u l a t i n g  s c h e m e  i s  d i f f e r e n t  f r o m  o u r s  a n d  p r o b a b l y  f a s t e r .  

T h e  c a l c u l a t i o n s  i n d i c a t e  t ha t  the  c o m p u t i n g  t i m e  r a p i d l y  i n c r e a s e s  w i th  d i m e n s i o n ,  w h i c h  

p r o b a b l y  a l s o  h o l d s  f o r  o u r  c o m p u t i n g  s c h e m e .  

3.  It shou ld  be  no t i c ed  t ha t  t he  d e f i n i n g  f o r m u l a s  f o r  d i m e n s i o n  and  e n t r o p y  

b e c o m e  m o r e  a l i ke  w h e n  we  w r i t e  t h e m  in the  fo l l owing  f o r m  . 

i n C  

D(L+(p)) = n -'~lim (liem~n f (__.r r 

l n C  
H(L+(p)) = Is~r ~ ( l i n m s u p  _ ( n _ . ~ n  s))n,e . 
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lnC 
n,~ by Z ( n , - I n  r and r e g a r d  both n and - l n  r as  cont inuous v a r i a b l e s  If we denote  n - l n  

one ~an see  f r o m  a few examples  (Anosov a u t o m o r p h i s m s  on the to rus  and h o r s e s h o e s )  

tha t  often lir~ ~ Z(~,/~) ex i s t s  for  a l l  pos i t ive  T, fo rming  a o n e - p a r a m e t e r  fami ly  of 

" topological ly  i nva r i an t s "  connec t ing  en t ropy  with l im i t  capaci ty .  It would be i n t e r e s t i ng  

to inves t iga te  the ex i s t ence  of these  l imi t s  for  m o r e  gene ra l  a t t r a c t o r s .  Th i s  might  be 

connected with the above ment ioned con jec tu re  of Yorke .  
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