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CHAPTER VII

LINEAR CONNECTIONS

7.1. SCOPE OF THE CHAPTER

Derivatives of components of vector and tensor fields on differentiable
manifolds with respect to local coordinates are not generally components of
a tensor. However, it becomes possible to define a sort of derivative of a
tensor field which proves to be also a tensor through a geometrical structure
imposed on a manifold called a  or . In this way, welinear affine connection
can properly accomplish the task of extending the classical differential geo-
metry to higher dimensions. From another standpoint, the affine connection
can be interpreted as a suitable structure interconnecting neighbouring tan-
gent spaces of a smooth manifold and thus enabling us to differentiate ten-
sor fields. Although the inception of the concept of the linear connection
goes back to the developments in 19. century in the geometry and tensor
calculus, its formal structure is merely established in early 1920s by Élie
Cartan and Herman Weyl. The term  was first used by Cartan. Inconnection
Sec. 7.2, we define a third order linear connection that is not a tensor but
whose coefficients transform obeying certain rules under change of coor-
dinates. Except for this restriction this geometrical object on a manifold can
be chosen arbitrarily. We then discuss the covariant derivative of a tensor
preserving the tensorial properties by means of a linear connection and its
characteristics. We further scrutinise the torsion and curvature tensors of a
manifold introduced through the linear connection. Sec. 7.3 is concerned
with the Cartan connection engendered by choosing an arbitrary basis and
its dual in the tangent and cotangent bundles, respectively, instead of the
natural basis and its dual. The torsion and curvature tensors are then defined
via that connection. Cartan connection enables us to study the differential
geometry of a manifold by employing a ( ). Wemoving frame repère mobile 
define the Levi-Civita connection on a Riemannian manifold in Sec. 7.4 as a
connection that causes the covariant derivative of the metric tensor and the
torsion tensor to vanish. It is shown that such a connection is determined
uniquely. Finally, Sec. 7.5 is devoted to study the special structures of the
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366 VII Linear Connections

operators , ,  introduced in Secs. 5.8 and 5.9 acquired by means of. $ J
covariant derivatives within the context of the Levi-Civita connection.

7.2. CONNECTIONS ON MANIFOLDS

We know that vector and tensor fields on smooth manifolds are spe-
cified by their components that are differentiable functions depending on
local coordinates in charts of an atlas. But derivatives of those components
do not usually constitute components of a new tensor. Notwithstanding, we
can manage to create new tensor fields by some kind of differentiation of
vector and tensor fields on tangent and cotangent bundles by endowing the
manifold with a new structure. Let us start by considering a rather simple
example. A vector field  on the manifold  is designated byZ − X ÐQÑ Q

Z œ @ Ð Ñ
`

`B
3

3
x

in natural coordinates. We know that a coordinate transformation in the lo-
cal chart like  gives rise to a transformation between C œ C ÐB Ñ3 3 4 contra-
variant components of the vector at the point  as followsx

@ Ð Ñ œ @ Ð ÑÞ
`C

`B
w3 5

3

5
y x

If we calculate the gradient of the components  by using the chain rule of@w3

differentiation, we obtain

`@ `C `B `@ ` C `B

`C `B `C `B `B `B `C
œ  @

w3 3 6 5 # 3 6

4 5 4 6 5 6 4
5 . (7.2.1)

This transformation rule under a general change of coordinates shows
clearly that the quantities  cannot be covariant and contravariant`@ Î`B5 6

components of a second order tensor due to the existence of the second part
in (7.2.1). If only the coordinate transformation satisfy the relations

` C

`B `B
œ !

# 3

5 6
,

that is, if it is an  given by  with constantaffine transformation C œ+ B  ,3 3 4 3
4

coefficients, only then the gradient behaves like a tensor. We shall now try
to modify  quantities  in such a way that it will acquire the pro-7 `@ Î`B# 5 6

perties of the components of a -tensor. To this end, we introduce a newˆ ‰"
"

operation of differentiation that will be called the . Thiscovariant derivative
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derivative of the component  with respect to the variable  is identified@ B3 4

by means of presently arbitrarily chosen  functions  as follows7 Ð Ñ$ 3
45> x

f @ œ @ œ @  @4 à4 ß4
3 3 3 3 5

45> (7.2.2)

where the functions  will be called the  or>45
3 Ð Ñx coefficients of linear  affine

connection. Next, we shall attempt to determine these coefficients in such a
way that  become components of a second order -tensor. We@ œ f @3 3

à4 4
"
"

ˆ ‰
thus wish that the following relation must be satisfied in a coordinate trans-
formation :C œ C ÐB Ñ3 3 4

f @ œ f @
`C `B

`B `C
w w3 5
4

3 6

5 4 6 .

On utilising (7.2.1), we easily obtain the transformation rule

`C `B `@ ` C `B `C `C `B `@

`B `C `B `B `B `C `B `B `C `B
 @  @ œ  @

3 6 5 # 3 6 5 3 6 5

5 4 6 5 6 4 6 5 4 6
5 w3 6 5 8

45 68> >Š ‹
where  denote coefficients of the linear connection in the new coor->45

w3 Ð Ñy
dinate system. After having cancelled similar terms in both sides and modi-
fied the dummy indices appropriately, we are led to the conclusion

@   œ !
`C `C `B ` C `B

`B `B `C `B `B `C
8 w3 5

45 68

5 3 6 # 3 6

8 5 4 8 6 4
Š ‹> > .

In order that this expression holds for every component function  we have@8

to choose the coefficients  and  in such a way that they must obey the> >45 45
3 w3

transformation rule

> >45 68
w3 7

3 6 8 # 3 6 8

7 4 5 8 6 4 5
Ð Ñ œ Ð Ñ 

`C `B `B ` C `B `B

`B `C `C `B `B `C `C
y x .

On the other hand, differentiating the expression

`C `B

`B `C
œ

3 6

6 4 4
3$

resulting from the chain rule, with respect to the variable  we find thatB8

` C `B `C ` B `C ` B `C

`B `B `C `B `C `B `B `C `C `B
œ  œ 

# 3 6 3 # 6 3 # 6 5

8 6 4 6 4 8 6 4 5 8
.

Hence, we can write
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 œ œ
` C `B `B `C ` B `C `B ` B `C

`B `B `C `C `B `C `C `B `C `C `C `B

# 3 6 8 3 # 6 6 8 # 6 3

8 6 4 5 6 4 6 8 5 4 5 6

and, consequently, we obtain

> >45 68
w3 7

3 6 8 # 6 3

7 4 5 4 5 6
Ð Ñ œ Ð Ñ 

`C `B `B ` B `C

`B `C `C `C `C `B
y x . (7.2.3)

Every choice of coefficients  verifying the transformation rule (7.2.3)>45
3

gives rise to a covariant derivative and conduces to a linear connection.
Thus, it appears that it is possible to have many, probably infinitely many,
choices for linear connections. The coefficients  are usually named as the>45

3

Christoffel symbols of the second kind, because they were employed for the
first time by German mathematician Elwin Bruno Christoffel (1829-1900)
in tensor analysis within the context of the Riemannian geometry. The rule
(7.2.3) indicates clearly that   the Christoffel symbols cannot be the compo-
nents of a third order tensor. Nevertheless, the symmetry of mixed partial
derivatives leads us to the result

> > >

> >

45 54 68
w3 w3 7

3 6 8 3 6 8

7 4 5 7 5 4

3 6 8

7 4 5
7 7
68 86

 œ 
`C `B `B `C `B `B

`B `C `C `B `C `C

œ Ð  Ñ
`C `B `B

`B `C `C

Š ‹
.

This clearly shows that  which are the antisymmetric> > >[ ]45 45 54
3 3 3"

#œ Ð  Ñ

parts of Christoffel symbols with respect to their subscripts, behave like the
components of a third order -tensor antisymmetric with respect to covar-ˆ ‰"

#

iant indices.
When , then we already know that  are components of a0 − ÐQÑ 0A!

ß3

covariant vector since . Hence, we can take ..0 − ÐQÑ 0 œ 0 œ f 0A"
ß3 à3 3

Let us now represent the vectors  denoting covariantf Z ß 4 œ "ß á ß 74

derivatives of a vector field  with respect to variables  by the vectorZ B4

field

f Z œ Ðf @ Ñ œ @
` `

`B `B
4 4 à4

3 3
3 3

We can then introduce a second order - tensor byˆ ‰"
"

fZ œ .B Œ f Z œ Ðf @ Ñ .B Œ œ @ .B Œ
` `

`B `B
4 3 4 3 4

4 4 à43 3
. (7.2.4)
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The second order tensor  is characterised as the  of the vectorfZ gradient
field . We also call it the  . TheZ Zcovariant derivative of the vector field
operator  is in the form  andf fœ .B Œ f À X ÐQÑ œ ÐQÑ Ä ÐQÑ4 " "

4 ! "Ç Ç
it assigns a second order tensor field to a vector field. It follows from the
definition (7.2.4) that if , we getZ ß Z − X ÐQÑ" #

f f fÐZ  Z Ñ œ Z  Z" # " #.

On the other hand, if , then we find that0 − ÐQÑA!

f

f

Ð0Z Ñœf Ð0@ Ñ .B Œ œ Ð0 @ 0f @ Ñ .B Œ
` `

`B `B
œ .0 Œ Z 0 Z Þ

4 ß4 4
3 4 3 3 4

3 3

Therefore, the operator is linear only on real numbersf . Let us now
especially choose  whose components are . Then (7.2.2)Z œ `Î`B @ œ5 3 3

5$
gives  and it follows from (7.2.4) thatf @ œ œ4

3 3 6 3
46 5 45> $ >

f œ ß œ .B Œ
` ` ` `

`B `B `B `B
4 5 3 5 345 45

3 3 4> >f . (7.2.5)

These relations geometrically expresses the fact that the coefficients of a
linear connection measure the change between basis vectors of a tangent
space and those of an adjacent tangent space on a manifold. It seems that the
operator  interconnects neighbouring tangent spaces by means of thef
coefficients of connection providing thus a tool for transporting vectors in
one tangent space into another tangent space. In this way, it becomes
possible to differentiate vectors and endow these derivatives with tensorial
properties independent of coordinate transformations, and to find a counter-
part of the concept of parallel transport on differentiable manifolds that is
almost trivial in the Euclidean space. That are the reasons why the operator
f is sometimes called a or  on a manifold.linear  affine connection

We postulate that the covariant derivative specified by the operator f4

will still obey the classical Leibniz rule. With the help of this postulate we
can easily evaluate covariant derivative of a covariant vector, or in other
words of a -form. Let us consider  and  so that we" − ÐQÑ Z − X ÐQÑ= A"

write  and . We thus obtain .= = = = Aœ .B Z œ @ ` ÐZ Ñ œ @ − ÐQÑ3 3 3
3 3 3 !

Therefore, the relation

Ð @ Ñ œ @  @ œ Ð @ Ñ œ @  @

œ @  @  @ œ @  @  @

= = = = = =

= = > = = = >

3 ß4 3ß4 3 3 à4 3à4 3
3 3 3 3 3 3

ß4 à4

3à4 3 ß4 3à4 3 ß4 5
3 3 3 5 3 3 5 3

45 43
ˆ ‰

yields . Because the vector  is arbitrary, we ˆ ‰‘= = > =3à4 3ß4 543
5 3  @ œ ! Z
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finally obtain

f œ œ 4 3 3à4 3ß4 543
5= = = > = . (7.2.6)

We can easily verify that  are components of a second order covariant=3à4ˆ ‰!
# -tensor. If we recall the transformation

= =w
3

5

3 5œ
`B

`C

and employ the relation (7.2.3) and the chain rule, we get

   

                      

` ` B `B ` `B

`C `C `C `C `B `C
 œ 

 
`C `B `B `B ` B `C `B

`B `C `C `C `C `C `B `C

= =
> = =

> = =

w # 5 5 6
3
4 3 4 3 6 443 5

w5 w
5

5

5 6 8 : # 6 5 :

7 4 3 5 4 3 6 568
7

: :

# 5 # 6 5 6

3 4 3 4 3 4 65 6
5

6 8 5 6

4 3 3 4 668
7

7
5

œ  
` B ` B `B `B `

`C `C `C `C `C `C `B

 œ 
`B `B `B `B `

`C `C `C `C `B

= =
=

> =
=

      

                                    Š > =65
7

7‹
Hence, we obtain

f œ f
`B `B

`C `C
w w
4 3

6 5

4 3 6 5= =

as it should be. Let us now define -forms  by" f ß 4 œ "ß á ß 74=

f œ f .B œ .B4 4 3 3à4
3 3= = = .

Then the covariant derivative of a -form  can be written as" =

f= = = =œ .B Œ f œ f .B Œ .B œ .B Œ .B4 4 3 4 3
4 4 3 3à4 . (7.2.7)

If we choose a form , we have  and (7.2.6) yields = = $ =œ .B œ f œ5 5
3 4 33

 œ > $ >43 43
6 5 5

6  so that we find

f .B œ  .B ß .B œ  .B Œ .B4
5 5 3 5 5 4 3

43 43> >f . (7.2.8)

Hence, the same coefficients of a connection measure also the changes in
basis forms in the cotangent bundle between adjacent dual spaces.

We can now proceed to calculate the covariant derivative of a tensor
field  by taking into account the equalities (7.2.5)  and (7.2.8)g Ç− ÐQÑ6

5
" "

associated with basis vectors and the Leibniz rule. Let the tensor field be



7.2  Connections on Manifolds 371

given by

g œ > Œ â Œ Œ .B Œ â Œ .B
` `

`B `B
3 â3
4 â4 3 3

4 4" 5

" 6 " 5

" 6 .

The covariant derivative of this tensor is found to be a tensor specified by
the expression

f œ > Œ â Œ Œ .B Œ â Œ .B
` `

`B `B

 > Œ â Œ f Œ â Œ Œ .B Œ â Œ .B
` ` `

`B `B `B

 > Œ â Œ Œ .B
` `

`B `B

4
3 â3
4 â4 ß4 3 3

4 4

<œ"

5
3 â3
4 â4 3 3 34

4 4

<œ"

6
3 â3
4 â4 3 3

4

g " 5

" 6 " 5

" 6

" 5

" 6 " < 5

" 6

" 5

" 6 " 5

"
" " < 6

" 5

" 6 " 5

" 6

Œ â Œ f .B Œ â Œ .B

œ f > Œ â Œ Œ .B Œ â Œ .B
` `

`B `B

4
4 4

4
3 â3
4 â4 3 3

4 4 .

It is easily verified that the covariant derivatives of the components of that
tensor with respect to the variable  are expressed by the relationB4

f > œ > œ  >
`>

`B
4

3 â3 3 â3
4 â4 4 â4 à4 48 4 â4

3 â3
4 â4

4
<œ"

5
3 3 â3 83 â3" "5 5 <

" " "6 6 6

" 5

" 6 " <" <" 5">

                                                                    . >"
<œ"

6

44
8 3 â3

4 â4 84 â4>
<

" 5

" <" <" 6

Thus the covariant derivative  of a tensor field fg Ç g Ç− ÐQÑ − ÐQÑ6" 6
5 5

is defined as

fg gœ .B Œ f

œ > .B Œ Œ â Œ Œ .B Œ â Œ .B
` `

`B `B

4
4

3 â3
4 â4 à4

4 4 4
3 3

" 5

" 6 " 5

" 6

(7.2.9)

This time, the operator  is in the form . Let f f À ÐQÑ Ä ÐQÑÇ Ç g6 6"
5 5

and  be two tensor fields. It is straightforward to check thatf

f f fÐ Œ Ñ Á Œ  Œg f g f g f.

Indeed, the two tensor products in the right hand side are actually different
tensors because the forms  appearing in covariant derivatives do not.B4

occupy the same place in them. So, it is not possible to add those tensors.
Hence, covariant derivative of tensor products cannot satisfy the Leibniz
rule. But, we can readily verify that the Leibniz rule holds for covariant
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derivative of tensor components. Let us now consider  andg Ç− ÐQÑ6
5

f Ç− ÐQÑ f;
:

4. It follows from the definition of the covariant derivative 
that we find the relation below for the components of the tensor product
g fŒ :

Ð> = Ñ œ =  >
`>

`B `B

`=

 > =



3 â3 3 â3
4 â4 4 â4

5 â5 5 â5
6 â6 6 â6à4

3 â3
4 â4

4 4

5 â5
6 â6

<œ"

5

48 4 â4
3 3 â3 83 â3 5 â5

6 â6

<œ"

" "5 5

" "6 6

" : " :

" ; " ;

" 5

" 6

" :

" ;

< " <" <" 5

" 6

" :

" ;
"
"

>

:
3 â3
4 â4 48

5 5 â5 85 â5
6 â6

<œ"

6

44
8 3 â3

4 â4 84 â4
5 â5
6 â6

<œ"

6
3 â3
4 â4 46

8 5 â5
6 â6 86 â6

3

> =

 > =

 > =

œ >

" 5 <

" 6

" <" <" :

" ;

<

" 5

" <" <" 6

" :

" ;

" 5

" 6 <

" :

" <" <" ;

"

>

>

>

"
"

â3 3 â3
4 â4 à4 4 â4

5 â5 5 â5
6 â6 6 â6 à4

5 5

" "6 6

" : " :

" ; " ;

"=  > = .

Hence, we are now allowed to write the following relation

f Ð Œ Ñ œ f Œ  Œ f4 4 4g f g f g f. (7.2.10)

We can now define on the tangent bundle of a manifold the covariant
derivative of a vector field in the direction of a vector field Z Y  by means
of the affine connection  as followsf

f Z œ Ð.B Ñf Z œ ? f Z œ Ð@ ? Ñ
`

`B

œ Y Ð@ Ñ  ? @ − X ÐQÑ
`

`B

Y Y 4 4 à4
4 4 3 4

3

3 3 4 5
45 3

i

 ‘> .

(7.2.11)

where we have obviously defined the operator . We immediatelyf œ ? fY 3
3

observe that one obtains  andf Z œ f Z` 44

f ` œ `` 5 345
3

4
> . (7.2.12)

Thus the connection coefficient  clearly denotes the th component of the>45
3 3

covariant derivative of the th natural basis vector in  in the direction5 X ÐQÑ
of the th natural basis vector. Therefore, the affine connection can also be4  
interpreted as an operator . For ,f À X ÐQÑ ‚ X ÐQÑ Ä X ÐQÑ 0 − ÐQÑA!

we simply get
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f 0 œ ? 0 œ Y Ð0ÑY ß3
3 . (7.2.13)

On resorting to the definition (7.2.11), we can easily demonstrate that the
following relations are satisfied:

f Z œ f Z  f Z ß f ÐZ  Z Ñ œ f Z  f ZY Y Y Y Y " # Y " Y #" # " #
.

Moreover, for all functions  we obtain for all 0 − ÐQÑ Y ß Z − X ÐQÑA!

f Z œ 0f Z ß f Ð0Z Ñ œ 0f Z  Y Ð0ÑZ0Y Y Y Y . (7.2.14)

Thus, the operator  proves to be linear with respect to the vector  onf YY

the module . On the other hand,  becomes linear with respect toA!
YÐQÑ f

the vector  if only  , consequently, only on .Z Y Ð0Ñ œ ! ‘
Let us consider a curve  on the manifold  described by theG œ Ð>Ñ Q#

mapping . If  is the tangent vector to this curve, we know# \À Ä Q Y Ð>Ñ
that we can write

Y œ ? ß ? Ð>Ñ œ œ
` .B .

`B .> .>
3 3

3

3 3#

where . We say that a vector field  is along the curve# : #3 3œ ‰ Z parallel 
G f Z œ if . In view of (7.2.11), the components of such a vector fieldY !
Z  must satisfy

`@ .B .B .@ .B

`B .> .> .> .>
 @ œ  Ð>Ñ @ œ !

3 4 4 3 4

4 45 45
3 5 3 5> > #ˆ ‰ . (7.2.15)

(7.2.15) comprises a system of  first order linear ordinary differential7
equations to determine  dependent variables  With a prescribed initial7 @ Þ3

condition , the solution  of (7.2.15) is called the Z Ð> Ñ œ Z Z Ð>Ñ! ! parallel
translation of  along the curve . If  on the manifold, then equa-Z G œ !! 45

3>

tions (7.2.15) yields  on . A curve  is called a  of@ œ G G3 constant geodesic
the manifold if its tangent vectors are parallel along . Therefore, theG
condition  must be satisfied on a geodesic.. Hence, the family off Y œY !
geodesics on a manifold are integral curves of the following system of
second order, generally non-linear ordinary differential equations

. B .B .B

.> .> .>
 Ð Ñ œ !

# 3 4 5

# 45
3> x . (7.2.16)

Obviously, they are heavily dependent on connection coefficients. We can
transform these equations to a system of first order differential equations by
introducing auxiliary variables as follows
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.B .?

.> .>
œ ? ß œ  Ð Ñ? ?

3 3
3 3 4 5

45> x

from which we conclude that there is a unique geodesic on a smooth mani-
fold  through a point  and tangent to a vector  at that point. IfQ : − Q Y
>45

3 œ ! on a manifold, the solution of (7.2.16) reduces merely to the family
of  .straight lines B œ + >  ,3 3 3

If a vector field  satisfies the condition  for every vectorZ f Z œY !
field , we say that it is a  on the manifold.Y parallel vector field  In this case,
(7.2.11) leads to  for all  orÐ@  @ Ñ? œ ! ? − ÐQÑ3 3 5 4 4 !

ß4 45> A

     . (7.2.17)@  @ œ !à 3ß 4ß 5 œ "ß á ß 73 3 5
ß4 45>

(7.2.17) is a system of  first order, linear partial differential equations in-7#

volving only  variables . Thus, it is usually no avail to expect to find a7 @3

parallel vector field on a manifold unless its linear connection has a particu-
lar structure. It is quite easy to establish the integrability conditions of these
differential equations. It follows from (7.2.17) that

@ œ  @  @ œ  Ð  Ñ@3 3 5 3 5 3 3 5 8
ß46 45ß6 45 ß6 48ß6 45 68> > > > > .

Therefore, the compatibility relation  can only be satisfied if@ œ @3 3
ß46 ß64

> > > > > >48ß6 68ß4 45 68 65 48
3 3 3 5 3 5   œ !.

We shall show a little later that a connection whose coefficients are satisfy-
ing the above relations is curvature-free.

For a tensor , we define in a similar wayg Ç− ÐQÑ6
5

f œ Ð.B Ñf œ ? f − ÐQÑY Y 4 4
4 4 5

6g g g Çi . (7.2.18)

The tensor  is called the  fYg gcovariant derivative of a tensor field  in the
direction of the vector field   . Due to (7.2.10), we observe at once that theY
following rules are obeyed

f Ð  Ñœf  f ß

f Ð Œ Ñœf Œ  Œ f
Y " # Y " Y #

Y " # Y " # " Y #

g g g g

g g g g g g .

It is also clear that the operator  commutes with any operation of con-fY

traction on a tensor g .
Torsion and Curvature Tensors. We know that for any function

0 − ÐQÑA!  partial derivatives are order-independent so that the symmetry
relation  is met. Since  are components of a covariant vector, we0 œ 0 0ß34 ß43 ß3
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may ask whether this property is also preserved for covariant derivatives,
that is, we may question the validity of the equality . The rela-f 0 œ f 04 ß3 3 ß4

tion (7.2.6) results then in

f 0  f 0 œ 0  0  0  0 œ Ð  Ñ0 œ X 04 ß3 3 ß4 ß34 ß5 ß43 ß5 ß5 ß543 34 34 43 34
5 5 5 5 5> > > > .

We have seen on . 368 that:

X œ  X œ 34 43 34 43
5 5 5 5> > (7.2.19)

is a third order -tensor which is antisymmetric with respect to covariantˆ ‰"
#

indices. It is called the  of the manifold. If the connection istorsion tensor
symmetric, that is, if , then the torsion tensor vanishes. For a non-> >34 43

5 5œ

zero , we necessarily get . Let us now try to repeat the ope-X f 0 Á f 034
5

4 ß3 3 ß4

ration above associated with a scalar function for a vector  this time. OnZ
utilising (7.2.2) we obtain

f f @ œ Ð@  @ Ñ  Ð@  @ Ñ  Ð@  @ Ñ

œ @  Ð  Ñ@  f @  @  @

5 4 ß5 ß4 ß8
3 3 3 6 3 8 8 6 8 3 3 6

ß4 46 58 46 54 86

3 3 3 8 6 6 3 3 6 3 6
ß45 646ß5 58 46 54 46 ß5 56 ß4

> > > > >

> > > > > > .

Hence, we are easily led to the conclusion

f f @  f f @ œ V @  X f @5 4 4 5 6
3 3 3 6 6 3

654 54 . (7.2.20)

where we have defined

V œ   3 3 3 3 8 3 8
456 64ß5 54ß6 58 64 68 54> > > > > > . (7.2.21)

Since the left hand side of (7.2.20) involves the components of a third order
tensor, (7.2.21) are components of a fourth order tensor according to the
quotient rule. This tensor is called the  of the manifold.curvature tensor
Hence, the second covariant derivatives of a vector commute if only the tor-
sion and curvature tensors of a manifold vanish. It is evident that the curva-
ture tensor is antisymmetric with respect to its last two covariant indices:

V œ  V3 3
456 465 (7.2.22)

We consider two vector fields . We then obtainY ß Z − X ÐQÑ

f Z  f Y œ Ð@ ?  ? @ Ñ  Ð? @  @ ? Ñ
` `

`B `B

œ Ð  Ñ? @  Ð@ ?  ? @ Ñ
` `

`B `B

Y Z
3 4 3 4 5 3 4 3 4 5
ß4 ß445 453 3

45 54
3 3 4 5 3 4 3 4

3 3ß4 ß4

 ‘  ‘> >

> >
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œ X ? @  Y ß Z
`

`B
 ‘

45
3 4 5 3

3
Ò Ó .

Thus the torsion operator

7ÐY ß Z Ñ œ f Z  f Y  Y ß Z œ X ? @
`

`B
Y Z 45

3 4 5
3

Ò Ó (7.2.23)

assigns obviously a vector field to two vector fields through (7.2.23). As
such it is of the form . Let us now consider7 À X ÐQÑ ‚ X ÐQÑ Ä X ÐQÑ
three vector fields . We just obtainY ß Z ß [ − X ÐQÑ

f f [ œ ? @ A  ? @ A  Ð  Ñ? @ A

 Ð? @  ? @ ÑA
`

`B

Y Z
6 3 6 4 3 3 3 8 6 4 5

ß6
4

à4 ß46 45ß6 68 45

3 6 4 4 6 5
45 à6 3

’
“
> > >

> .

If we recall the relation (7.2.20) and pay attention to symmetric terms with
respect to vectors  and , we then arrive at the resultY Z

f f [  f f [ œ Y ß Z A  V ? @ A
`

`B
Y Z Z Y

4 3 3 6 4 5
à4 564 3

ˆ ‰Ò Ó .

Thus the curvature operator

3ÐY ß Z Ñ œ f f  f f  f œ f ß f fY Z Z Y Y ZY ßZ Y ßZÒ Ó Ò ÓÒ Ó  (7.2.24)

is instrumental in assigning a vector field to three vector fields  byY ß Z ß [
the relation

3ÐY ß Z Ñ[ œ ÐV ? @ ÑA œ ÐY ß Z Ñ A
` `

`B `B
3 6 4 5 3 5
564 53 3

3 . (7.2.25)

It is of the form  It follows from (7.2.23) and3 À X ÐQÑ ‚ X ÐQÑ Ä ÐQÑ ÞÇ "
"

(7.2.24) that

7 7 3 3ÐY ß Z Ñ œ  ÐZ ß Y Ñß ÐY ß Z Ñ œ  ÐZ ß Y Ñ.

Making use of (2.10.19) and (7.2.14), we readily observe that we can write

7 7 3 3Ð0Y ß 1Z Ñ œ 01 ÐY ß Z Ñß Ð0Y ß 1Z Ñ2[ œ 012 ÐY ß Z Ñ[

for all .0ß 1ß 2 − ÐQÑA!

Some results obtained in this section by employing Christoffel symbols
can be reversed in order to define the connection in the sense of Koszul
[French mathematician Jean-Louis Koszul (1921)]. Koszul has abstractly
defined the affine connection  as a mapping that assigns a vector  tof f ZY
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every pair of vectors . This mapping is desired to satisfy the rulesÐY ß Z Ñ
mentioned on  373. With this definition Christoffel symbols are prescribed:Þ
by the relation (7.2.12) and the covariant derivative is introduced in a simi-
lar way. The expressions (7.2.23) and (7.2.24) are employed to define the
torsion and curvature tensors, respectively.

7.3. CARTAN CONNECTION

In the previous section, we have employed natural basis vectors in
X ÐQÑ X ÐQÑ and  determined by local charts. We now prefer a more gene-‡

ral approach in introducing the linear connection. Let us construct a basis
for the tangent bundle  by collecting arbitrarily chosen  linearlyX ÐQÑ 7
independent vectors  associated with every point/ ß / ß á ß / − X ÐQÑ" # 7 :

: − Q X ÐQÑ. Since  is closed under the Lie product, there exist some func-
tions  satisfying the relations- − ÐQÑ34

5 !A

Ò Ó/ ß / œ - / 3ß 4ß 5 œ "ß á ß 73 4 534
5 ,   . (7.3.1)

We know that the conditions (2.11.3) and (2.11.4) must be imposed on these
functions. They may now be written as

- œ  - ß

- -  - -  - -  / Ð- Ñ  / Ð- Ñ  / Ð- Ñ œ !Þ

34 43
5 5

34 4: :3
; ; ;

:; 3; 4; 34 4: :3
5 5 5 5 5 5

: 3 4

Cartan has called the basis vectors  attached to every point of the mani-Ö/ ×3

fold as the . Let us now denote the reciprocal basis vectors,moving frame
namely, -forms in  by . They of course satisfy the rela-" X ÐQÑ ß á ß‡ " 7) )
tions . Resorting to the path followed in Sec. 5.14, we) ) $3 3 3

4 4Ð/ Ñ œ Ð Ñ œi/4

immediately discern that the reciprocal basis vector must obey the rules

.) ) )5 5 3 4
34œ  - •

"

#
. (7.3.2)

We shall now introduce an affine connection on a manifold  through aQ
mapping  satisfying the following rules:f À X ÐQÑ œ ÐQÑ Ä ÐQÑÇ Ç! "

" "

f f f

f f f

ÐY  Z Ñ œ Y  Z ß

Ð0Z Ñ œ .0 Œ Z  0 Z ß 0 œ .0ß a0 − ÐQÑß 

(7.3.3)

A!

The last rule specifies the action of the mapping  on a scalar function .f 0
We call  the and the tensor  the f fCartan connection Z covariant
derivative of a vector  with respect to that connection. If we express -Z "
form  as  then the familiar properties imply that.0 0 œ .0 œf !3)

3,
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  so that  is expressible asi/4
Ð.0Ñ œ / Ð0Ñ œ 04 4! f

f0 œ .0 œ / Ð0Ñ − ÐQÑ3
")3 A .

Next, let us employ the description  that is tantamount to sayf0 œ Ðf 0Ñ3
3)

that the covariant derivative of a function  in the direction of the0 − ÐQÑA!

vector  with respect to Cartan connection is given by/3

f 0 œ / Ð0Ñ3 3 . (7.3.4)

Covariant derivatives of basis vector can be expressed in the form

f/ œ − ÐQÑ3 53 53
4 4 !# # A)5

4Œ / ß (7.3.5)

where the functions  play now the part of . Then,#53
4 connection coefficients

the covariant derivative of a vector  is evaluated from (7.3.3) , (7.3.4) andZ #

(7.3.5) as the following expression

f f fZ œ Ð@ / Ñ œ .@ Œ /  @ / œ / Ð@ Ñ  @3 3 3 3 3 5
3 3 3 4 45

 ‘# )4
3Œ / .

If we denote the components of this tensor by , we can writef @4
3

fZ œ f @ f @ œ / Ð@ Ñ  @4 4 4
3 3 3 3 5

45 . (7.3.6))4
3Œ / ß #

Let us further define the vectors that allows us to writef Z œ Ðf @ Ñ4 4
3 /3 

fZ œ f Z)4 Œ 4 . Then, we obviously draw the conclusion

f / œ4 3 43
5# /5 . (7.3.7)

Let us now choose a new basis in  via a regular matrix  asX ÐQÑ Ð ÑB x
follows: . If we suppose that reciprocal basis vectors transform in/ œ , /w

3
4
3 4

the form , then we find that) )w3 3 4œ +4

$ ) $4 4 5 4 5 4 6 5 4
3 w 6 5 6 5 5

6œ / , Ð/ Ñ œ , œ ,)w3 3 3 3Ð Ñ œ + + +

implying that . Components of a vector with respect to the newA Bœ "

basis will become . In this case, we can write@ œ + @w3 3 4
4

.@ œ .Ð, @ Ñ œ @ .,  , .@ œ , .@  @ / Ð, Ñ3 3 w4 w4 3 3 w4 3 w4 w4 3
4 4 4 4 45 )w5 .

Hence, we obtain

fZ œ .@ Œ /  @

œ + , .@  @ / Ð, Ñ Œ /  , , + @

3 3 5
3 45

3 4 4 6 45 6 7 3
6 3 w4 w4 3 w 3 5 4 8 w6

5

#

#

)

) )

4
3

w5 w7 w
8

Œ /

Œ / ‘  



7.3  Cartan Connection 379

œ .@  @ + / Ð, Ñ Œ /  , , + @

œ .@ Œ /  @ /

 ‘w4 w5 w 3 w 3 5 4 8 w6
3
4

6 5 4 45 6 7 3

w3 w w3 w5 w
3 45 3

) )

)

w6 w7 w
8

w4

#

#

Œ /

Œ

from which we deduce after properly changing the dummy indices that the
connection coefficients in the new basis must satisfy the relation

# # #45 6 4 5 78 6 4 5 6 4 5 78 6 4 5
w3 3 7 8 6 3 w 6 3 7 8 6 3 7 6

7œ + , ,  + / Ð, Ñ œ + , ,  + , / Ð, Ñ.

Because of the last terms, we understand that the coefficients  cannot be#45
3

components of a third order tensor.
Let us now consider a vector  and a -form . SinceZ œ @ / " œ3 3

3 3= = )
we have assumed that the operator  satisfies the Leibniz rule, the expres-f4

sion  yields= = AÐZ Ñ œ @ − ÐQÑ3
3 !

f Ð @ Ñ œ / Ð @ Ñ œ / Ð Ñ@  / Ð@ Ñ œ @ f  f @

œ @ f  / Ð@ Ñ  @

4 3 4 3 4 3 3 4 4 3 3 4
3 3 3 3 3 3

3 3 3 5
4 3 3 4 45

= = = = = =

= = # ‘
whence we deduce that  and since  is an@ f  / Ð Ñ  œ ! Z3 5

4 3 4 3 543
 ˆ ‰‘= = # =

arbitrary vector, we are led to the conclusion

 . (7.3.8)f œ / Ð Ñ 4 3 4 3 543
5= = # =

We can thus write  and .f œ Ðf Ñ œ Œ f œ f Œ4 4 3 4 4 3
3 4 4 3= = ) = ) = = ) )f

Hence, the operator  is now a mapping .f f À X ÐQÑ œ ÐQÑ Ä ÐQÑ‡ !
#Ç Ç1

0

On the other hand, we can readily reach to the following relations

f œ  ß œ  Œ4
5 5 3 5 5 4 3

43 43) # ) ) # ) )f . (7.3.9)

Covariant derivative with respect to Cartan connection that we have
dealt with so far can easily be extended to any tensor . As ang Ç− ÐQÑ6

5

example, let us take the tensor

g œ > / Œ â Œ / Œ Œ â Œ3 â3
4 â4 3 3
" 5

" 6 " 5
) )4 4" 6

into consideration. We then find  andfg g Çœ Œ f − ÐQÑ)4 5
4 6"

f œ f > / Œ â Œ / Œ Œ â Œ4 4 3 3
3 â3
4 â4g " 5

" 6 " 5
) )4 4" 6

where the components   are given byf >4
3 â3
4 â4
" 5

" 6

f > œ / >  >  >4 4
3 â3 3 â3 3 â3
4 â4 4 â4 48 4 â4 84 â4

<œ" <œ"

5 6
3 3 â3 83 â3 8

44
" " "5 5 < 5

" " " <" <"6 6 6

" <" <" 5

<
ˆ ‰ " "# #
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We observe at once that the relation (7.2.10) is also valid in Cartan connec-
tion as well.

Covariant derivative of a vector field in the direc-Z œ @ / − X ÐQÑ3
3  

tion of a vector field  can be defined as in Sec. 7.2 by theY œ ? / − X ÐQÑ3
3

vector

f Z œ Ð Ñf Z œ ? f Z œ Y Ð@ Ñ  ? @Y Y 4 4
4 4 3 3 4 5

45i ) # ‘/3. (7.3.10)

Similarly, the covariant derivative of a tensor field  in the direc-g Ç− ÐQÑ6
5

tion of a vector field  is designated byY

f œ ? f − ÐQÑY 4
4 5

6g g Ç .

It is also evident that one is able to write

f / œ f / œ f œ f œ / /5 54 5 4 554
3 4 4 3

53
4# ) ) # )/ ß3 . (7.3.11)

In order to define the torsion tensor  and the curvature tensor  ing e
Cartan connection, we can make use of the relations (7.2.23) and (7.2.24).
Consider a form field  and vector fields  and= A− ÐQÑ Y ß Z ß [ − X ÐQÑ"

write

g 7

e 3

Ð ß Y ß Z Ñ œ ÐY ß Z Ñ œ X ? @ ß

Ð ß Y ß Z ß [ Ñ œ ÐY ß Z Ñ[ œ V ? @ A

= = =

= = =

ˆ ‰
ˆ ‰45

3 4 5
3

3 6 4 5
564 3 .

It follows from (7.2.23) that

f @ /  f ? /  ? / ß @ / œ f /  f /  / ß / ? @

œ Ð   - Ñ? @

? / @ / / /4
4

5
5 4 5

5 4 4 5 4 5
5 4 4 5 5 4 4 5

45 54 45
3 3 3 4 5

Ò Ó Ò Óˆ ‰
# # /3.

Therefore, the third order torsion tensor is found as

g œ X / Œ Œ ß X œ  X œ   -3 4 5 3 3 3 3 3
45 45 54 45 54 453 ) ) # # . (7.3.12)

In the like fashion, the relation

3 3ÐY ß Z Ñ[ œ ? @ A Ð/ ß / Ñ/4 5 6
4 5 6

leads us to

3Ð/ ß / Ñ/ œ f ß f  f / œ f ß f  - f /

œ f f /  f f /  - f /

œ f f  -

4 5 6 6 6
7
45

6 6 6
7
45

56 46 45 76
3 3 7 3

ˆ ‰ ˆ ‰Ò Ó Ò Ó/ / / / // ß/

/ / / / /

/ /

4 5 4 5 74 5

4 5 5 4 7

4 5

Ò Ó

# # #/  / /3 3 3
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œ f f Ñ  -

œ Ñ    -

# # # # #

# # # # # # #

56 56 46 46 45 76
3 3 3 3 7 3

56 46 47 56 57 46 45 76
3 3 3 7 3 7 7 3

/ /4 5/  / Ð Ñ /  /  / Ð / /

/ Ð Ñ  / Ð / œ V /

3 4 3 3 5 3 3

4 5 3 3
3
645

 ‘
from which we can manage to extract the components of the fourth order
curvature tensor  as followse œ V / Œ Œ Œ3 6 4 5

645 3 ) ) )

V œ / Ð Ñ  / Ð3
645 4 5# # # # # # #56 46 47 56 57 46 45 76

3 3 3 7 3 7 7 3Ñ    - . (7.3.13)

It is easily seen from the definition that this tensor possesses the antisym-
metry property  . V3 3

645 654œ  V

When we choose a connection determined by the coefficients , this#45
3

makes it possible to generate a new connection without a torsion. Let us
define the new connection coefficients by

# #45 45 45
w3 3 3œ  X

"

#
,

we then find that

X œ   - œ   -  X œ !w3 w3 w3 3 3 3 3 3
45 45 54 45 45 54 45 45# # # # .

We shall now try to discuss the action of the commutator onÒ Óf ß f4 5  
diverse tensor fields. Let us first consider the scalar function .0 − ÐQÑA!

We obtain from (7.3.4) and (7.3.8) that

f f 0 œ f / Ð0Ñ

œ / / Ð0Ñ  / Ð0Ñ

5 4 5 4

5 4 7
7
54

ˆ ‰ # .

Because of the commutation relation , we get/ /  / / œ - /5 4 4 5 7
7
54

Ðf f  f f Ñ0 œ  Ð   - Ñ / Ð0Ñ

œ  X / Ð0Ñ

5 4 4 5 7
7 7 7
54 45 54

7
54 7

# #  (7.3.14)

. 

Next, we consider a vector field . Since we haveZ − X ÐQÑ

f @ œ / Ð@ Ñ  @4 4
3 3 3 7

47#

we find that

f f @ œ / / Ð@ Ñ  / Ð Ñ   @

 / Ð@ Ñ  / Ð@ Ñ  / Ð@ Ñ

5 4 5 4 5
3 3 3 3 8 8 3 7

47 58 47 54 87

3 7 3 7 7 3
47 57 545 4 7

ˆ ‰  ‘# # # # #

# # # .

Hence, we arrive at



382 VII Linear Connections

Ðf f  f f Ñ @ œ / Ð Ñ  / Ð Ñ    - @

 X / Ð@ Ñ  @

5 4 4 5 5 4
3 3 3 3 8 3 8 8 3 7

47 57 58 47 48 57 54 87

7 3 3 8
54 787

 ‘
ˆ ‰# # # # # # #

# .

Consequently, we obtain

Ò Óf ß f @ œ Ðf f  f f Ñ@ œ V @  X f @5 4 5 4 4 5 7
3 3 3 7 7 3

754 54 . (7.3.15)

Similarly, for a form , we have  and we= A = = # =− ÐQÑ f œ / Ð Ñ " 7
4 3 4 3 743

thus find

f f œ / / Ð Ñ   / Ð Ñ  

 / Ð Ñ  / Ð Ñ  / Ð Ñ

5 4 3 5 4 3 5 7
7 8 7 8 7
43 54 83 53 48

7 7 7
43 53 545 7 4 7 7 3

= = # # # # # =

# = # = # =

ˆ ‰  ‘
.

This relation gives rise to

Ðf f  f f Ñ œ / Ð Ñ  / Ð Ñ    -

 X / Ð Ñ 

5 4 4 5 3 4 5 7
7 7 8 7 8 7 8 7
53 43 53 48 43 58 45 83

7 8
45 737 3 8

= # # # # # # # =

= # =

 ‘
ˆ ‰

from which we obtain at once

Ò Ó Ðf ß f œ f f  f f Ñ œ V  X f

œ  V  X f

5 4 3 5 4 4 5 3 7 7 3
7 7
345 45

7 7
354 547 7 3

= = = =

= = .

(7.3.16)

With these information at hand, we can easily evaluate the action of the
operator  on any tensor. But, let us first verify that the operatorÒ Óf ß f5 4

Ò Óf ß f Þ5 4  obeys the Leibniz rule on tensor products  If  and  are twog f
tensor fields, we can obviously write

f Ð Œ Ñ œ f Œ  Œ f

f f Ð Œ Ñ œ f f Œ  f Œ f  f Œ f  Œ f f
4 4 4

5 4 5 4 4 5 5 4 5 4

g f g f g f

g f g f g f g f g f

whence we draw at once the conclusion

Ò Ó Ò Ó Ò Óf ß f f ß f Ð f ß f Ð5 4 5 4 5 4Ð Œ Ñ œ Ñ Œ  Œ Ñg f g f g f . (7.3.17)

Let us consider a tensor  of order . Then we can produce a scalarg 5  6

function  by considering its action on  vec-0 œ > @ â@ â 6
4 â4" 6

" 5 " 6

" 5

3 â3
Ð"Ñ Ð6Ñ
4 4 Ð"Ñ Ð5Ñ

3 3= =

tors  and  -forms . On utilising (7.3.14), we haveZ ß á Z 5 " ß á ßÐ"Ñ Ð6Ñ
Ð"Ñ Ð5Ñ= =

Ò ÓÐf ß f 0Ñ œ  X / Ð0Ñ œ  X / > @ â@ â

 X > / Ð@ â@ â Ñ

5 4 7 7
7 7
54 54 4 â4 3 3

3 â3
Ð"Ñ Ð6Ñ
4 4 Ð"Ñ Ð5Ñ

7
54 4 â4 3 3

3 â3
7 Ð"Ñ Ð6Ñ

4 4 Ð"Ñ Ð5Ñ

  

 

ˆ ‰
" "6 5

" 5 " 6

" "6 5

" 5 " 6

= =

= = .
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On the other hand, because of the Leibniz rule (7.3.17), on applying the
commutator  on the function  defined above, we getÒ Óf ß f 05 4

Ò ÓÐ Ò Ó

Ò Ó

f ß f 0Ñ œ f ß f > @ â @ â

œ f ß f > @ â @ â

 > @

5 4 5 4 4 â4 3 3
3 â3

Ð"Ñ Ð6Ñ
4 4 Ð"Ñ Ð5Ñ

5 4 4 â4 3 3
3 â3

Ð"Ñ Ð6Ñ
4 4 Ð"Ñ Ð5Ñ

4 â4
3 â3

<œ"

6

Ð"Ñ
4

ˆ ‰
ˆ ‰
’"

" "6 5

" 5 " 6

" "6 5

" 5 " 6

" 6

" 5 "

= =

= =

â f ß f @ â @ â

 @ â @ â f ß f â

Ò Ó

Ò Ó

5 4 Ð<Ñ Ð6Ñ
4 4 Ð"Ñ Ð5Ñ

3 3

<œ"

5

Ð"Ñ Ð6Ñ
4 4 Ð"Ñ Ð<Ñ Ð5Ñ

3 3 35 4

< 6

" 5

" 6

" < 5

= =

= = =" “.

Let us now employ (7.3.15) and (7.3.16) to transform the terms within
brackets in the third and fourth lines of the above expression into the fol-
lowing form

"
"

<œ"

6

Ð"Ñ Ð<Ñ Ð6Ñ
4 4 4 4

754
7 7
Ð<Ñ 3 354 7

Ð"Ñ Ð5Ñ

<œ"

5

Ð"Ñ Ð6Ñ
4 4 Ð"Ñ Ð<Ñ Ð5Ñ

3 3 3
7 Ð<Ñ 7
3 54 7 54 7

@ âÐV @  X f @ Ñâ@ â

 @ â@ âÐ  V  X f Ñâ

" < < 6

" 5

" 6

" << 5

= =

= = = = .

Next, we write

f @ œ / Ð@ Ñ  @ ß

f œ / Ð Ñ 

7 7Ð<Ñ Ð<Ñ
4 4 4 8

78 Ð<Ñ

7 7
Ð<Ñ Ð<Ñ
3 3

8 Ð<Ñ
73 8

< < <

< < <

#

= = # =

and change the dummy indices properly to obtain

Ò ÓÐ Ò Óf ß f 0Ñ œ f ß f >  V > 

V >  X >

5 4 5 4 4 â4 4 â4 74 â4
3 â3 3 â3

<œ"

6
7
4 54

<œ" <œ"

5 6
3
754 4 â4 4 â4 84 â

3 â3 73 â3 7 8
54 74

š ˆ ‰ "
" "’

" " <" <"6 6

" "5 5

<

<

" " <" <"6

" <" <" 5

<
# 4

3 â3

<œ"

6
3
78 4 â4 3 3

3 â3 83 â3 4 4
Ð"Ñ Ð6Ñ

Ð"Ñ Ð5Ñ

7
54 7 4 â4

3 â 3

6

" 5

<

" "6 5

" <" <" "5 6

" 6

" 5

                                        > @ â@ â

œ  X / Ð> Ñ

" “›# = =

 @ â@ â

 X > / Ð@ â@ â Ñ

Ð"Ñ Ð6Ñ
4 4 Ð"Ñ Ð5Ñ

3 3

7
54 4 â4 3 3

3 â3
7 Ð"Ñ Ð6Ñ

4 4 Ð"Ñ Ð5Ñ

" 6

" 5

" "6 5

" 5 " 6

= =

= =  . 

Consequently, on collecting terms suitably, we end up with the relations
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š " "
›

Ò ÓÐf ß f > Ñ  V >  V >

 X f > @ â@ â

5 4 4 â4 4 â4 74 â4 4 â4
3 â3 3 â 3

<œ" <œ"

6 5
7
4 54

3
754

3 â 3 73 â 3

7
54 7 4 â4 3

3 â 3
Ð"Ñ Ð6Ñ
4 4 Ð"Ñ Ð

" " <" <" "6 6 6

" "5 5 <

<

" <" <" 5

" "6

" 5 " 6 = =
5Ñ

35
œ !.

Since this expression must be satisfied for arbitrary vectors and -forms, we"
finally reach to the desired relation

Ðf f  f f Ñ > œ V >

 V >  X f >

5 4 4 5 4 â4 4 â4
3 â3

<œ"

5
3
754

3 â3 73 â3

<œ"

6
7 7
4 54 544 â4 74 â4 4 â4

3 â3 3 â3
7

ˆ ‰ "
" ˆ ‰

" "6 6

" 5 < " <" <" 5

< " <" <" "6 6

" "5 5 .

(7.3.18)

Next, we define    by7# connection -forms"

> # )3 3 5
4 54œ ß (7.3.19)

7   bytorsion forms#-

D3 3
45œ X

"

#
) )4 5• , (7.3.20)

and    by7# curvature forms#-

@3 3
4 456œ V

"

#
) )5 6• . (7.3.21)

Theorem 7.13.1. Torsion and curvature forms satisfy the Cartan
structural equations

. œ  •  ß œ .  •) > ) D @ > > >3 3 4 3 3 3 3 5
4 4 4 5 4 (7.3.22)

in the moving frame.
Indeed, it follows from (7.3.2) and (7.3.12) that

.



œ 

•

) ) )

) ) ) )

) )

)

3 3 4 5
45

45
3 4 5 4 5

5 4

4

œ  - •
"

#

œ X •  Ð Ñ •
" "

# #
•

œ  

# #

D #

> D

45 54
3 3

3 3
54

3 3
4 .

On the other hand, the relation (7.13.14) leads to
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. œ . •  .

œ / Ð Ñ  - •
"

#
• œ •

> # ) # )

# # ) )

> > # # ) )

3 3 6 3 7
4 64 74

5 64 74 56
3 3 7 5 6

3 7 3 7 5 6
7 4 57 64

 ‘
.

We thus conclude that

   

.     

.  • œ / Ð Ñ   - •
"

#

œ / Ð Ñ  / Ð Ñ    - •
"

#

œ V
"

#

> > > # # # # ) )

# # # # # # # ) )

@

3 3 7 3 3 7 3 7 5 6
4 7 4 64 57 64 74 565

5 664 54 57 64 67 54 56 74
3 3 3 7 3 7 7 3 5 6

3 3
456 4

 ‘
 ‘

) )5 6• œ                                                            

The expressions (7.3.22) provide us with a quite an effective tool to
discover relatively easily some interesting relations between the curvature
and torsion tensors. From (7.3.22) , we can write"

. œ . •  • .

œ Ð.  • Ñ •  •

œ •  •

D > ) > )

> > > ) > D

@ ) > D

3 3 4 3 4
4 4

3 3 5 4 3 4
4 5 4 4

3 4 3 4
4 4 .

Employing the definitions (7.3.20) and (7.3.21), we get

@ ) > D #3 4 3 4 3 3 7
4 4 456 47 56•  • œ ÐV  X Ñ

"

#
) ) )4 5 6• • .

By appropriately renaming the dummy indices, we obtain from (7.3.20) and
(7.3.2) that

. œ Ð.X X . X Ñ
"

#

œ / ÐX Ñ - X X
"

#

D3 3 3 3
45 45 45

4
3 7 3 3
56 45 76 47

• •  •  • .

  - • •
" "

# #

) ) ) ) ) )

) ) )

4 5 4 5 4 5

7 4 5 6
56

 ‘ .

Hence, we get

’ “V  / ÐX Ñ  X - X X3 3 3 7 7 3 3
456 56 47 56 45 76 474 #   - • • œ !

" "

# #
7 4 5 6
56 ) ) ) .

Since the covariant derivative of the torsion tensor is

f X œ / ÐX Ñ  X  X  X4 4
3 3 3 7 7 3 7 3
56 56 47 56 45 76 46 57# # # ,

the foregoing equality can be transformed into
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 ‘V  f X  Ð  - ÑX  X X3 3 7
456 56 454

7 3 7 3 3
45 67 46 57 47# #" "

# #
7 4 5 6
56 - • • œ !) ) ) .

If we add and subtract the terms  into the brackets above and note"
#

7 3
46 57- X

that , then we get"
#

7 3 7 3 4 5
46 57 56 47Ð- X  - X Ñ • œ !) )

 ‘V  f X  Ð  - ÑX  Ð ÑX !3 3 7
456 56 454

7 3 7 3
45 67 46 57# #" "

# #
7 4 5 6
46 - • • œ) ) ) .

On utilising the antisymmetry with respect to indices  and , we obtain5 6

 ‘V  f X  Ð#  - ÑX3 3 7
456 56 454

7 3
45 67#[ ] ) ) )4 5 6• • œ !.

Let us now insert (7.3.12) into the above expression to cast it into the form

ÐV  f X  X X Ñ3 3 7 3
456 56 45 674 ‘) ) )4 5 6• • œ !.

Then we finally reach to the following identity

V œ f X  X X3 3 7 3
456 56 45 6 74[ ] ] [ ][ . (7.3.23)

The explicit form of the expression (7.3.23) becomes

V  V  V œ

f X  f X  f X X X X X X X

3 3 3
456 564 645

4 5 6
3 3 3 7 3 7 3 7 3
56 64 45 45 67 56 47 64 57           .

Next, we evaluate the exterior derivative of (7.3.22)  to obtain#

. œ . •  • . œ •  • •

 •  • • œ •  •

@ > > > > @ > > > >

> @ > > > @ > > @

3 3 5 3 5 3 5 3 7 5
4 5 4 5 4 5 4 7 5 4

3 5 3 5 7 3 5 3 5
5 4 5 7 4 5 4 5 4 .

As is easily seen, we can write

@ > > @ # #

@

3 5 3 5 3 8 8 3
5 4 5 4 867 54 467 58

3 3 8 3 8 3
4 467 56 487 75 4685

•  • œ ÐV  V Ñ
"

#

. œ / ÐV Ñ  - V  - V
" " "

# # #

) ) )

) ) )

5 6 7

5 6 7

• • ß

• • Þ ‘
We thus obtain

 ‘/ ÐV Ñ  V  V  - V  - V
" "

# #
5

3 3 8 8 3 8 3 8 3
467 58 467 54 867 56 487 75 468# # ) ) )5 6 7• • œ !.

On account of the expression

f V œ / ÐV Ñ  V  V  V  V5 5
3 3 3 8 8 3 8 3 8 3
467 467 58 467 54 867 56 487 57 468# # # #
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the above equality can be transformed into

 ‘f V  Ð  - ÑV  Ð  - ÑV5
3 8
467 56

" "
# #

8 3 8 8 3
56 57 57 468478# # ) ) )5 6 7• • œ !

If we take notice the antisymmetry of the exterior products of -forms in"
this expression and properly rename the dummy indices, we get

 ‘f V  Ð#  - ÑV5
3 8 8 3
467 56 56 478#[ ] ) ) )5 6 7• • œ !

and

Ðf V  X V Ñ5
3 8 3
467 56 478 ) ) )5 6 7• • œ !

after having inserted (7.3.12). We then finally obtain the following identity

f V œ X V[ ] ][5
3 8 3
l4l67 l4l7 856 (7.3.24)

where the operation of alternation will be suspended on the index 4
occupying the space inside two vertical bars. The expressions (7.3.23) and
(7.3.24) are called the  , respectively, because"st and nd Bianchi identities#
they were first discovered by Italian mathematician Luigi Bianchi (1856-
1928) albeit in a different framework. The explicit form of the relations
(7.3.24) becomes

f V  f V  f V œ X V  X V  X V5 6 7
3 3 3 8 3 8 3 8 3
467 475 456 56 478 67 458 75 468.

When the torsion tensor vanishes, then we would necessarily get V œ !3
456[ ]

and .f V œ ![ ]5
3
l4l67

Let us now introduce the matrix forms  where all -H Aœ Ò Ó − ÐQÑ ")3 "

forms  are linearly independent, , )3 > A D Aœ Ò Ó − ÐQÑ œ Ò Ó − ÐQÑ> D3 " 3 #
4

and . Hence, the Cartan structural equations (7.3.22)@ Aœ Ò Ó − ÐQÑ@3 #
4

can now be expressed as follows in the matrix form

. œ  •  ß œ .  •H > H D @ > > >.

The exterior derivatives of these forms satisfy the relations

. œ • • ß . œ •  •D @ H > D @ @ > > @ .

These equations coincide with the system of exterior differential equations
given by (6.8.6). Thus the local solutions of these differential equations on
an open set  contractible to one of its interior points are provided byY © Q
the expressions (6.8.19). By employing these expressions for various pur-
poses we can determine the basis forms and connection coefficients generat-
ing certain torsion and curvature tensors with desired properties.



388 VII Linear Connections

7.4. LEVI-CIVITA CONNECTION

As we have cited in Sec. 5.9, a Riemannian manifold is equipped with
a symmetric, second order covariant metric tensor

Z œ 1 Ð Ñ Œ ß 1 œ 134 34 43
3 4x ) ) .

We assume that the basis in the cotangent bundle  can be so chosenX ÐQÑ‡

that the matrix  is regular at every point of the manifold, that is, theG œ Ò1 Ó34

inverse matrix denoted by  exists. The elementaryG" " 34 34œ ÒÐ1 Ñ Ó œ Ò1 Ó
arc length on this manifold will be measured by the relation

.= œ 1# 3 4
34 ) )

similar to that given on 274.:Þ 
Theorem 7.4.1. There is a unique torsion-free affine connection on a

Riemannian manifold with respect to which the covariant derivative of the
metric tensor vanishes.

The conditions  and  necessitate, respectivelyf ! !Z gœ œ

f 1 œ / Ð1 Ñ  1  1 œ !ß

X œ   - œ !

5 34 5 34 64 3653 54
6 6

3 3 3 3
45 45 54 45

# #

# # .

Let us now write  where the symmetric and antisymmetric# # #45 45
3 3 3

Ð45Ñœ [ ]

parts with respect to the subscripts of the connection coefficients are de-
noted, respectively, by

# # # # # #Ð45Ñ
3 3 3 3 3 3

45 54 45 45 54œ Ð  Ñß œ Ð  ÑÞ
" "

# #[ ]

Then the condition  yieldsf 1 œ !5 34

# # #[ ]45 45 53 54
3 3 6 6 6 6

Ð53Ñ Ð54Ñ64 36 5 34 64 36œ - 1  1 œ / Ð1 Ñ  Ð- 1  - 1 Ñ
" "

# #
   and   .

On introducing the definitions

# #345 36 345 36 35445 45
6 6œ 1 ß - œ 1 - œ  - (7.4.1)

we can cast the above expressions into the forms

# # #3 45 345 5 34 453 3544Ð53Ñ 3Ð54Ñ[ ] œ - ß  œ / Ð1 Ñ  Ð-  - Ñ
" "

# #
  . (7.4.2)

Since the relations (7.4.2)  must be valid for all values of indices, we can#

employ cyclic permutations to write
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# #

# #

# #

4Ð53Ñ 3Ð54Ñ 5 34 453 354
"
#

5Ð34Ñ 4Ð35Ñ 3 45 534 435
"
#

3Ð45Ñ 5Ð43Ñ 4 53 345 543
"
#

 œ / Ð1 Ñ  Ð-  - Ñß

 œ / Ð1 Ñ  Ð-  - Ñß

 œ / Ð1 Ñ  Ð-  - ÑÞ

If we add the first and the third lines and subtract from the resulting expres-
sion the second line, consider the symmetries in indices and recall that we
must write , we obtain# # #345 3 45 3Ð45Ñœ [ ]

#345 4 53 5 34 3 45 345 435 534œ / Ð1 Ñ  / Ð1 Ñ  / Ð1 Ñ  Ð-  -  - ÑÞ
" "

# #
 ‘      (7.4.3)

As to the connection coefficients, they are found from (7.4.1) as

# #45
3 36

645œ 1 . (7.4.4)

It is clear that when the metric tensor is specified the unique connection
satisfying the conditions  and  is given by (7.4.4).  g Zœ œ! f ! 

Although this connection is known as the ,Levi-Civita connection
some authors prefer to use term the . (7.4.4) is thenRiemannian connection
explicitly written as follows

#45 45 65 64
3 36 3 36 7 36 7

4 56 5 64 6 45 47 57œ 1 / Ð1 Ñ  / Ð1 Ñ  / Ð1 Ñ  Ð-  1 1 -  1 1 - Ñ
" "

# #
 ‘ .

In natural coordinates we should take . Let us denote the/ œ ` œ `Î`B3 3
3

connection coefficients corresponding to this case by . Since, in> #45 45
3 3œ

this case we have , we find that  and the - œ ! œ45 45 54
3 3 3> > symmetric con-

nection is determined by the coefficients

> >

>

45
3 36

645

645
56 64 45

4 5 6

œ 1 ß

œ  
" `1 `1 `1

# `B `B `B
Š ‹.

(7.4.5)

the quantities  are called the  while>345 Christoffel symbols of the first kind
we know that  are the . We thus>45

3 Christoffel symbols of the second kind
conclude that the natural coordinates and the metric tensor on a Riemannian
manifold create in a concrete way the linear connection whose existence
was anticipated in Sec. 7.2.

If we choose vectors  in the tangent spaces describing the movingÖ/ ×3

frame as an orthonormal basis and forms  as their reciprocal basis in theÖ ×)3

dual spaces, we know that the metric tensor reduces to . Then1 œ …34 34$
(7.4.3) gives in view of (7.4.1)#



390 VII Linear Connections

# #345 345 435 534 543œ Ð-  -  - Ñ œ  Þ
"

#

Because of the fact that we have selected the Levi-Civita connection in
such a way that , the relation  leads immediately tof 1 œ ! 1 1 œ5 34 64

36 3
4$

f 1 œ !5
34 . Since the torsion tensor is zero, the curvature tensor, which will

be called henceforth in this section as the  or theRiemann curvature tensor 
Riemann-Christoffel tensor, will satisfy the relations

V œ ! V  V  V œ !

f V œ ! f V  f V  f V œ !

3 3 3 3
456 456 564 645

5 5 6 7
3 3 3 3
l4l67 467 475 456

[ ]

[ ]

  or  (7.4.6)

  or  

in accordance with (7.3.23) and (7.3.24). We can now define the covariant
curvature tensor by

V œ 1 V3456 37
7
456.

Some properties of this tensor can be revealed most easily in natural coor-
dinates. In these coordinates, it follows from the relation (7.2.21) that

V œ 1 Ð1 Ñ  1 Ð1 Ñ  

œ 1 1   1 1   

3456 37 864 ß5 37 854 ß6 358 368
78 78 8 8

64 54

37 864 364ß5 37 854 354ß6 358 368
78 78 8 8

ß5 ß6 64 54

> > > > > >

> > > > > > > > .

On the other hand, if we insert the relation

1 œ  1  178 7 <8 8 7<
ß5 5< 5<> >

obtained from the condition  into the above expression, we findf 1 œ !5
78

V œ      



3456 358 864 368 854 364ß5 354ß6
8 8 8 8
64 53 54 63> > > > > > > > > >

>                                                                      358 368
8 8
64 54

364ß5 354ß6 854 864
8 8
63 53

> > >

> > > > > >



œ   

and on making use of (7.4.5) we finally arrive at the relation

V œ Ð1  1  1  1 Ñ   Þ
"

#
3456 36ß45 35ß46 45ß36 46ß35 854 864

8 8
63 53> > > > (7.4.7)

Because of the symmetry properties  and , we readily1 œ 1 œ34 43 345 354> >
observe the existence of the block symmetries

V œ V œ  V3456 5634 6534. (7.4.8)

Since  is a tensor, this symmetry properties will be valid in everyV3456

coordinate systems.
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The [after Italian mathematician Gregorio Ricci-Ricci tensor  V34

Curbastro who is rightly considered one of the principal founders of the ab-
solute differential calculus connected with covariant differentiation, or ten-
sor analysis as we call it today] is defined as a contraction of the curvature
tensor :V3

456

V œ V œ    Þ34
5 5 5 5 7 5 7
354 43ß5 53ß4 57 43 47 53> > > > > > (7.4.9)

If we note that in view of (7.4.8) we can write , and conse-V œ V5364 6453

quently  we find  and finally we arrive atV œ V V œ V œ V5 5 5
364 354 45364 54

5 5
3 3

the relation

V œ V34 43.

Hence the . Moreover, we can easily deduce fromRicci tensor is symmetric
(7.4.5) that a contraction on the Christoffel symbols of the second kind is
found to be

>4
43

56 56

3
œ 1

" `1

# `B
.

Let . We then obtain1 œ Ò1 Ódet 56

`1 `1 `1 `1

`B `1 `B `B
œ œ 11

3 3 3
56

56 5656 .

Therefore, we get

>4
43 3 3 3

œ œ œ
" `1 " ` l1l

#1 `B `B `Bl1l

` l1lÈ È log "Î#

. (7.4.10)

Because of the symmetry of the Ricci tensor, (7.4.6)  is satisfied identically."

As to (7.4.6) , the contraction on indices  and  yields# 3 6

f V  f V  f V œ f V  f V  f V œ !5 3 7 5 47 7 45 3
3 3 3 3
437 475 453 475 .

We now raise the index  by recalling that the covariant derivative of the4
tensor  vanishes to obtain134

f V  f V  f V œ !5 7 3 75
4 34
7

4
5 .

By taking notice of  and contracting indices  and , we getV œ V 4 534 43
75 57

f V  f V  f V œ ! #f V  f V œ !4 7 3 3 7
4 3 3
7 7 7

4
4    or   

where  is a scalar quantity. Accordingly, the relationV œ V3
3
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f ÐV  VÑ œ !3
3
4

"
#

3
4$ (7.4.11)

must be satisfied. (7.4.11) is called the . Thecontracted Bianchi identity
second order tensor

K œ V  V3 3
4 4

"
#

3
4$ (7.4.12)

is sometimes named as the  because of its association withEinstein tensor
the theory of general relativity. If we recall (7.4.10), we see that this tensor
satisfies the following relation

f K œ K  K  K œ Ð l1l K Ñ  K œ !
" `

l1l `B
3

3 3 5 3 5 3 3 5 3
4 4ß3 53 4 34 5 4 34 53

> > >È È .

Since a Riemannian manifold equipped with the Levi-Civita connec-
tion is torsion-free, then (7.3.22)  takes the shape . On the"

3 3 4
4. œ  •) > )

other hand, we know that we can write

/ Ð1 Ñ œ 5 34 354 453
5 5 5) # ) # )

since . If we define the forms , the abovef 1 œ ! œ 1 − ÐQÑ5 34 34 36
6 "
4> > A

relation may be cast into the form

/ Ð1 Ñ œ 5 34 34 43
5) > > .

If the metric tensor is , we find that  and ,constant / Ð1 Ñ œ ! œ 5 34 43 34> >
namely, the matrix -form  is antisymmetric. This property will" œ Ò Ó> >34

always exist in an orthonormal frame since one then has . Moreover1 œ34 34$
the inverse matrix  is also the identity matrix. Hence, we can write 1 œ34

34>

> > >3
4 43

4
3œ  œ  .

Example 7.4.1. We define a spherically symmetric  metric inindefinite
the -dimensional space-time manifold by the relation%

.= œ / .>  / .<  < .  < .# # # # # # # # # #- . ) ) 9sin

where  are spherical space coordinates and  is the time coordinate.Ð<ß ß Ñ >) 9
This metric was proposed by German astronomer and mathematician Karl
Schwarzschild (1873-1916) in order to obtain the first exact analytical solu-
tion of Einstein's field equations of the general relativity in the vacuum. The
exponents functions in this expression are taken as  and - - .œ Ð<ß >Ñ œ
.Ð<ß >Ñ. The field equations of the general relativity connect the Einstein's
tensor to the energy-momentum tensor reflecting physical properties of the
medium involved through the relation
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K œ  X ß 3ß 4 œ !ß "ß #ß $3 3
4 4,

where  is a constant. Due to (7.4.11), the energy-momentum tensor must,
satisfy , that is, it must be divergence-free. Since  in the va-f X œ ! X œ !3

3 3
4 4

cuum, we ought to find . The relation  then impliesK œ ! K œ  V œ !3 3
4 3

that the following equations must also hold:

V œ !34 .

Let us now define four linearly independent -forms by the expressions"
given below

) ) ) ) ) ) 9! " # $œ / .>ß œ / .<ß œ < . ß œ < .- . sin .

With this choice of basis, we can write

Z œ 1 Œ œ Œ  Œ  Œ  Œ34
3 4 ! ! " " # # $ $) ) ) ) ) ) ) ) ) )

where . Hence, all components  of the metric tensor become! Ÿ 3ß 4 Ÿ $ 134

constant being equal to ,  or . Thus, the connection forms  have to! " " >34

be antisymmetric. If we denote the partial derivatives with respect to the
variables  and  by subscripts  and , we then obtain< > < >

. œ  / • ß . œ / • ß . œ • ß
/

<

. œ •  • Þ
/

< <

) - ) ) ) . ) ) ) ) )

) ) ) ) )
)

!  ! " "  ! " # " #
< >



$ " $ # $


. -
.

. cot 

In this case, the coefficients  are found to be- œ  -3 3
45 54

- œ / ß - œ  / ß - œ  ß
/

<

- œ  ß - œ 
/

< <

!  "  #
!" !" "#< >



$ $
"$ #$



- .

)

. -
.

. cot 
.

All other coefficients are zero. When we carefully scrutinise the Cartan
structural equations , we realise that connection forms must. œ  •) > )3 3 4

4

be designated as follows

> - ) . ) > > ) >

> ) > > ) > > >
)

> >

!  !  " " # # "
" ! " #< >



$ $ " $ $ # # !
" $ # $ ! #



$ !
! $

œ /  / œ  ß œ œ  ß
/

<

œ œ  ß œ œ  ß œ  œ !ß
/

< <
œ  œ !

. -
.

.

      

 

.

cot
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The curvature forms  will then possess the property@ > > >3 3 3 5
4 4 45œ .  •

@ @3
4

4
3œ  . These relations between the forms  and  result readily in@ >

the curvature forms below

@ > . . - . - . - - ) )

@ > > ) ) ) )
- .

@ > > ) )
-

! ! # # # # ! "
" " > <>> > > << < <

! ! " ! # " #
# " #

# Ð  Ñ
< >

! ! " ! $
$ " $

# Ð 
<

œ . œ / Ð   Ñ  / Ð   Ñ • ß

œ • œ  •  • ß
/ /

< <

œ • œ  • 
/ /

<

 ‘- .

. - .

. - .Ñ
> " $

" " " $ ! # " #
# # $ #

Ð  Ñ #
> <

" " " # ! $ " $
$ $ # $

Ð  Ñ #
> <

# # # "
$ $ " $

#

#

.
) )

@ > > > ) ) ) )
. .

@ > > > ) ) ) )
. .

@ > > > )

<
• ß

œ .  • œ •  • ß
/ /

< <

œ .  • œ •  • ß
/ /

< <

œ .  • œ
"  /

<

- . .

- . .

.
# $

" ! # ! $ !
! " ! # ! $
# " $ " $ #
" # " $ # $

• ß

œ  ß œ  ß œ  ß

œ  ß œ  ß œ 

)

@ @ @ @ @ @

@ @ @ @ @ @ .

By making use of these forms, the components of the curvature tensor are
found as

V œ  V œ  V œ V

œ / Ð   Ñ  / Ð   Ñ

V œ  V œ  V œ V œ V œ  V œ  V

œ V œ 
/

<
V

! " ! "
"!" !!" ""! !"!

# # # #
>> > > << < <> <

! # ! # ! $ !
#!# !!# ##! !#! $!$ !!$ $$!

$
!$!

#
<

!
#"#

- .

.

. . - . - . - -

-

œ  V œ  V œ V œ V œ  V œ  V

œ V œ V œ  V œ  V œ V œ  V

œ V œ  V œ V œ 
/

<
V œ  V œ V

# ! # ! $ !
!"# ##" !#" $"$ !"$ $$"

$ " # # # "
!$" #!# "!# ##! "#! $!$

$ $ "
"!$ "$! $$!

Ð  Ñ
>

" # #
#"# ""# "#"

- . .

œ  V œ V œ  V œ V

œ  V œ
/

<

V œ  V œ V œ  V œ
"  /

<

" " $ $
##" $"$ ""$ "$"

"
$$"

#
<

# $ $ #
$#$ ##$ #$# $$#

#

#

.

.

.

The components of the Ricci tensor are easily obtained as

V œ V  V œ !ß V œ V  V œ !ß!# !$
" $ " #
!"# !$# !"$ !#$
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V œ V  V œ !ß V œ V  V œ !ß

V œ V  V œ !ß

V œ V  V  V œ / Ð   Ñ

 / Ð   Ñ  # ß
/

<
V œ V

"$ "#
! # ! $
"!$ "#$ "!# "$#

#$
! "
#!$ #"$

!! >> > >
" # $ # #
!"! !#! !$! >

# #
<< < < <

#
<

""

-

.
.

. . - .

- . - -
-

! # $ # #
"!" "#" "$" >>> > >

# #
<< < < <

#
<

##
! " $
#!# #"# #$#

# #
< <

#

$$
! " #
$!$ $"$ $#

 V  V œ / Ð   Ñ

 / Ð   Ñ  # ß
/

<

V œ V  V  V œ  ß
/ Ð  Ñ "  /

< <

V œ V  V  V

-

.
.

. .

. . - .

- . - -
.

. -

$

# #
< <

#

!"
" # $
!"" !#" !$"

Ð  Ñ
>

œ  ß
/ Ð  Ñ "  /

< <

V œ V  V  V œ  Þ
/

<

. .

- .

. -

.

In this situation, the Einstein equations  yield  and V œ ! œ ! œ Ð<Ñ34 >. . .
for the component . When we employ this property in the otherV œ !!"

equations, we conclude that

- . - -
-

- . - -
.

. -

<< < <
#
<

<

<< < <
#
<

<

# #
< <

#

   œ !ß
<

   œ !ß
#

<
/ Ð  Ñ "  /

< <
 œ !

2

.
. .

Let us subtract the first equation in the above list from the second one to
find , and consequently . As to the last. - - .< < œ ! Ð<ß >Ñ œ  Ð<Ñ  0Ð>Ñ
equation, it yields

#/ œ  œ
./ /  "

.< <
#

<

# #
.

. .

. .

By integrating this equation, we obtain

/ œ " 
O

<
#. .

Hence, we can deduce the expression

/ œ / "  œ J Ð>Ñ "  ß J Ð>Ñ  !
O O

< <
# #0Ð>Ñ- Š ‹ Š ‹ .
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We can immediately observe that the first and the second equations will be
satisfied as well with these expressions for  and . Let us introduce a new- .
variable  by the relation . We then see that we can take7 7. Î.> œ J Ð>ÑÈ
J Ð>Ñ œ " without loss of generality. Therefore, the metric satisfying the
Einstein equations takes the form

.= œ "  .>  "  .<  < Ð.  . Ñ
O O

< <
# # # # # # #

"Š ‹ Š ‹ ) ) 9sin .

For physical reasons, we choose . The characteristic components ofO  !
the curvature tensor become

V œ V œ ß V œ V œ  ß V œ !
O O

< #<
! # ! " !

"!" $#$ #!# #"# #"#$ $
.

This metric that was obtained by Schwarzschild in 1915 constitutes the first
and simplest exact solution of the Einstein equations. It determines the
curvature of space-time, in other words the gravitational field, created by
spherical symmetric static body. Let us choose

ÈJ Ð>Ñ œ - œ ß

O œ < œ #K7Î- œ

speed of light

 Schwarzschild radiusW
#

where  is the mass of the body,  is the universal gravitation constant.7 K
With these physical parameters, the Schwarzschild metric takes the form

.= œ - "  .>  "  .<  < Ð.  . Ñ
#K7 #K7

- < - <
# # # # # # # #

# #

"Š ‹ Š ‹ ) ) 9sin .

This metric involving singularities at  is the first ever solution that< œ !
predicts the existence of black holes. è

Since the torsion tensor vanishes in Levi-Civita connection, (7.3.18)
takes the form

Ò Óf ß f > œ V >  V >5 4 754 4 544 â4 4 â4 4 â4 74 â4
3 â3 3 â3

<œ" <œ"

5 6
3 73 â3 73 â3

" " " <" <"6 6 6

" "5 5< " <" <" 5

<
" " .

In addition, because of the symmetries (7.4.8), the effect of the curvature
tensor on a vector  can be written as+

V + œ V + œ  V + œ  V +7 7 7 7
354 7 7354 3754 3 754 .

Hence, the effect of the commutator  is expressible by the relationÒ Óf ß f5 4

Ò Óf ß f > œ Ðf f  f f Ñ > œ5 4 5 4 4 54 â4 4 â4
3 â3 3 â3

" "6 6

" "5 5 (7.4.13)
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" "
<œ" <œ"

5 6
3 7

754 44 â4 4 â4 74 â4
3 â3 73 â3

54
3 â3V >  V ><

" " <" <"6 6

" <" <" 5

<
" 5

In natural coordinates, the covariant derivative of a tensor  in the di-g
rection of a vector  is given byZ

@ f > œ

> @  @ >  @ >

3
3

3 â3
4 â4

3 â3 3 â3
4 â4 ß3 38 4 â4 4 â4 84 â4

3 3 3 8

<œ" <œ"

5 6
3 3 â3 83 â3

34

" 5

" 6

" "5 < 5

" " " <" <"6 6 6

" <" <" 5

<
" "> > .

Since the connection is symmetric, we can obviously write

@ œ @ œ @  @3 3 3 3
38 83
3 3

à8 ß8> >< < < < .

We are thus led to the relation

@ f > œ

> @  > @  > @

 >

3
3

3 â3
4 â4

3 â3 3 â3
4 â4 ß3 4 â4 4 â4 84 â4 ß4

3 3

<œ" <œ"

5 6
3 â3 83 â3

ß8
8

<œ"

5

4 â4
3 â3 83

" 5

" 6

" "5 5 <

" " " <" <" <6 6 6

" <" <" 5 <

" 6

" <" <"

 

       

" "
" â3 3 8

à8 à4
<œ"

6
3 â3
4 â4 84 â4

5 < " 5

" <" <" 6 <
@  > @"

where the first line is none other than the Lie derivative of the tensor  withg
respect to the vector field  [ (5.11.16)]. We thereby obtain the relationZ see 

Ðf  Ñ œ > @  > @Z Z
3 â3 3 â3
4 â4 4 â4 4 â4 84 â4

<œ" <œ"

5 6
3 â3 83 â3 3 8

à8 à4g g£ ." "5 5

" " " <" <"6 6 6

" <" <" 5 <

<
" "

If we apply this relation to the metric tensor , we then findZ

Ð Ñ œ 1 @  1 @ œ @  @£Z 34 54 35 3à4 4à3
5 5
à3 à4Z

because . This means that a vector field  that leaves the metricf !Z œ Z
tensor invariant under the flow created by this vector field, namely, satisfy-
ing the relation £  has to verify the partial differential equationsZ Z œ !

@  @ œ @  @  # @ œ !3à4 4à3 3ß4 4ß3 534
5> . (7.4.14)

(7.4.14) are known as the  and a vector field satisfyingKilling equations
these equations is called a . If  is a Killing vector field,Killing vector field Z
we then obtain by cyclic permutation of indices
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@  @ œ @  @ œ V @ ß

@  @ œ V @ ß

@  @ œ V @ Þ

3à45 3à54 3à45 5à34 3654
6

4à53 3à45 4635
6

5à34 4à53 5643
6

If we subtract the third equation from the sum of the first two equations in
the above list, we get

#@ œ ÐV  V  V Ñ@3à45 3654 4635 5643
6.

However, the symmetries of the curvature tensor yield V  V  V3654 4635 5643

œ #V 33456 " [  (7.4.6)  with the lowered index ]. Thus a Killing vector fieldsee
must satisfy the relation

@ œ V @3à45 3456
6

from which we easily deduct the expressions

@ œ V @ ß @ œ  V @4
à34 34

4 3 3 4
à4 4

4
.

7.5. DIFFERENTIAL OPERATORS

Let us assume that the exterior differential form  is defined= A− ÐQÑ5

on a Riemannian manifold . We have introduced the exterior derivativeQ
operator  in Sec. 5.8 while the operators of co-differential  and Laplace-. $
de Rham  in Sec. 5.9. In this section, we shall try to present a more de-J
tailed discussion of the structure of these operators when such a manifold is
endowed with the Levi-Civita connection. We first consider the exterior de-
rivative operator . We know that the exterior deriv-. À ÐQÑ Ä ÐQÑA A5 5"

ative of a form  is= A− ÐQÑ5

. œ .B • .B • â • .B
"

5x
= =[ ]3 â3 ß3

3 3 3
" 5

" 5 .

If we now insert the expression

= = > =3 â3 ß3 3 3 â3 3 â3 43 â3

<œ"

5
4
33" " " <" <"5 5 5<

œ f  "
into the above relation, pay attention to the complete antisymmetry of the
exterior product  and the symmetry  of the.B • .B • â • .B œ3 3 3 4 4

33 3 3
" 5

< <
> >

connection coefficients, we reach to the conclusion that can be written as
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. œ f .B • .B • â • .B
5  "

Ð5  "Ñx
= =[ ]3 3 â3

3 3 3
" 5

" 5 . (7.5.1)

The co-differential operator  was defined by$ A AÀ ÐQÑ Ä ÐQÑ5 5"

the expression (5.9.30):

$= =œ .B • â • .B
Ð"Ñ

Ð5  "Ñx

5

3 â3 3à
3 3 3

[ ]" 5"
" 5" .

The components of this form is determined by

=
=

3 â3
à3

3 â3
ß3

"

"

œ
Ð 1 Ñ

1

È
È

as given in (5.9.19) and through  .= =3 â3 3à 3 4 3 4 à3
3 4 â4 3

" " "5" 5" 5"
" 5"œ 1 â1

We shall now demonstrate that these relations are actually associated with
the covariant derivative generated by the Levi-Civita connection. The
relation

= =

= > =

3 â3 3 â3
à3 3

3 â3 3 â3 43 â3
ß3

<œ"

5

34
3

" "5 5

" " <" <"5 5<

œ f

œ  "
leads to

f œ  

œ  œ Ð 1 Ñ
"

1

3 ß3
3 â3 3 3 â3 3 3 â3 43 â3 3 3 3 â3 4

<œ"

5"

34
3

34

3 â3 3 3 3 â3 4 3 â3 3
ß3 ß334

= = > = > =

= > = =

" " " <" <" "5" 5" 5" 5"<

" " "5" 5" 5"

"
È È

where we have employed the complete antisymmetry of the components
= >3 â3 5

34
" 5 , the symmetry of the connection coefficients  and the relation

(7.4.10). Hence, by raising and lowering indices by means of the metric
tensor, the co-differential operator becomes expressible as follows

$= =

=

œ f .B • â • .B
Ð"Ñ

Ð5  "Ñx

œ  f .B • â • .B
"

Ð5  "Ñx

5
3 3 3

3 â3 3

3 3 3
33 â3

" 5"
" 5"

" 5"
" 5"

(7.5.2)

where we have evidently defined .f œ 1 f3 34
4



400 VII Linear Connections

The Laplace-de Rham operator

J $ $ A Aœ .  . À ÐQÑ Ä ÐQÑ5 5

can now be evaluated by using (7.5.1) and (7.5.2). We can thus write

. œ  f Ðf Ñ .B • .B • â • .B ß
5

5x
$= =[ ]3

3 3 3 3
l3l3 â3" # 5

" # 5

and

$ = =. œ  f Ðf Ñ .B • .B • â • .B
5  "

5x
3 3 3 3

3 3 3 â3[ ]" # 5
" # 5

where the antisymmetries in the coefficients are explicitly described. If we
express the form  asJ=

J= J= Aœ Ð Ñ .B • â • .B − ÐQÑ
"

5x
3 â3

3 3 5
" 5

" 5

then its components are determined by the following expression

Ð Ñ œ  Ð5  "Ñ f f  5 f fJ= = =3 3 â3 3 3 3 â3 3
3 3

l3l3 â3" # " # "5 5 # 5[ ] [ ].

If we utilise the relation (5.5.2), we obtain at once

Ð5  "Ñf f œ f f  f f3 3 3
3 3 3 â3 3 3 3 â3 3 3 â3 33 â3

<œ"

5

[ ]= = =" # " # < " <" <"5 5 5
"

and

5f f œ f f  f f

œ f f Þ

[ ]3 3 33 â3 3 33 â3 3 3 â3
3 3 3

l3l3 â3

<œ#

5

<œ"

5

3 3 â3 33 â3
3

" " # < # <" " <"# 5 5 5

< " <" <" 5

= = =

=

"
"

Hence, we draw the conclusion

Ð Ñ œ  f f  Ðf f  f f ÑJ= = =3 â3 3 3 3 â3 3 3 3 â3 33 â3
3 3 3

<œ"

5

" " # < < " <" <"5 5 5
" .

On the other hand, let us note that one is able to write

Ò Ó Ò Óf ß f œ Ð"Ñ f ß f3 3 â3 33 â3 3 3
3 <" 3

3 â3 3 â3< " <" <" <5 " <" <" 5
= =
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Employing then the relation (7.4.13), we find that

Ò Óf ß f œ V

 V

œ  V  Ð"

3 3
3 3 7
3 â3 3 â3 73 3 3 â3 3 â3

=œ"ß=Á<

5

3
7 3

3 3 3 â3 73 â3 3 â3

73
7
3 â3 3 â3

=œ"ß=Á<

5

< " <" <" < " <" <"5 5

= < " =" =" <" <" 5

< " <" <" 5

= =

=

=

 

 

 

"
" Ñ V

œ  V  Ð"Ñ V

=" 7 3
3 3 3 73 â3 3 â3 3 â3

7 =" 7
3 73 â3 3 â3 3 373 â3 3 â3 3 â3

=œ"ß=Á<

5

3
3

= < " =" =" <" <" 5

< " <" <" = " =" =" <" <"5 5<

 

  

=

= ="
Therefore, we see that the Laplace-de Rham operator is completely deter-
mined by the components

Ð Ñ œ  1 f f  Ð"Ñ V

 Ð"Ñ V

J= = =

=

3 â3 4 3 3 3 â3 73 â3 3 â3
34 < 7

<œ"

5

3

<œ"

5 5

=œ"ß=Á<

<= 7
3 373 â33

3

" " # " <" <"5 5 5<

= " =<

 

                                 

"
" "

" =" <" <" 53 â3 3 â3 .

(7.5.3)

VII.  EXERCISES

7.1. A manifold  is equipped with two connections defined by the ChristoffelQ
 symbols  and . Show that the quantities  are com-> > E > >3 w 3 3 3 w 3

45 45 45 45 45œ 

 ponents of a -tensor.ˆ ‰"
#

7.2. Let  be a connection on a manifold . Show that the operator  definedf fQ ‡

 by the relation  is also a connection on  whosef Z œ f Z  ÐY ß Z Ñ Q‡
Y Y 7

 torsion tensor is determined by .  is called the . 7 f‡ conjugate connection
7.3.  is a connection on a manifold . Show that the connection defined by thef Q
 relation  is symmetric. Find the connection coefficients.f f f= ‡"

#œ Ð  Ñ

7.4. Show that the connections ,  and  have the same geodesics on thef f f‡ =

 manifold .Q
7.5. A connection on the manifold  whose coordinate cover is  is‘# " #ÐB ß B Ñ
 prescribed by Christoffel symbols  and all other coefficients> >" "

"# #"œ œ "
 . Determine the geodesics.>3

45 œ !

7.6. A connection  and a tensor  that is antisymmetric with respect to itsf W45
3

 covariant indices are given on a manifold . Show that there is a uniqueQ
 connection on  with the same geodesics as those of  and its torsionQ f
 tensor being equal to .W45

3
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7.7. If the parameter of a geodesic curve determined by the equation (7.2.16) is ,>
 then show that a change of the parameter in the form  where 7 ! " !œ > 
 and  are constants still satisfies that equation. Thus, a parameter of a"
 geodesic curve may be named as an .affine parameter
7.8. The  on the manifold [Dutch physicist Hendrikindefinite Lorentz metric  ‘8"

 Antoon Lorentz (1853-1928)] is introduced by the relation

Zw
! ! 3 3

3œ"

8

œ  .B Œ .B  .B Œ .B" .

 Hence, the Lorentz inner product and the of a vector is determined,length 
 respectively, by

Z

Z

w
! ! 3 3

3œ"

8

w # #
! 3

3œ"

8

ÐY ß Z Ñ œ  ? @  ? @ ß

ÐY ß Y Ñ œ  ?  ?

"
" .

 In this case,  becomes obviously a pseudo-Riemannian manifold.Ð ß Ñ‘8" wZ
 Let us now define an -dimensional submanifold of the manifold  as8 ‘8"

 follows

L œ Ö − À B  B œ "ß B  !× §8 8" # # 8"
! 3

3œ"

8

!x ‘ ‘" .

  is called a . Show that the metric  generates a definiteL8 whyperbolic space Z
 metric  on  whose components are given byZ L8

Z œ 1 .B Œ .B ß 1 œ 
B B

B
34 3 4 34 34

3 4

!
#

$

 and  becomes a complete Riemannian manifold.ÐL ß Ñ8 Z
7.9. Hyperbolic plane  is defined as the submanifoldL#

L œ Ö − À B  B  B œ "ß B  !× §# $ # # # $
! " # !x ‘ ‘

   where  is equipped with the Lorentz metric. By using a coordinate trans-‘$

 formation

B œ < B œ <" #cos sin) ),  

 show that the metric tensor of this Riemannian manifold is given by the
 relation

Z œ  < . Œ .
.< Œ .<

"  <#
# ) )

 Find further the form of this metric tensor under the coordinate transforma-
 tion .< œ =sinh
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7.10. Compute the metric tensor of the -dimensional hyperbolic space . Use$ L$

 first the spherical coordinates  given byÐ<ß ß Ñ) 9

B œ < ß

C œ < ß

D œ <

sin cos
sin sin
cos

) 9

) 9

)

  then the transformation .< œ =sinh
7.11. Show that the number of the independent components of the curvature tensor
  satisfying the symmetry relations (7.4.8) in an -dimensional manifoldV 83456

 is given by

"

#
8 Ð8  "Ñ

1
.# #

7.12. The Weyl tensor is defined by the relation

[ œ V  # V  V
"

$
34 34 3 4 3 4

56 56 5 6 5 6$ $ $[ ] [ ]
[ ] [ ] .

 Show that all contractions of this tensor yield zero tensors.
7.13. The metric tensor in a 2-dimensional Riemannian manifold is given in the
 following form

Z œ .< Œ .<  0 Ð<ß Ñ . Œ .[ ] .) ) )#

 Let us choose the basis forms in  asX ÐQÑ‡

) ) ) )" #œ .< œ 0 Ð<ß Ñ ., .

   Find the reciprocal basis vectors ,  in  and the coefficients ./ / X ÐQÑ -" #
5
34

 Determine the Christoffel symbols and the curvature tensor.
7.14. Show that the operator of covariant differentiation satisfies the Jacobi identity

 ‘  ‘  ‘f ß f ß f f ß f ß f f ß f ß f !3 4 5 4 5 3 5 3 4Ò Ó  Ò Ó  Ò Ó œ .

7.15. Let  be a Riemannian manifold and  be its curvature tensor. Show thatQ e
 the relation  is satisfied for alle Z eÐZ ß Z ß Z ß Z Ñ œ ÐZ ß Z ß Z Ñß Z" # $ % # $ % "ˆ ‰
 vector fields . Verify further the following identities:Z − X ÐQÑß 3 œ "ß #ß $ß %3

   ,Ð+Ñ ÐZ ß Z ß Z ß Z Ñ œ  ÐZ ß Z ß Z ß Z Ñe e" # $ % # " $ %

   , Ð,Ñ ÐZ ß Z ß Z ß Z Ñ œ  ÐZ ß Z ß Z ß Z Ñe e" # $ % " # % $

   ,Ð-Ñ ÐZ ß Z ß Z ß Z Ñ œ ÐZ ß Z ß Z ß Z Ñe e" # $ % $ % " #

   .Ð.Ñ ÐZ ß Z ß Z ß Z Ñ  ÐZ ß Z ß Z ß Z Ñ  ÐZ ß Z ß Z ß Z Ñ œ !e e e" # $ % " $ % # " % # $

7.16. Calculate the function  in cylindrical coordinates where .J A ‘0 0 − Ð Ñ! $

7.17. Calculate the form  in cylindrical and spherical coordinates whereJ=
 .= A ‘− Ð Ñ" $

7.18. Let  and  be two Riemannian manifolds. If a diffeomorphismÐQß Ñ ÐRß ÑZ I
  fulfil the condition , then it is called an . If9 9À Q Ä R œ‡I Z isometry
 such an isometry is established, then we say that the manifolds  and  areQ R
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 . Show that a diffeomorphism  is an isometry if andisometric 9 À Q Ä Q
 only if the condition

9 J J 9‡ ‡Ð 0Ñ œ Ð 0Ñ

  holds for all functions .0 − ÐQÑA!




