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FREQUENCY FROM NONUNIFORM SAMPLES*
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Abstract. We propose a new approach for studying the notion of the instantaneous frequency of
a signal. We build on ideas from the Synchrosqueezing theory of Daubechies, Lu, and Wu [Appl. Com-
put. Harmonic Anal., 30 (2010), pp. 243-261] and consider a variant of Synchrosqueezing, based on
the short-time Fourier transform, to precisely define the instantaneous frequencies of a multicom-
ponent AM-FM signal. We describe an algorithm to recover these instantaneous frequencies from
the uniform or nonuniform samples of the signal and show that our method is robust to noise. We
also consider an alternative approach based on the conventional, Hilbert transform-based notion of
instantaneous frequency to compare to our new method. We use these methods on several test cases
and apply our results to a signal analysis problem in electrocardiography.
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1. Introduction. In a recent paper [5], Daubechies, Lu, and Wu proposed and
analyzed an adaptive wavelet-based signal analysis method that they called “Syn-
chrosqueezing.” The authors considered continuous-domain signals that are a super-
position of a finite number of approximately harmonic components, and they showed
that Synchrosqueezing is able to decompose an arbitrary signal of this type. They
showed that for such signals, Synchrosqueezing provides accurate instantaneous fre-
quency (IF) information about their constituent components

The concept of IF is a natural extension of the usual Fourier frequency that
describes how fast a signal oscillates locally at a given point in time, or more generally,
the different rates of oscillation at a given time. However, IF has so far remained a
somewhat heuristic concept and has lacked a definition that is both mathematically
rigorous and entirely satisfactory [11]. The analysis of signals from samples spaced
nonuniformly in time is also an important problem in several applications, arising in
radar detection, audio processing, seismology, and many other fields [1, 12]. In this
paper, we propose a new approach based on Synchrosqueezing to precisely define the
instantaneous frequencies of a signal, and to recover these instantaneous frequencies
from the uniform or nonuniform samples of the signal.

We consider a class of multicomponent AM-FM signals, comparable to the type
studied in [5], and define a variant of Synchrosqueezing based on ideas similar to
those in [5] but using the short-time Fourier transform (STFT). We show that by
applying this modified Synchrosqueezing transform to an impulse train weighted by
the samples, we can determine the instantaneous frequencies of the signal with high
accuracy. We show furthermore that this procedure is robust with respect to noise.
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For purposes of comparison, we also consider a parallel approach based on the con-
ventional, Hilbert transform-based notion of IF, combined with a well-known least-
squares method for bandlimited signal reconstruction from nonuniform samples [10].
We apply both methods to several test cases and compare their performance. We also
consider a problem concerning the extraction of respiration data from a single-lead
electrocardiogram (ECG) signal and show how these methods can be used to study it.

This paper is organized as follows. In section 2, we briefly review the conventional
approach to IF. In section 3, we describe our Synchrosqueezing-based algorithm and
present the main new concepts and results of the paper. Our adaptation of the least-
squares method for bandlimited functions is described in section 4. We then perform
our numerical experiments in section 5 and discuss the application to ECG analysis.

2. Background material. We first discuss the precise meaning of the IF of a
signal and some of the obstacles encountered in computing it. We start by making
a few definitions. Let f be a tempered distribution. We denote the forward and
inverse Fourier transforms of f by f and f, respectively, using the normalization

o —

e~me? = ¢~ For a fixed window function g in the Schwartz class S, we denote the
modified short-time Fourier transform of f by

(1) V,f(t,n) = /jo F)ale — e im0 gy,

This is simply the regular STFT with a modulation factor 2™ which will be con-
venient for our purposes. We will also occasionally write f; =~ f5 if the inequality
C1f1 < fa < Csfy holds, where C'y and Cs are constants independent of f; and fs.
Finally, we will let sinc(x) := SIHTE—;””)

We now consider a function f having the AM-FM form f(t) = A(t) cos(2m¢(t)).
We want to determine ¢'(¢), which intuitively describes the local rate of oscillation of
f at t. This leads to the following general definition.

DEFINITION 2.1. Suppose that f is a superposition of K AM-FM components,

having the form

M=

(2) f(t) =) Ax(t) cos(2me(t))

k=1

with ¢}, (t) > 0 for all k. Then the ideal instantaneous frequencies IIF(f, Ay, o) are
defined to be the set of functions {¢},(t) }1<k<k -

Note that this concept makes sense only if all the component functions Ay and ¢y
are known, and it is impossible to define the IF of an arbitrary function f in this way.
In fact, an arbitrary f will generally not have a unique representation of the form (2),
with many different choices of Ay, ¢, and K possible. Even if we restrict K = 1,
there is in general no way to separate the amplitude factor A; from the frequency
factor cos(2m¢) without having some additional information on f.

In data analysis applications, we typically know only the full signal f and we want
to obtain an approximation to the IIF. One of the most commonly used approaches
for doing this can be described as follows [11]. For an appropriate f, we define the
operator Pt f = (f 4+ iHf) /2, where Hf = (—isign(n)f(n)) is the Hilbert transform
of f. PT is known as the Riesz projection in mathematics and as the single-sideband
modulation or the analytic signal in the engineering literature. We then consider the

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 03/15/14 to 169.237.215.179. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

2080 GAURAV THAKUR AND HAU-TIENG WU

Hilbert transform IF given by

.
() IFy f(t) = %Im (%) .

The motivation for this concept is that the function f is assumed to have the
form (2) with a single AM-FM component, f(t) = A(t) cos(2m¢(t)), and under some
conditions, IF g f(t) is a good approximation to ¢'(t). The Bedrosian theorem states
that if supp(A) and supp(cos(2r¢)) are disjoint, then P* f(t) = A(t)- P* cos(2me(t)).
If we additionally assume that supp(exp(2mi¢)) C [0,00), then P¥ cos(2w¢(t)) =
™) and we have IF y f(t) = s=Im(2mi¢/ (t) + %) = ¢'(t).

These conditions on A and ¢ are fairly restrictive and cgl_ie hard to verify for
real-world signals, particularly the requirement that supp(exp(2mi¢)) C [0,00). Even
when they hold, the computation of IFy is often sensitive to noise and numerical
roundoff errors due to the Hilbert transform computation and the possible cancellation
of zeros in the numerator and denominator of (3). In spite of this, IFy has proven
to give meaningful results for signals arising from a variety of applications, and is in
widespread use in data analysis. We refer to the papers [11] and [3] for more details
on the physical interpretation of IFy. In section 3, we will propose an alternative
approach based on different ideas to approximate the IIF of a signal. We return to
IFy in section 4 and show how it can be computed from nonuniform samples of a
bandlimited signal.

3. Synchrosqueezing with the short-time Fourier transform. Synchro-
squeezing is an approach originally introduced in the context of audio signal analysis in
[6] and was recently developed further in [5]. Synchrosqueezing belongs to the family of
time-frequency reassignment methods and is a nonlinear operator that “sharpens” the
time-frequency plot of a signal’s continuous wavelet transform so that it provides more
useful information about the IF. In contrast to the reassignment methods discussed in
[2], Synchrosqueezing is highly adaptive to the given signal and largely independent
of the particular wavelet used, and also allows the signal to be reconstructed from the
reassigned wavelet coefficients. We refer to the paper [5] for more details.

In this paper, we take a slightly different approach to Synchrosqueezing than in
[5], based on the modified short-time Fourier transform. We will develop our theory
independently of the results in [5] and show that this new Synchrosqueezing transform
provides a way to estimate the IIF of a given function from discrete, nonuniform
samples of the function. We will make a series of definitions leading up to our main
theorem. We first define the following class of functions.

DEFINITION 3.1 (intrinsic mode functions). The space B, of intrinsic mode func-
tions (IMFs) of type B consists of functions f having the form

(4) f(t) = A(t)em o
such that for some fized e < 1, A and ¢ satisfy the following conditions:

Ape LonC™®,  A™ oM e [ Ym, A(t) >0, ¢'(t) > 0,
(A e < €l llpoes 10711 < €lld] poc -

We then consider the function class Be 4, defined as follows.
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DEFINITION 3.2 (superpositions of IMFs). The space Be q of superpositions of
IMFs consists of functions f having the form

K
)= filt)
k=1

for some K >0 and f = Ape*™ % ¢ B, such that the ¢y satisfy

inf ¢ (t) — sup Pr—1(t) > d.

Our main results in this paper will be stated for B. g functions. Intuitively,
functions in B¢ 4 are composed of several oscillatory components with slowly time-
varying amplitudes and ITFs (we call these components IMFs, following [5]), and the
IIFs of any two consecutive components are separated by at least d. This function
class is fairly restrictive, but it turns out to be a reasonable model of signals that arise
in many applications, and the conditions on the IMFs will allow us to obtain accurate
estimates of the IIF of f. Note, however, that B, 4 is not a vector space. We next
define a closely related notion.

DEFINITION 3.3 (impulse trains). Let T > 0 and {a,} € [*° with ||[{a,}|i~ < T2
The impulse train class is defined by

pliet = { S (T +anps —an)d(t —Tn—a)f(t): fe Be,d} .

n=—oo

We can treat elements of the impulse train class D, { "} as tempered distributions.
As T — 0, f € DT an} converges weakly to f € BE d Wlth respect to Schwartz test

functions, so D d{a"} can be thought of as a sampled version of the continuous-domain
Be,q class. In apphcatlons we are given a collection of nonuniformly spaced samples
of the form {f(t,)}, t, = Tn+ an, where {a,} represents a small perturbation from
uniform samples {T'n} with sampling interval 7. This can be converted to an element
in the class DT7{a"} by multiplying f(¢,) by a factor ¢, 41 —t, =T + apni1 —

For a glven w1ndow functlon }g € &, we can apply the modified short-time Fourler
transform (1) to any f € D I {an Wlth the tempered distribution f acting on g(- —

t)e=2mm(=1) ¢ S. When |ng(t,77)| > 0, we define the IF information wf(t,n) by

) wft,n) = gl

The idea with (5) is that 0,V f is a first approximation to the IF of f, and
dividing by Vj, f “removes the influence” of the window ¢ and sharpens the resulting
time-frequency plot. We can use this to consider the following operator, which will
be our main computational tool in this paper.

DEFINITION 3.4 (STFT Synchrosqueezing). For fe Dzzi{a"}, the STFT Syn-
chrosqueezing transform with resolution o > 0 and threshold v > 0 is defined by

© 520 = |{n: le-wfenl < 5. ez 0<n< 7]

where (t,€) € R x aN and |-| denotes the Lebesgue measure on R.
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S f is a kind of highly concentrated version of w f that “squeezes” the content
of wf closer to the IF curves in the time-frequency plane. We are finally in a position
to define an alternative notion of IF, based on the concepts discussed above.

DEFINITION 3.5 (Synchrosqueezing-based instantaneous frequency). The Synchro-
squeezing-based IF with resolution o and threshold v of f € Be g, estimated from a

corresponding f € Dzzi{a"}, is a set-valued function IFgf(t) : R — 2°N given by

IFsf(t) = {an :n €N, 8% f(t,an) > 0} .

As a motivating example of this concept, let f(t) = €™ € B.4. The IIF is
clearly the singleton {1}. For the window g¢(¢t) = e~ we can compute Vyf(t,m) =
e2mit=m(=1* 56 w(t,n) = 1 for all (¢,5). This means that for v = 0, SV f(t, &) will
be supported on {|1 |a, [1]a} for all ¢, which is close to {1} for small . We will
show in Theorem 3.6 that if f € DZ’UI{G"} is a sampled approximation of f and a and
~ are chosen appropriately, then it has the same IFg set.

We will use several auxiliary notations in the statement and proof of our main
theorem. Let

K o
(1) FO =D 3 6t —Tn—an)(T + ant1 — an) Ag(t)e? ") € Do)

k=1n=—o00

We then define the following expressions:

I = / g™ () ds,

7= U Zn, In=[Tn,Tn+a,] ifa, >0or [Tn+a,,Tn] ifa, <0,
nez
K

Er:= el (I 4[| Akl o I2)
k=1

K

1

By = eldillp~ (ﬁfo + (A&l oo + 105l o) I+ 7| Akl oo [0l e 12> ;
k=1

Ey:= sup |[|¢}]lp -
1<k<K

This leads to the following results.

THEOREM 3.6. Let 0 < T < 1. Suppose that we have f S D:’d{a"} as in
(7) with |[{an}]l;}~= < T2 and a window function g € S with supp(g) C [—4, 2]
and [;|g9(x)| + |¢'(z)|dx < & [{an}|,~ for a constant k. Then there exist numbers
Ey = E5(Ak, ¢, g) and Ef = Es(Ayg, ¢k, g) such that if we have a given resolution o

satisfying

2(E1 + Ey)

«@ + 2F3,
= "B+ B 3

then the following statements hold.
1. Let 0 < < % and fir k, 1 < k < K. For each pair (t,n) € Z; = {(t,n) :

|1 = ¢ (8)] < &} with |V, f(t,n)| > Er + Ez, we have |[wf(t,n) — ¢1,(H)] < §-
If (t,n) & Zi, for any k, then |V, f(t,n)| < By + Es.
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2. Suppose we have a threshold v such that By + Ey < v < |ng(t,77)| for all
(t,n) € Zx. Then for all t, S“Vf(t,£) is supported in the 2K -point set

Uncrerc {157 Jo [ o}

Theorem 3.6 says that the IFg defined by STFT Synchrosqueezing approximates
the IIF set accurately up to the preassigned resolution «, without knowing anything
about the symbolic form of f. The result also does not depend on the precise shape
of the window g that we use, so the IFg is in a sense adaptive to the structure of the
sampled function f. The procedure suggested by Theorem 3.6 can be implemented
as follows. We first discretize f on a uniform grid (finer than T') by zero-padding in
between the impulses. For each ¢, we can then compute Vj f and 0,V f = —Vy f +
2minVy, f using fast Fourier transforms and use the results to approximate S f (t,an)
for n € N. In practice, the upper bound on 7 in (6) is determined by how finely f is
discretized, and as long as the threshold ~ is not too small, we ignore the locations
where the denominator in (5) is close to zero and avoid numerical stability issues. We
finally find the (numerical) support of S*7f(t,-) to determine the component(s) of
IFs f(1).

There is a tradeoff between o and v and the fluctuation of the ITF components,
and this is a kind of uncertainty principle that is inherent to the IF g concept. The IF g
is only meaningful up to the resolution «, and beyond that, we cannot approximate
the IIF to any further level of accuracy. In the simplest case when the amplitudes
{4} and IIF components {¢} } are all constant, the lower bound on « will be small
and will allow us to specify a fine resolution «, resulting in a very accurate estimate
of the IIF. On the other hand, if the {A}} or {¢}} are large, then the lower bound
on 7 will be significant, making Saﬁf(t,f) = 0 for most ¢t. In physical terms, the
existence of a v in Theorem 3.6 ensures that the magnitude of each component is not
too small and its IIF is not too rapidly oscillating, or else the component would be
indistinguishable from noise. ~

The proof of Theorem 3.6 involves a series of estimates. Let f and f be given
as in Theorem 3.6. In what follows, we let Q1 (t,n) = Ax(t)e>™ M g(n — ¢ (1)) to
simplify some notation.

LEMMA 3.7. If (t,n) € Zy for some fired k, 1 < k < K, then

® V() — Qult.m)] < By
and
(9) S0V, () — qs;(t)cgk(t,n)‘ <

If (t,n) & Zy for any k, then
1
Vof(t,n)| < Er  and ‘%atvgf(t,n)‘ < Ej.

Proof. Note that for any [, the bandwidth condition on g shows that Q;(t,n) =0
whenever (t,1) ¢ Z;. We assume (t,n) € Zj, for some k, as the other case can be done
in exactly the same way. For the first bound (8), Taylor expansions show that

|1 — e2mi(=dn(@)+r()+@—)9h ()| < 7 Il e |2 — 2%
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It follows that

K

k=1

K o0
<2 [/ [A44(w) — Ax()] [gl — )e2m10=0

k=1

" |Ak(t)|/ ‘627ri¢k($) _ e?wi(¢k(t)+(gc7t)¢§c(t))‘ }g(x _ t)6727ri17(17t)‘ dx}

<

WE

(/_OO [kl |2 =t |g(x — t)| da

E
Il

1

AL [ w6l o~ 1l — 0 o)
K
<Y elldillpoe (47| Axll e I2)

k=1
We follow similar arguments for the second bound (9). We first have the estimate
| Ag ()@} ()26 (@) — Ay (1)) (t)e 2mi(Pk (1) 1 (1) (z=1)) |
< |Aw(@)¢(2) = ()9 (1) + [L — ORI Ay (1) (1)

< (RN oo N85 e + 1 AR Lo 19k 1] o) [ — 2]
7| Akl oo 0kl oo 1651 oo 2 — 217

Thus we obtain

\%atvgf@,n) - qsz(t)Qk(t,n)\

27rz¢k _ —2min(x—t)
[ 271'2/ Ag( 20, (g(x — t)e )dx

(1) Aw () / 2oL (084020 g t)e—z)mmr—t)dx}

K
<) [ / Ak @)k (@) — A (£)g (12 OO g — )| do

k=1

1
tor [ 14 lgte ~as]
K
/ / / 1
< S el (IAlm o+ 100 B+ 7 Al [l P 5o00) -
k=1

LEMMA 3.8. Let 0 <n < Then

1
T

(10) Vof(t.m) = Vo f(t,n)| < B
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and
1 -

for some numbers Ey = FEs(Ag, bk, g) and Ef = E5(Ag, bk, g) independent of n or
T.
Proof. Suppose h € C'. Then, denoting t,, = Tn + a,,, we have

oo

S (bnst — t)h(ta) — /_ " ntdt
Z /t"+1 uw)(u — tyy1)du

n=—oo

‘/ (’LL — tn+l)x[tn,tn+1](u)du :

n=—oo

(12)

Since V,f(t,n) = 300 (tnr1 — tn) f(tn)g(tn — t)e 27— e use the above
calculation to find that

Vaf(t.m) = Vyf(t.m)

/ ( ()2~ (u=)m) g t)) ST (U=t 1) Xt ) (W) du

i(\/ Cu)Cw)du

where we let G(u) := 27mi Ay (u) (@}, (u) —1)g(u — t)e? ™ P =un and C(u) = > 00
(U = tny1)Xftn tnia) (u). For brevity, we will fix & and omit the subscripts on A;, and
¢r in what follows. The function C(u) is well approximated by the uniform sawtooth

function

IA
?Mw =

26T [l o + 2T [ Aell Io)

W(u) = Z (u—T(n+1)Xnr(n+)(u) = — Z % - g

n=-—0o0 n=1

where the last equality holds for almost all u. We define the difference D(u) =
W(u) — C(u). Since G € S, using the Parseval theorem gives

' [ ) w)du

/_ 6t 3 2Dy - 605 + [~ G

- (o)) o

We now consider each term in (14) separately. For the first term, we will need an
estimate of G(£). We claim that G will be insignificant outside intervals centered at
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@' (u) —n. For any J > 0, let £ be such that |¢'(u) —n —&| > J. Then we have

G()] = 2n

| A6 @) - memen-mr g i

/OO e2mi(¢(u)=(n+ou) g (A(U)(QS/(U) s t)) du‘

=27

¢'(u) —n—¢§
< on( N Al L~ Lo+ €l[¢ll poe Lo+ |9l g ANl L) + €19l o | Al L Lo
< E
J(elo + [|Al| o Ip) + € [|A]| L Lo
n N

1 1
15 <C =+ —=
15 <+ (34 5)
where the constant Cy = C1(Ag, ¢, g) is independent of n or J. We take J =
max(2%2 — LF, L~ — 222 Z) with the numbers L and L~ chosen such that L~ <
|¢/(u) —n| < LT for all u. This gives

S (o3¢ ()

> 2T

S Cl (77 + 1) 2mn — 2mn w
;4wnmax(T—L+,L _T’T)

[e%e) T 2
<Ci(n+1) Z 2max(|LT — L7, 1) (—)
ot 2mn

T2 (n+1)

(16) = Cymax(|LT — L™|,1) B

For the second term in (14), we consider two cases. If |¢/(u)—n| > J, then calculations
similar to those in (15) show that

|é(0)| =9 /OO 627”‘((1)(“)7"“’)8 Al(u)g(u’ - t) + A(u)gl(u - t) du
—00 “ ¢I(u) -1
- 27T<|AN|L°° Io + 2| A" e Lo + || All o 19
- J

N e 1AM To + 167l e ANl Ié)

72
1 1

<Oy =+ —

< 2<J+J2)

for some constant C. On the other hand, if [¢'(u) — 5| < J, then we can eas-
ily estimate |G(0)| < ||G||;1 < 27| Al JIo. We now choose a J that minimizes
max(Ca (3 + 55) , 27 |A]| .o J1o) over all 0 < i < 4. This results in a bound of the
form

a7) 16O < ¢

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 03/15/14 to 169.237.215.179. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

SYNCHROSQUEEZING INSTANTANEOUS FREQUENCY 2087
for a constant C3. The third term in (14) is controlled by the nonuniform perturbation

{an}. Note that if u ¢ Z, then |D(u)| < 2|[{an}|;~, and for v € Z, we have |D(u)| <
T +2|{an}||;e- This gives

‘/_Z G(u)D(u)du

/ Gu)D(wdu+ [ Glu)D(u)du
I R\T

<16 = il JAL e (€ oo [ oot T Han) -
(18) < (11l +m) [ Al g (T +T?)RT + L,T?).
Combining (13), (16), (17), and (18), we end up with an estimate of the form
Vof(tm) = Vot ()| < G + T2+ 1)

for some Cy = Cy(Ay, ¢r,g) independent of T, {a,}, or n. This finally implies the
result (10). For the derivative inequality (11), we can simply use the result of (10)
with g replaced by ¢’, which shows that for some Cs,

o= |0, e - v, (o)

K o0
< 772 < '/ Ou(Ag(u)g(u — t))627"i(¢k(u)—n(“—t)))c(u)du
k=1 \ /=00

+1
2T

/ B (Ap()g' (1t — £)e2m1x(0=1=0)) () dy

)

Proof of Theorem 3.6. For the first part of Theorem 3.6, we suppose that (t,7) €
Zy, for some k, |Vyf(t,n)| > E1 + E2, and 0 < n < 1. Putting Lemmas 3.7 and 3.8

together, we get |ng(t7 1) —Qr(t,n)| < E1+ FE5 and |ﬁ8tvgf(t, n) — &5 (6)Qr(t,n)| <
E{ + E5. We conclude that

wf(tm) = ¢i(2)]
_ | mm0Vef(tm) — S OQu(Em) | S (D@t n) ~ Vo (t,m)
Vaf

< Cs(Tn+ T%n? + T277). O

V‘?f(t777) (tﬂ?)
- Bl + E5 + E3(Ey + Es)
By + B
o
1 < —.
a9 =l

For the second part of the theorem, let ¢ be fixed and suppose £ € aN, £ ¢
U1<k<K{L@Ja, (@10[} If (t,n) ¢ Zj for any k, then by Lemmas 3.7 and 3.8
we would have \V,f(t,n)| < E1 + Ez < ~. But since |V, f(t,n)| > v by assumption,
(t,n) € Zy, for some k. If £ > (@104 then the estimate (19) gives

€ —wf(t,n)| > & — lwf(t,n)| > €& — ¢p(t) —

| e

«
257
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and similarly, if £ < L@Ja, we get |£ — wf(t,n)| > |wf(t,17)| — ¢ > 5. This means
that {n : |& —wilt,m)] < $. [Vof(tm) = 7, 0 <5 < £} = 0 and s0 S7f(1,€)
=0. d

Remark. We have studied functions f € B, 4 on the entire real line here, but we
can instead consider such functions supported only on a finite interval, and the same
results will hold with largely only notational changes. We can also consider real-valued
functions f that have the exponentials e2™¢+®) in (4) replaced by cos(27¢y(t)), and
similar results will hold. The assumption that 7" < 1 in Theorem 3.6 was made for
convenience in the proof, but it poses no loss of generality since lower sampling rates
are equivalent to simply rescaling f (and thus also its IIF).

Remark. In Theorem 3.6, we required the window g to be bandlimited to [—£, 4].
This assumption is not strictly necessary and was made here to simplify the presenta-

tion. In general, it is enough for g € S to be such that |g| is small outside [~ 2, ¢]. The

22
Gaussian window g(t) = e~ /4 works well in practice. For such a window, there
will be an extra term in the error estimates in Lemma 3.7, but the results still remain
essentially the same. (For example, if we assume ||g|| Lo®\[-2.4) S 6 then instead
of having Q;(¢t,n) = 0 for (¢t,n) & Z;, we would get |Q;(t,n)| < Ce for a constant C'.)

We finally show that if a and 7 are chosen properly, then the calculation of
IFg is robust to sample noise. The argument is almost the same as in the proof of
Theorem 3.6. ~

THEOREM 3.9. Let 0 < T < 1. Suppose that f € Dza{a"} is as in (7) and let g
be a window with the same conditions as in Theorem 3.6. Assume that the samples
{f(tn)} = {f(Tn+ an)} are contaminated by noise { Ny} with |[{N,}|,c < T, i.e.,
we are given f = f+3.°°

m oo (tng1 —t5)0(- —t, )N, Suppose that we have a resolution
« satisfying

2B, + EY + Iy + 21, + = (15 + 21
o> (B1+ B + 1o + 0+27r(/0+ 0))+2E3,
By + Ey + 1y + 21

where Ey and EY are as in Lemma 3.8. Then the following statements hold.
L Let 0 < np < % and fix k, 1 < k < K. For each pair (t,n) € Zj with
Vo f(t,m)| > Ey+ By + Iy + 21, we have [wf(t,n) — ¢, (1) < §. If (t,n) & Z
for any k, then |V, f(t,n)| < Ev + Ea + Iy + 21)).
2. Suppose that we have a threshold v such that Ey + Eo + Io + 2I) < v <
[V f(t,m)| for all (t,n) € Zi. Then for all t, S*7f(t,&) is supported in the
2K -point set UlgkgK{L¢kT(t)Jav [4)"7“)10[}
The only part of the proof different from Theorem 3.6 is the estimate in Lemma 3.8,

which we replace by the following inequalities.
LeEMMA 3.10. Let 0 <n < % Then

Vo f(tn) = Vof(t,m)| < Bz + Io + 21

and
% |0:Vy f(t,m) — 0V f(t.m)| < By + Io + 214 + %(15 +21Y).
Proof. Lemma 3.8 and the inequality (12) imply that
(Vo f(t,m) — Vaf(t,n)] .
< Vo F ) = Vot ()| + I Nalle D2 1t = ta)g(tn — 1)

n=—oo

< By +T(Iy +2T1)),
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and similarly,

1 - 1

5 |0V f(t.m) = 0V f(t,m)| < B + 0T (Io +2T1y) + o -T(Ily + 2TL5). O

Combining these bounds with the other estimates in the proof of Theorem 3.6
gives Theorem 3.9.

4. A bandlimited reconstruction approach. We now consider a somewhat
different formulation and approach towards our problem, based on the traditional IF i
concept. Suppose we have the samples {f(t;)} of a function f € L? with supp(f) C
[—b,b]. We want to determine f and use it to find IFy f. In the case of uniformly
spaced samples, i.e., t, = Tk for a constant T > 0, it is well known that f can be
recovered if the sampling rate % exceeds 2b, the Nyquist frequency of f. There are
analogous results for very general classes of nonuniform sampling points {¢;} [1, 12].
As in section 3, we will consider sampling points {¢;} = {Tk + ax} that are small
perturbations of uniformly spaced points. Suppose that the sequence {t} is indexed
so that ¢ < tr+1 and that for some T > 0,

T
(20) sup |ty — Tk| < —.
k 2

If L > 2b, it can be shown that C1 || f|| ;2 < || f(t)]|;2 < C2||f|| 2, where the constants
C; and Cy depend only on {¢x} and b [8, 10]. When the t;, are uniformly spaced, i.e.,
t, = Tk, the Plancherel formula shows that C; = Cy = T~/2. For the rest of this
section, we assume that {¢,} satisfies (20) with % > 2b, which intuitively means that
the sampling points {¢; } are evenly spread out over R and have an “average” sampling
rate above the Nyquist rate.

One of the standard approaches for recovering f from the samples f(tx) involves
solving the linear least-squares problem

N
wy, <f(tk)— > cnh(n,tk/T)>

n=—N

2

3

(21) {¢k.N} = argmin
{c}eC2N+1

12

where {h(n,t)},c;—n,n is a given set of basis functions and the wy, are some weights
such that |wy| =~ 1 for all k [10, 12, 9]. If the basis and weights are chosen appropri-
ately, the function

N

(22) In(t) = Z Cn,Nh(n,t)

n=—N

is a good approximation to fr(t) := f(Tt). There have been a couple of effi-
cient algorithms developed around this idea, usually using the discrete Fourier basis
h(n,t) = (2N 4 1)~1/2e=2mnt/2N+1) and the weights wy, = % For these
choices, as N — oo, fn converges uniformly to fr on compact subsets of R, and the
matrix computations used in solving the problem (21) are well conditioned and can
be accelerated using fast Fourier transforms [10]. Once we have an expansion of the
form (22), it follows by linearity that PT fx () = ij:fzv én,NPTh(n,t), and we can
use this to find IF g f.

We will prefer to use the basis h(n,t) = sinc(t —n — M) in this paper, where
M is an integer constant, along with the same weights w; as above. In this case,
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fn converges to fr uniformly on the entire real line, and we have found that in
practice, this results in better accuracy with the computation of P+ fy. This choice
of h(n,t) can be justified by the following argument. For any vector {c;} € [? with
supp(ck) C [M — N, M + NJ, we have

N
I fr(k) = ckll> = |[fr(t) = > enyarsine(t —n— M)
n=—N L2
N
= [ ftR) = D enrasine(ty/T —n— M)
n=—N 2
. 1
~ ||wg <f(tk)— Z cn+Msinc(tk/T—n—M)>
n=—N 12

By taking the minimum over {c}, it follows that for {¢x n} given by (21),

Ifr(k) = érnlle = || fr(k) = fr(k)xpr—nm4n) ()], —= 0

as N — oo. We can then conclude that

1z = fullim < || fr = £

< Wfr = fnllpe = fr(k) = kNl — 0.

So we essentially determine uniform samples of f from the nonuniform samples { f (¢x)}
by solving the problem (21), and use those in a classical sampling series to compute f.
In practice, we consider a finite number of samples spread over some interval [J1, J3],
and we set M = | 5=(Jy + J2)] to center the basis h(n,t) appropriately.

Once we have recovered the function f, we perform some elementary calculations
with Fourier transforms to find that

t—n—M i
Ptfn(t) Z Cn,NT smc( 5 )ez(t’”M)
and
d p (i +7(t —n — M))emit=ntM) _;
d fN Z CnN 27r(t—n—M)2 3

from which we can approximate IF f. Note that the Synchrosqueezing-based method
discussed in section 3 determines the IF components (as defined by IFg) of the function
f directly, while the approach considered in this section treats the function f as a
whole and determines its IF (given by IF ) after the signal itself has been recovered.
We finally make a few comments on the applicability of the framework discussed in
this section. The assumption f € L? can be weakened to f € L in practice. Suppose
that B is a function such that B is smooth, B(0) = 1, and supp(B) C [~1,1]. For
% > 2b, any f € L with supp(f) C [-b,b] can be expressed as the sampling series

i f(Tk)sinc(%—k) B ((%—%) (t—k)),

k=—o0

which converges uniformly on compact sets [4]. If we restrict our attention to a
fixed finite interval I, then f can be well approximated on I by taking a finite part
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of this series f, € L2, which has supp(f,) C [—(# =), (# — b)]. As long as f is
oversampled, our reconstruction method will approximately recover f,. In the next
section, we will apply the least-squares method to AM-FM functions f of the type
in Definition 3.2—which are generally not strictly bandlimited—but by considering
Fourier series on a given finite interval I, such functions can be closely approximated
on I by bandlimited L functions that have a sufficiently high bandwidth (see [14] for
details). In practice, if our sampling interval T is greater than supy, ,c; IIF(f, A, ¢x),
we can recover [ effectively. /

5. Numerical experiments and applications. We use the algorithms dis-
cussed in sections 3 and 4 on several test cases. We consider an AM-FM signal,
a chirp signal, a bandlimited Bessel function, a Fourier harmonic contaminated by
noise, an undersampled harmonic, a multicomponent signal, and finally, a signal with
interlacing IIF elements. These are respectively shown in Figures 1-7 below. We
compute the IFg of these signals using STFT Synchrosqueezing and the IF g using
the bandlimited reconstruction method. For the IF g computation, the Gaussian win-
dow function g(t) = e and the parameters o = 0.1 and v = 10~8 work well in
practice, and we use these values unless stated otherwise.

In all of these examples, we use sampling times that are random perturbations
of uniformly spaced times and have the form t, = Tn + T"a,, where 77 < T and
{a} is a fixed realization of a white noise process uniformly distributed in [0, 1]. For
purposes of comparison, we also test most of these examples with uniform samples
as well, i.e., 7" = 0. In the figures below, the first two images are, respectively, IFg f
and IFy f determined from uniform samples, while the two latter images are IFg f
and IF g f for the general case of nonuniform samples.

The examples in Figures 3—7 show the advantages of the IFg approach over the
traditional IFy concept. In Figure 5, the bandlimited reconstruction method fails
to recover f accurately due to the low sampling rate, and this is reflected in the
computation of IF g f, but STFT Synchrosqueezing still manages a good result. This

Fret:xency

Fre(::ency

Frej:ency

Frequency
©

0 10 fime 20 30 0 10 1e 20 30 0 10 e 20 30 0 10 fime 20 30

Fic. 1. The AM-FM signal f(t) = (2 4 cost) cos(2m(3t + cost)), ¢t € [0,30]. The samples are
taken at t, = 0.1n+ T an, T' =0 (left images) and T' = 0.08 (right images). The IIF is 3 — sint,
and both methods produce results that are reasonably close to this.
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~ o ©
o v o e o s
Frequency
= n ©
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FiG. 2. The chirp signal f(t) = cos(2n(t + 0.05t2)), t € [0,30], with samples taken at tn, =
0.1n +T’an, T' = 0 (left timages) and T’ = 0.08 (right images). The IIF in this case is 1 + 0.1¢,
and both methods produce results that are very close to this.
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Fic. 3. The bandlimited signal f(t) = Jo(6m(t — 10)), t € [0,30], where Jo is the Bessel
function of order 0 (see [15]). The samples are taken at t, = 0.1n+T"a,, T' =0 (left images) and
T’ = 0.08 (right images). There is no way to determine the IIF in this case, but it can be shown that

Jo(0) =1 and Jo(t) =~ ,/ % cos(|t| — T) when [t| is large, so we would expect the IF to be roughly
the constant 3. The computed IFgf agrees with our intuition here. On the other hand, IF g f is
highly oscillating, particularly around t = 10, which indicates that it is unable to clearly distinguish
between the amplitude and frequency factors of f. We also show the graph of f itself at the bottom

for clarity.
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Fi1c. 4. The signal f(t) = cos(8nt) + N, t € [0,30], where N is a realization of Gaussian white
noise with mean 0 and variance 02 = 0.4. The samples are taken at tp, = 0.1n + T an, T' =0 (left
images) and T' = 0.08 (right images). The computation of IFg f is fairly robust to the noise, while
that of IF g f gives very poor results.
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Fic. 5. The signal f(t) = cos(10mt), t € [0,30], with samples taken at t, = 0.25n + 0.2a,.
The IIF is the constant 5. Note that this signal is heavily undersampled, with a sampling rate of
less than half its Nyquist rate. We take v = 6 for the STFT Synchrosqueezing computation, which
produces a good result for IFgf despite the low sampling rate, but the bandlimited reconstruction
method cannot determine IF g f. In this example, we also show the time-frequency plot of S (the
first image) to illustrate how the IF curve appears in it, before we extract it out.

can be possibly explained by the fact that the Nyquist rate is essentially a concept
for bandlimited signals and is relevant only in that context, whereas our STFT Syn-
chrosqueezing theory is built around B, 4 signals and only estimates their IIF, not the
signals themselves. In Figures 4, 6, and 7, our sampling rate is high enough and the
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FIG. 6. The two-component signal f(t) = cos(2m(2t+0.2 cos t))+cos (27 (3t+0.02t2)), ¢ € [0, 30],
with samples taken at t, = 0.1n + T'an, T = 0 (top images) and T' = 0.08 (bottom images). We
would like to recover both elements of the IIF set {2 — 0.2sint, 3 + 0.04t}, and the IFg calculation
succeeds in doing this. In contrast, the IF concept cannot separate the components, instead roughly
giving their average 2.5 4 0.02t — 0.1sint, and its computation also exhibits spurious singularities.
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FiG. 7. The signal f(t) = cos(5nt) + cos(27m(t + 0.05t2)), t € [0,30], with samples taken at
tn = 0.1n+ T"an, T = 0 (top images) and T' = 0.08 (bottom images). This example is similar
to the previous one but the IIF curves cross each other. However, the plot of S®7 shows a sharp
separation between the two curves around the crossover point and can distinguish between them
clearly.

bandlimited reconstruction method can accurately determine f itself, but the sub-
sequent calculation of IF g f amplifies the effects of any noise or numerical roundoff
errors. In contrast, we find that IF g f is robust to such disturbances. We also note that
determining a meaningful IF for the type of signal in Figure 7 is often difficult [7] and
such signals are certainly not in the class Bc 4, but the result is nevertheless very good.

We now discuss a real-world problem in electrocardiography (ECG) to which our
methods are applicable. In addition to describing the heart’s electrical activity, the
ECG signal contains information about a signal describing respiration. It is impor-
tant in many clinical situations to be able to determine properties of this respiration
signal from the ECG signal. For example, in an examination for tachycardia during
sleeping, where only the ECG signal and no respiration signal is recorded, it allows
for the detection and classification of sleep apnea. It is well known in the ECG field
that the customary surface ECG signal is influenced by respiration, since inhalation
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F1a. 8. First image: A 10-second part of the ECG signal. The R peaks are highlighted in red.
Second image: A 10-second part of the respiration signal. Third image: The IFg computed from
preaks shown together with the IFg of the actual respiration signal R(t). The two curves follow
each other closely. Fourth image: The IF g computed from E(tj) using bandlimited reconstruction
(top curve) and the IF g of R(t) (bottom curve).

and exhalation change the thoracic electrical impedance, which suggests that the res-
piration signal can be estimated from the ECG signal. The ECG-derived respiration
(EDR) class of techniques [13], in development since the late 1980s, accomplish this
and have proved to be a useful clinical tool. We now show that STFT Synchrosqueez-
ing provides an alternative method to extract key information about the respiration
signal from an ECG signal. We can find the IF profile of the respiration signal, which
gives a more precise and adaptive description of respiration than many of the existing
techniques.

In Figure 8, we are given the lead II ECG signal and the true respiration signal
of a healthy 30 year old male, recorded over an 8 minute interval. The sampling rates
of the ECG and respiration signals are, respectively, 512Hz and 64Hz. We take the
R peaks (the sharp, tall spikes in the first image in Figure 8) of the ECG signal and
use these samples to approximate the IF of the respiration signal, without using any
knowledge of the actual respiration signal. We do not have samples of the respiration
signal itself, but we can view the R peaks as samples of an envelope of the ECG
signal, and based on the physiological facts discussed above, this envelope would be
expected to have the same IF profile as the actual respiration signal. We apply the
methods from sections 3 and 4 to compute IFg and IF g from the R peaks, and use
the actual, recorded respiration signal to compare the validity of our results. Let the
ECG and true respiration signals be denoted by E(t) and R(t), respectively, where
t € [0, 480] seconds. There are 589 R peaks appearing at times 5, € [0,480], ¢t < tr41,
1 < k < 589. For the calculation of IF g, we use the impulse train-like function

: _ e =t E(E) it =1,
fRpeaks(t) = {0 otherwise,

and for IFp, we simply use the samples {E(tx)}. The results are shown in Figure
8. The third image in Figure 8 shows that the IFg computed from fgrpeqrs is a good
approximation to the IFg of the true respiration signal R(¢). On the other hand,
the IF g determined from the R peaks in the fourth image has little in common with
IFgR(t). In fact, IFgR(t) is often negative and admits no obvious interpretation,
unlike the IFg. This is likely a result of the fact that ECG measurements usually
contain large amounts of noise, which IFy does not handle well, and many standard
noise reduction techniques are not applicable here since they would smooth out the
R peaks. In Figure 9, it can be seen that the spacing of respiration cycles in R(t) is
reflected by IFg of the R peaks; closer spacing corresponds to higher IF g values, and
wider spacing to lower IFg values.
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Fi1a. 9. The first 300 seconds of R(t) (blue) with the IFg estimated from preaks (red) super-
tmposed on top of the graph of R(t).
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