CHAPTER XI

SOME PHYSICAL APPLICATIONS

11.1. SCOPE OF THE CHAPTER

This chapter deals with the exploration of some physical applications
of exterior differential forms. In the first four successive sections we discuss
the analytical mechanics for which exterior forms prove to be a very power-
ful tool to reveal its various fundamental properties. We first investigate in
Sec. 11.2 the behaviour of a dynamical system with m degrees of freedom,
whose constraints are holonomic and are not changing with time. We further
assume that forces acting on the system are derivable from a time-independ-
ent potential. Such a system is depicted by the Lagrangian function. Then,
the Lagrange equations are given, and by defining the generalised momenta,
the Hamiltonian function and the Hamilton equations are introduced. It is
shown that the generalised coordinates and momenta are local coordinates
of a 2m-dimensional symplectic manifold S. A symplectic 2-form then
provides an isomorphism between the module of 1-forms on the manifold S
and its tangent bundle. This enables us to define Hamiltonian vector fields
and to express equations of motions as an exterior equation on .S. We then
introduce the Poisson bracket of 1-forms on S in Sec. 11.3 and we examine
properties of these brackets. We further show that 1-forms constitute a Lie
algebra with respect to a product identified as a Poisson bracket. Making
use of the relations involving such Poisson brackets, we obtain Poisson
brackets of 0-forms, namely, differentiable functions and we show that these
functions also constitute a Lie algebra with respect to Poisson brackets.
Then the connection between Poisson brackets and equations of motion is
established. We deal with canonical transformations in Sec. 11.4 that are
characterised as mappings under which the symplectic form remains inva-
riant. It turns out that these transformations leave also the Hamilton equa-
tions of motions invariant. Afterwards, we discuss non-conservative me-
chanics in Sec. 11.5. Dynamical system now occupies a 2m + 1-dimension-
al non-symplectic manifold. The Hamilton equations are then reduced again
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to an exterior form equation by means of a 1-form involving a time-depend-
ent Hamiltonian function and a 2-form that is its exterior derivative. It is
shown that the canonical transformations leave this 2-form invariant. It is
then proven that the Hamilton equations remain invariant under canonical
transformations. The structural properties of canonical transformations are
investigated. We finalise the study of analytical mechanics by exploring the
Hamilton-Jacobi theory that help reduce the Hamilton equations to their
simplest possible form. Our next topic is the electromagnetic theory studied
in Sec. 11.6. The Maxwell equations are expressed as vanishing divergences
of two second order antisymmetric tensors on a 4-dimensional manifold and
it is found that these equations are equivalent to an exterior system involv-
ing two 2-forms. The general solution of these equations is constructed by
employing the homotopy operator. When constitutive relations are taken
into account, it is shown that this solution leads to the classical solution that
are expressed in terms of scalar and vectorial potentials satisfying wave
equations. In the final Sec. 11.7, the classical thermodynamics is briefly
treated in a rather elementary level. A thermodynamic system whose state is
determined by external and internal variables, and the empirical temperature
is considered. An isothermal work function is defined assuming that exter-
nal agents are conservative. By employing the first law of thermodynamics
which states that the work done by external effects plus the heat energy
input is equal to the rate of change of the internal energy and the physical
fact that thermodynamic functions are additive, admissible versions of work
and heat energy forms are obtained. Furthermore, the thermodynamic
(absolute) temperature is introduced by an appropriate transformation, the
existence of the entropy is proven under the conditions of complete inte-
grability of the heat form. Then, the relations between the internal energy,
free energy and heat forms are illustrated.

11.2. CONSERVATIVE MECHANICS

Let us consider a dynamical system consisting of several particles and
rigid bodies moving in the space R?. In this space, the position of a particle
is determined by at most 3 numbers corresponding to its coordinates imply-
ing that a particle has three degrees of freedom. On the other hand the
position of a rigid body is prescribed by at most 6 numbers (for instance, 3
coordinates of one of its points, frequently of its centroid, and 3 Euler
angles prescribing its orientation in the space). Therefore, a rigid body has
six degrees of freedom. We can thus represent the position of a dynamical
system as a point in some space RY where 1 < N < oo and the time
evolution of such a system can be depicted by a curve in this space.



11.2 Conservative Mechanics 697

However, the system may possess constraints that restrict its motion so that
it has a lower degrees of freedom. For instance, if we restrict the motion of a
particle to a plane, then it has only two degrees of freedom. For another
example, let us consider a rigid body. Although it has infinitely many
particles, due to the fact that the distance between any two particles does not
change during the motion, its degrees of freedom become just six and its
motion is completely determined by specifying only six functions depend-
ing on time. Constraints that can be expressed by functional relations are
called the holonomic constraints while they are known as the anholonomic
constraints if they are prescribed by non-integrable differential forms.
Moreover, if their structure is rigid, i.e., it does not change with time they
are called the scleronomic constraints whereas if it varies with time they
are named as the rheonomic constraints. We first consider a system with
scleronomic holonomic constraints. Let us assume that the system has now
m degrees of freedom with constraints. The position of the system, thereby
of every member of the system are completely determined by m variables
q=1{¢",4¢* ...,q"} called the generalised coordinates through the rela-
tions 2’ = 2'(q),i = 1,2, ..., m. If we denote the time by ¢, the functions
q(t) = {¢'(t), i =1,2,...,m} now describe fully the evolution of the
dynamical system. This coordinate transformation produces a differentiable
m-dimensional submanifold M of the simple manifold RY. We call this
manifold, which might acquire quite a complicated structure due to this
transformation, as the configuration manifold. Hence, the motion of the
system is represented by a curve on this manifold. If we can find this curve
on M, then we can carry it over the physical space by using appropriate
coordinate transformations. This task is, of course, conceptually quite
simple, but it may prove to be rather difficult to realise it operationally.

It is evident that the generalised coordinates need not to be determined
uniquely. A new set of generalised coordinates Q = {Q*',Q?,...,Q™} for
the configuration manifold may be defined by the help of functions

Qi = Qi(q17q27"'aqm)a 1= 172a"',m

However, in order that the degrees of freedom of the system are preserved,
the new coordinates should be functionally independent. Therefore, we have
to be sure that the condition

09"
dqi

det£) = det| S| #0

must be satisfied. That we are somewhat free in choosing the generalised
coordinates suggests the possibility of searching for a particular choice of
them to simplify the investigation of the system to a great extent.
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Example 11.2.1. Let us consider three particles moving in a plane with
masses mi, me, m3. The masses m; and mo are connected by a rod of
length I; whereas my and m3 are connected by a rod of length l>. Both rods
are assumed to be rigid and massless. Connections are provided by freely
rotating joints. This system is, of course, taking place in the manifold RS
with the coordinate cover (x1,y1,Z2,Y2, 23, y3). But, if we denote the
angles between rods and the horizontal line by 6, and 65, we can write

T9 = x1 + 1 cos by, Yo = y1 + [ sin by,
x3 = o1 + l1cos 01 + lscos 02, y3 = y1 + l1sin By + losin Os.

Since the motion of the system is now determined by generalised coordi-
nates (z1,y1,61,02), it has four degrees of freedom. So the system will
evolve with time on a 4-dimensional configuration manifold M* C R® with
a coordinate cover (z1,yp,01,602). This manifold may be defined by the
following algebraic equations

(g —21)? + (p —)? =B, (33— 22)> + (33 — ) = 5. u

When the constraints are both scleronomic and holonomic, the kinetic
energy of the system can be expressed as follows

T=%wﬂ¢&3~w¢WQWj=%%ﬂ®QW]20. (11.2.1)
An overdot denotes as usual the time derivative. G(q) = [g;;(q)] must be a
symmetric and positive definite m x m matrix. The functions ¢’(¢) are
called the generalised velocities. We know that the generalised velocities at
a point q € M take place in the tangent space of the manifold M at that
point. The velocity phase space is the tangent bundle 7'(M) of the configu-
ration manifold M. It is a 2m-dimensional differentiable manifold whose
coordinate cover is (q', ¢"). If the system is conservative, then there exists a
scalar-valued potential function

V=V(,¢....d") =V(q)

and the gradient {9V /dq'} of this function with respect to the generalised
coordinates determines, somewhat indirectly, the actual forces acting on the

physical system. The differentiable function L : T'(M) — R defined by the
relation

Lq,q)=T -V (11.2.2)

is called the Lagrangian function of the system and the dynamical evolu-
tion of the system is governed by the following Lagrange equations
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d <8L> oL

—(55)—7=5=0, i=12,...,m. 11.2.3
dt 8ql 8ql ? ? » = 7m ( )

These are a set of second order ordinary differential equations satisfied by
functions ¢'(t). One must easily recognise that these equations are none
other than Euler-Lagrange equations for functions ¢'(¢) extremising the
action functional

to

Atw) = [ Laa)
1

[see (10.3.5)].

Lagrange had obtained the equations (11.2.3) and similar equations
corresponding to more general systems in 1760. However, the importance of
these equations and, particularly of the approach leading to these equations
has been fully understood only after he has published in 1788 Mécanique
Analytique, which is a groundbreaking and probably one of the most influ-
ential books in the history of science. In this work, Lagrange has succeeded
to convert the rational mechanics to a branch of mathematical analysis. In
contrast to the geometrical approach prevalent at that time, his priding him-
self on not including even a single figure in his book! is a striking statement
reflecting his new philosophy to which he had subscribed in treating the ra-
tional mechanics.

For scleronomic systems the kinetic energy given by (11.2.1) enables
us to equip the configuration manifold M with a metric so that M becomes
a complete Riemannian manifold. We define the metric tensor by using the
coefficient functions g;;(q) in the expression for the kinetic energy just like
in (5.9.1) as follows

G = gij(a) dg’ ® dg’ € T(M)3.
Therefore, we can introduce an inner product on 7'(M ) by the relation
(U,V)=G(U,V) =gu'v’, U,V eT(M).

The arc element on the manifold M in the direction of the generalised
velocity vector is then given by

ds® = g dq'dg’ = gi; ¢ ¢ dt* = 2T dt?

or ds = /2T dt. Therefore, in such kind of systems when we insert the

1"On ne trouvera point de Figures dans cet Ouvrage."
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Lagrangian function

1

L=3gia) q'q¢’—Vi(q)

into the equations (11.2.3), we arrive at the following equations of motion
on the manifold M

-_}agjk-j-k o _

2 ¢ T a aq’ =0

[9:5(q) 4]

On evaluating the time derivatives above and arranging the resulting terms,
we obtain

dgk 2 d¢'

» dgii 109\ . ; \%
]+( 1] j,).j.k R—
9i;q - od
Nevertheless, if we notice that only the symmetric part with respect to
indices j and £ of the expression within parentheses in the above equations
would survive, then it is straightforward to see that these set of equations
can be cast into the form

o1
gijq]+§<

9gij | Ogir 99j&>-j-k+ ov _,.

oq* 0q’ oq’ oq’

If we utilise the relation ¢/*g;;, = 6] and recall the definition (7.4.5) of the
Christoffel symbols of the second kind, we end up with the following set of
second order, generally non-linear ordinary differential equations by invert-
ing the coefficient matrix [g;;]

k ij OV

i+ Ty (@ d’ " = -

When we suppose that V' = 0, these equations reveal the fact that points
representing dynamical systems that are free of forces must move on some
geodesics in the configuration manifold [see (7.2.16)].

The set of second order differential equations (11.2.3) can be trans-
formed into an equivalent but larger set of first order ordinary differential
equations by introducing certain auxiliary variables. To this end, we shall
select the new variables p; with ¢ =1,2,...,m that will be called the
generalised momenta as follows

oL
pz—aq

(11.2.4)

i

When the condition



11.2 Conservative Mechanics 701

dei[ 0] = a2 %0

is met, then by resorting to the inverse mapping, (11.2.4) yields in principle
" =P P g g™ (11.2.5)

So long as the quantities ¢ are given by (11.2.5), the Hamiltonian function
H = H(p, q) can now be defined by the Legendre transformation

H(p.q) = piq" — L(q,q). (11.2.6)

When we evaluate the differential of the function (11.2.6) and employ the
equations (11.2.4) and (11.2.3), we conclude that

OH OH . < . oL . OL .
dH = —dp; -dq' = q¢'dpi+p;dq' — — dq' — — dg’
ap, P T g %a = ddpit pidd’ = 55 dd = 55 dd
= q'dpi — p; dq’
from which we derive the first order Hamilton equations
. OH OH
1t = , b= ——=—, i=1,2,....m. 11.2.7
i'=G = m.o o (1127)

In order to fully understand the exact nature of generalised momenta
p;, we wish to examine their behaviour under a coordinate transformation
Q' = Qi(¢’) in the configuration manifold. To this end, let us define an
m X m matrix Q by

i 0Q'
o -t~ 2]
so that the time derivative of the coordinate transformation is expressible as
0'=%2 =24 or Q=94 or 4 =270,
oq’

Making use of these relations we obtain
oL oL 9¢’
Q" 94790

N oq’
( 1>7J pj = 8Qipj

which means that the elements {p;, po, ..., pn } behaves like components of
a covariant vector that is a member of the cotangent bundle, in other words,
they are the components of a 1-form. Therefore, the coordinate cover of the
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2m-dimensional differentiable manifold S = T*(M) is given by {q¢', pi}.
We name this manifold as the momentum phase space, or in short, merely
the phase space. Thus, the vector fields {¢*, p,} satisfying the Hamilton
equations (11.2.6) inhabit the tangent bundle T'(7*(M)). On the other hand,
the 1-form defined by

0=pidg =p dg + -+ pndg™ € A(S) (11.2.8)

and usually known as the Liouville form is a member of the cotangent
bundle 77(M). From the exterior derivative of the form (11.2.8) we can ge-
nerate a closed 2-form

w= —df = —dp; A d¢’' = dq' Adp; (11.2.9)
= dq' Ndpy + -+ + dg™ A dp,, € AX(S).

Let us denote the coordinate cover of the manifold S by {z%,a =1, 2,
...,2m}. These coordinates will represent the coordinates ¢° when we take
a =1 with 1 <4 < m, and the coordinates p; when we take a = m + i if
we do not mind a slight abuse of notation due to the unfamiliar positions of
superscripts and subscripts. Hence, the form w can now be written as
follows
1 a b
w = iwab(X)dx ANdz’, 1<a,b<2m.

In this case, the coefficients w,; of the form w can now be expressed by the
2m X 2m antisymmetric matrix

J=[wa] = [ _(;m I&”]. (11.2.10)

where m x m identity matrix is denoted by L. Since detJ = 1, then the
rank of 2-form w is maximal, namely, it is 2m. We shall see a little later that
w is also non-degenerate. Hence, w is a symplectic form [see p. 46]. We
shall call this form whose structure has been manifested by (11.2.9) as the
canonical symplectic form. The generalised coordinates {¢’, p;} that enable
us to write the symplectic form locally in this way are also called canonical
coordinates. We refer a manifold S endowed with a symplectic form as a
symplectic manifold. Inasmuch as the rank of w is 2m, the Darboux class of
the form 6 is m. Consequently, Theorem 6.6.2 states that we can always
find canonical coordinates that make it possible to write the symplectic form
locally in the canonical form (11.2.9).

The matrix J is called a symplectic matrix [see Exercise 3.4]. We can
immediately see that this matrix enjoys the following properties
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L, 0
, [0 L[ o L] [-L. o
J_[—Im 0|[-1, o/~ 0o -1,
= — Iy,

whence we deduce that
Jl=—Jg=J"

We would like now to introduce a mapping S, : T'(S) — T%(S) between
the tangent and cotangent bundles of a symplectic manifold .S which may be
equivalently interpreted as a mapping S, : (S) — A'(.S) between the tan-
gent module U(S) and the module of 1-forms A!(S). For each vector field
V € T(S), we define this mapping by employing the symplectic form in the
following fashion

S,V =iy(w) € AY(S). (11.2.11)

Because of the properties (5.4.7), we immediately see that S, is a linear
operator on the module 6(S). The value of this 1-form on a vector field
U € T(S) is naturally given by

SV (U) =iy (iv(w) =w(V,U) € A%(S).

If we write

9 v 0 +nii cT(S),

V= dre oq op;

then (11.2.11) yields
S,V =iy (w) = wep v° dz’ = vl dp; — v;dg' € AY(S).
Let us consider a form o € A!(S) by
a = &dq' + 1'dp;.

It is straightforward to observe immediately that this 1-form is the image
S, V., of the vector

i 0 0 .
Va=mn oG fz%, a= iy, (w). (11.2.12)

(]

Hence, the operator S, will be surjective. On the other hand, if we write



704 XI Some Physical Applications

S,V =0 we end up with the expression w,, v* = 0. Since the matrix
J = [wap] is regular, we find only the trivial solution v* = 0 or V' = 0, that
is, the operator S, is injective, and consequently it is bijective. Therefore,
the operator S, is one of the isomorphisms between tangent and cotangent
spaces. Thus, the inverse mapping S ! : A1(S) — 2(S) assigns to each 1-
form field

o = &dg' +n'dp; € AY(S)
a unique vector field

0

1y i
S, a—Va—naqi

0
& o e T(S).
It is evident that one can write a = S,,V,. Since the relation iy (w) = w(V')
= 0 is satisfied if and only if V' = 0, we gather that the form w is non-
degenerate.

Let us next consider the smooth function H € A°(S). A vector field
Vg complying with the condition

S, Vg =iy, (w) = dH € A'(S) (11.2.13)

is called a Hamiltonian vector field. Since S, is an isomorphism, when a
function H is chosen, the Hamiltonian vector field corresponding to this
function is uniquely determined through the relation Vi = S, (dH). If we
explicitly write d H as

0H

= _dq’
8q7’q—'—

oH

dH
op;

dp;,

then the corresponding Hamiltonian vector field is given by the relation

COH & 9H 9
~ Op; 0¢¢ dq' Op;’

o (11.2.14)

It is now obvious that trajectories of such a vector field will have to satisfy
the Hamilton equations

oH 0oH

s 0

q

cited in (11.2.7). Thus, it would be then quite reasonable to state that the
equation (11.2.13) is the symplectic form of the Hamilton equations.

Example 11.2.1. Suppose that H = qp®> —qp+ap where a is a
constant. In that case, the Hamilton equations become
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dq
2 90p —
dt qp —q+a,
dp 2
P p”+Dp.
The integration of these differential equations yields easily
1
p(t) = 1_ e—(t—a)’

q(t) = (1 - e_(t_cl)) [62 et(l - e_(t_cl)) - a].

c1 and ¢y are integration constants to be determined through the initial con-
ditions. If we evaluate the given Hamiltonian function on these trajectories,
we find that

H = q(t)p(t)* — q(t)p(t) + ap(t) = a + e ¢y = constant.

Clearly, this constant will generally be different on each trajectory in the
phase space. [ |

11.3. POISSON BRACKET OF 1-FORMS AND SMOOTH
FUNCTIONS

(S,w) is a symplectic manifold. We consider the forms o, 3 € A'(S).
The Poisson bracket of 1-forms o and (3 is also a 1-form {a, 3} € A*(S)
defined by the following relation
{a, 8} = = Su([Va, Vi) = =i (@) (11.3.1)
= — (185 e, S5'6))
where the vector fields V, = S;'a and V3 = S '3 are generated from the

forms o and 3, respectively, through the isomorphism S,,. Consequently, on
the module U (.S) the expression

ST {e, 8)) = — [S51a, S50 (11.3.2)
would be valid. On the other hand, if we recall that dw = 0 we can write

i, v (W) = i, v, (W) = [Ev,, iv](w) = £y, iy, (w) — iy, Ly, (W)
= £y, 8 — iy, (iv, (dw) + diy, (w))
= £Voﬁ — ivﬂ (da)

owing to the equality (5.11.7). However, if we take into account the Cartan
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magic formula iy, (da) = £y,a — diy, () and anticommutativity (5.4.4) of
the interior product, the Poisson bracket becomes expressible as

{o, 8} = —ip, (W) = tv,o — £, B+ d(iviv,(w).  (11.3.3)

It then follows from (11.3.3) that the Poisson bracket of two closed 1-forms
is an exact 1-form. In fact, when da = 0 and d3 = 0, then we have

£Vuﬁ = d(iv{kivﬁ(w)), £Vaa = - d(iVaiVa(w))
and (11.3.3) leads to

{a,8} = —d(iviv,(w)) = — d(w(V3,Va)) (11.3.4)
= d(w(Va, V3)).

From the definition of the Poisson bracket and the linearity of the operator
S, we see that the following properties are valid:

(1).{a, 8} = — {8, a} (Antisymmetry),
(17).{a, 08 + cv} = b{e, B} + c{e,v}, b,c € R (Linearity).

Furthermore, the Poisson bracket satisfies the Jacobi identity
(i12) {a, {8, 71} + {8 {r, e} } + {7, {a, 8}} = 0.
In order to see this, it only suffices to notice that one can write

{a {671} = = SullVa, [Vs, VA1)

and the operator S,, is linear.
(iv). Let us consider a function f € A°(S). The linearity of the operator S,
and the relation (2.10.19) result in

{o, 18} = = Su([Va, FV3])
= — Su(f[Va, Vil + Va(f)V5)
= - fSuJ([Vaa VS]) - Va(f)SwVﬂ
= f{a, B} + Val(f) 5.

The properties (i), (i4) and (iii) demonstrate that the module A*(S) of
1-forms constitutes a Lie algebra with respect to the Poisson bracket if we
rightly interpret the Poisson bracket as the Lie product of 1-forms. Since the
Poisson bracket of two closed form is an exact, consequently, a closed form,
we realise at once that closed 1-forms is a subalgebra of such a Lie algebra
of 1-forms. It then obviously follows from the relation (11.3.1) that {a, 8}

= 0 whenever [V,, V3] = 0.
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Let us next take into account 1-forms df,dg € A'(S) that are exterior
derivatives of functions f,g € A°(S). We know that the isomorphism S,,
generates the vectors

_ af o of 0
_ 1 _ o
Vi=5,df = dp; g Oq' dp;’
Vg:S;ldg—aga dg 0

" Op;d¢  9qi dp;’

In view of the relation (11.2.13), these vectors are Hamiltonian vector fields
associated with functions f and g. Since df and dg are closed forms, then
(11.3.4) yields

{df,dg} = — d(iv,iv,(w)) = d{[, g} (11.3.5)

where the Poisson bracket of the functions f and g are defined by the fol-
lowing relation

{f.g} = —iviy,(w) = iyiy, (w) € A2(S). (11.3.6)
On the other hand, we can easily evaluate that
g 99 . i
i = ——dp; -dq' = dg,
lvg(w) o Di + dq q 9

iv,(dg) = Vi(9).

Therefore, we conclude that the Poisson bracket of two functions f and g is
determined by the expression

of dg  Of o
{f.9t = —Vi(g) =Vy(f) = 8(‘; a;i _8;1{;8;' (11.3.7)

We can thereby deduce from the relations (11.3.2) and (11.3.5) that
S, ({df. dg}) = S 'd{f, g} = — [S.'df, 5. dg].

This simply implies that Hamiltonian vector fields generated by functions f,
gand {f, g} are connected by the relation

Viggt = — Vi, Vil (11.3.8)

The equation (11.3.8) amounts to say that if V; and V,, are Hamiltonian vec-
tor fields, then their Lie product [V, V] is also a Hamiltonian vector field.
This, of course, means that Hamiltonian vector fields constitute a Lie subal-
gebra. We then observe from the expression (11.3.6) that the equality
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holds. On the other hand, for three functions f, g, h € A°(S) (11.3.7) leads

to the relations
{f> {ga h}} = vag(h)r {ga {h7 f}} = %W’(f) = - quf(h)
{hAf, 93 = —{[f 95,0} = Vi (h) = = [Vi, Vil(R)

from which we deduce the identity
{fa {ga h}} + {97 {ha f}} + {h7 {f?g}} = ([Vf’ ‘/G] - [va Vf]])(h) =0.

Hence, Poisson brackets on smooth functions verify the Jacobi identity as
well. Accordingly, the module A”(.S) equipped with the Poisson bracket is a
Lie algebra. One readily sees that the Poisson bracket { f, g} is a bilinear
function on real numbers. Moreover, we find that

{f,hgt = = Vi(hg) = = Vi(h)g — Vi(g)h
=g{f,h} +h{f, g}

Let us now consider canonical local coordinates. Then (11.3.7) leads to the
relations

{quql} = 07 {pk>pl} = 07 {qk:pl} = - {pl:qk} = 6lk

and for a function f € A°(S) we obtain

. . 9
(fidh= ~4d' ) = — 5

0
(ipd= = oSt = 5%

Hence, the Hamilton equations can now be written in the form
¢ ={¢d,H}, p;={p, H}. (11.3.9)

We shall next try to evaluate the change in a function f € A°(S) on
the flow e!Ys : S — S generated by a Hamiltonian vector field V, on the
manifold S. We know that we can write f(¢) = e'*Vs f and the necessary and
sufficient condition for the function f to remain invariant under this flow is
£y4f = 0. However, this condition means that

Lvof =Vy(f) ={f,9} =0. (11.3.10)

Accordingly, if the Poisson bracket, or equivalently the Lie product, of
functions f and g vanishes, then the function f has to remain 'constant' on
the flow on S generated by the Hamiltonian vector field Vi, i.e., f(q,p)
= f(qo,po) Where (q,p) = e'"7(qo, po) although this constant may take
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different values on each trajectory. The relation (11.3.10) requires, of
course, that the function g will, in turn, remain constant on the flow pro-
duced by the Hamiltonian vector field V. We already know that a trajec-
tory of the Hamiltonian vector field V7 associated with the Hamiltonian
function H determines the evolution of a dynamical system with particular
initial conditions on the symplectic manifold S. The time rate of change of a
function f € A°(S) during the evolution of the dynamical system can now
be calculated by

df_af,i_i_@f‘_@f@H of OH

dt 8qiq 8pz-pi ~ 0q' Opi Op; Og

:{faH}'

Thus, in case a function f € A°(S) verifies the condition
{f’ H} = 07

it remains constant in association with the evolution of the dynamical sys-
tem. A relation between generalised coordinates and generalised momenta
in the form

f(q(t),p(t)) = ¢ = constant

corresponds to an integral of the motion and help us to reduce the number
of the dependent variables p(¢). Due to the property of the Poisson bracket,
we clearly obtain {H, H} = 0. Hence, the Hamiltonian function H is an
integral of the motion. The relation

H(p,q) = pi¢' — L(q,q) = constant

is known as the conservation of energy. As a matter of fact, when the
kinetic energy is prescribed by (11.2.1) we find at once that

i = 9 gij ¢’ and p;ig" = gi; G'q’ = 27T.

Thus, the Hamiltonian function
H=2T-T+V=T+YV

represents now the total energy of the dynamical system that is conserved
during the motion of the system.

Finally, we attempt to calculate the Lie derivative of the symplectic
form w with respect to a Hamiltonian vector field V. Since dw = 0, we
easily obtain

£y,

cw=diy,(w) =ddf)=d*f =0. (11.3.11)



710 XI Some Physical Applications

Consequently, the symplectic form w remains invariant under the flow pro-
duced by a Hamiltonian vector field. In other words, under the mapping
¢ =e"1:8 — S, we get

W' = pfw = eMw=w.
The volume form of the symplectic manifold .S is of course
p=dg" Adg® A--- Adg™ Adpy Adpy A - Adp,, € AP(S).

It is quite easy now to prove the following theorem .

Theorem 11.3.1 (The Liouville Theorem). Let (S,w) be a 2m-di-
mensional symplectic manifold and ¢, be the flow of a Hamiltonian vector
field. The mapping ¢} preserves the volume form i of the symplectic mani-
fold for all t, namely, the invariance condition ¢} 1w = (i is satisfied.

Indeed, the volume form p € A?™(S) is expressible as

WAWA - ANw, = Cw".

m

Nevertheless, on account of the relations (5.7.4) and ¢; w = w we obtain
o =ColwNAP;wA - Npjw=CwAwA- - ANw=p. O

According to this theorem the volume of the phase space is conserved
under a flow generated by trajectories of a Hamiltonian vector field. This
statement is of course true for every volume elements in the phase space.

Next, let us consider a form €, = wf = WA WA --- Aw, € AZ(S),

k
1 <k < m. For an arbitrary Hamiltonian vector field V;, we obviously find
that £y, Q. = 0. Hence, all the forms €2, 1 < k < m remain invariant under

flows generated by Hamiltonian vector fields.

11.4. CANONICAL TRANSFORMATIONS

(S,w) is a symplectic manifold with canonical coordinates {q’, p;}. If
a mapping ¢ : S — S transforming this manifold into itself leaves the sym-
plectic form invariant, that is, if it satisfies the condition

P'w=uw, (11.4.1)
then it is called a canonical or symplectic transformation. Accordingly, the

flow of every Hamiltonian vector field produces a canonical transformation.
Because of (11.4.1), we have ¢*u = p so that one obtains det¢p = 1 [see
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(5.7.11)]. Therefore, a canonical transformation will preserve a volume form
and its orientation. Furthermore, it must be locally a diffeomorphism. A ca-
nonical transformation ¢ will best be expressed as a local coordinate trans-
formations (Q', P;) — (q', p;) with i = 1,...,m in the phase space specifi-
ed by the functions

qi:qi(Qla"'an7P17"'7Pm)7 p’i:pi(Qla"'vaa-Plv"'v-Pm)'

Insofar as we have assumed that ¢ is a diffeomorphism, the inverse transfor-
mations

Qi = Qi(qla"'aqm7p17"'7pm>7 R :Pi(qla"'aqm7p17"'7pm)

will exist, at least, locally. Our expectation from such a canonical transfor-
mation would be to make the equations of motion acquire a simpler struc-
ture. The relation (11.4.1) now takes the form

¢*(dg' ANdpi) = d(¢*q") Ad(¢"p;) (11.4.2)
=dQ' NdP, = dg' A dp;.

Thus, in order that ¢ turns out to be a canonical transformation, the func-
tions Q* and P, must satisfy the relations

0Q' dP; . p . 0Q' 0P
¢’ dq* dg’ A dg+ dp; Opy,
<8Qi O, 9Q dP,

0¢) Opr,.  Opy O

dp; N dp

) dg’ Adpy = dq' A dp;.

If we take into account the antisymmetry of the exterior product, the above
relation leads to the following equations

0Q' OP; B 0Q' OP; B 0Q' OP; B 0Q' 0P, B
¢l g8 9q" d¢r 7 Op; Opr  Opp Op;
0Q' 0P, _0Q 0P, _,
d¢d dp,  Opr O¢F 7

0

To treat this matter in a more general context, let us consider two 2m-
dimensional symplectic manifolds (S7,w;) and (S2,w2). A local diffeomor-
phism ¢ : §7 — S, satisfying the relation

P wy = wy (11.4.3)

is called a canonical or symplectic mapping. If ¢ is a symplectic mapping,
it will preserve the volume form so we must have the condition det ¢ = 1.
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Theorem 11.4.1 (The Jacobi Theorem). Let (S1,w;) and (Sy,ws) be
2m-dimensional symplectic manifolds. A diffeomorphism ¢ : S1 — Ss is a
symplectic mapping if and only if Hamiltonian vector fields V; € T'(S2) and
Vi r € T(S1) are to satisfy the relation

(do) ™V = ¢V = Viep or Vi = ¢.Vyey. (11.4.4)

forall f € A°(Ss).
Let us first demonstrate that the relation

SN ) = ¢S, ) (11.4.5)

w1

is satisfied for all a € A'(S,) if and only if ¢ is a symplectic mapping. Let
V =5, (a) € T(S>). Utilising the relation (5.7.7), we find that

qS*a = gf)*(ivwg) = io‘;lv ¢*w2.
By applying the operator S ! to this expression, we obtain
Sl (@) = 851 Spu, (0:1V) = 851 Spu (61155, ().

Since the condition ¢*ws = w; must be obeyed when ¢ is a symplectic
mapping, we simply find the identity mapping S;llquwQ =S5, 1S, = ig(s,)
and the relation (11.4.5) follows immediately. Conversely, if we suppose
that the relation (11.4.5) is satisfied for all forms o € A!(S,), we readily
observe that the equality S;!(¢*a) = S, Sy, (S5, (¢ ) must result in
S;}SM = Iy(s,). This is, of course, realisable if only ¢*wy = wy, i.e., if @
is a symplectic mapping.

Let us now assume that ¢ is a symplectic mapping. In this case, the re-
lation (11.4.5) leads to the result

¢V =018, (df) = S5 (67 df) = S, (d(¢7f)) = Vs

in view of Theorem 5.8.2. Conversely, let us now assume that the equality
(11.4.4) is satisfied for all f € A°(S;). We then successively obtain

d(¢"f) = ¢ df = ¢" S, Vi = ¢" (lyw2) = gy, ¢ wr =y, 'wo.
On the other hand, the same expression can also be written in the form
d(¢*f) = Su, Vs = v, wi.
This implies that we obtain the relation

. * .
., Prwy = ly,., w1
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for each function f € A°(S,) and Hamiltonian vector field V. € T'(S))
from which it follows that

ivwf(gzs*u@ - wl) =0.

Since the rank of symplectic forms must be maximal, the above equation is
satisfied if and only if ¢p*ws = wy, that is, if the diffeomorphism ¢ is a sym-
plectic mapping.

If a diffeomorphism ¢ : S — S is mapping a symplectic manifold S
onto itself, then the above conditions are reduced to the ones such that the
condition

¢ Vi = Vs
and consequently,
SoH(¢"a) = 97157 (@)

must hold for all functions f € A°(S) and forms o € A'(S). O
We can easily prove the existence of an important property related to
symplectic diffeomorphisms and Poisson brackets.
Theorem 11.4.2. Let (S1,wq) and (Sy,w9) be 2m-dimensional sym-
plectic manifolds. A diffeomorphism ¢ : S1 — So is symplectic if and only if
it preserves Poisson brackets, that is, if and only if the relation

o {f gt ={o"f, 09} (11.4.6)

is satisfied for all f,g € A°(Sy).
In view of (11.3.7) and (11.3.10), we can write the Poisson bracket
{f,g} € A°(S,) in the form

{f.9} =Vy(f) = Evyf.
On account of (11.4.4), we have
Vo= Vg

if and only if ¢ is a symplectic mapping. Hence, making use of (5.11.17) we
obtain

o {f 9} = 0" Eov,, [ = £, (0°F) = {87 [, 479}

This is tantamount to say that a symplectic mapping provides a homomor-
phism on A°(S;) with respect to the Lie product defined by the Poisson
bracket. O

1t is quite straightforward to show that Theorem 11.4.2 will also be in
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effect for Poisson brackets of 1-forms. If we employ the relation (2.10.21),
we obtain

¢ {a, B} = — ¢t v (w2) = — ¢"ig g1 vy (w2)
= = Qg v, e (W2) = — gy, g (9T wa).

On the other hand, the definition « = iy, (w2) yields
¢ o = @iy, (wa) = i1y, (P wa).

If ¢ is a symplectic mapping, one must have ¢*w; = w; and the relation
"o = i1y, (wr) will follow. So we easily obtain

o {a, B = —igay, gy (w1) = {¢"a, ¢ B} (11.4.7)

Conversely, if (11.4.7) is to be satisfied for all forms a, 3 € A(S), then
the relation

— i, oy (07w2) = — gy, g1y (i)

requires that ¢*ws = wy. O

Let us now consider a canonical mapping ¢ : S — S on a symplectic
manifold (S,w). This mapping is of course represented by transformations
between local canonical coordinates. We know that in this situation both
sets of canonical coordinates must satisfy the relation (11.4.2). In order to
systematically investigate the implication of (11.4.2), let us first define 1-
forms 6 and © as follows

0 =p;dg’, © =P dQ".
The relation (11.4.2) compels us to write
¢*dd=dO or d(© —¢"0)=0.
Thus, according to the Poincaré lemma we obtain at least locally
O — ¢ =dF, FeA\(S).

where F' is an arbitrary function. Hence, whenever ¢ : S — S satisfies
locally the expression

P,dQ' — p;dq¢’ = dF, (11.4.8)

then it becomes a canonical mapping. However, we have also to keep in
mind that the function F' should be so chosen that the mapping ¢ must be a
diffeomorphism. For instance, if we choose a smooth function /' = F(p, q)
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in (11.4.8), the canonical mapping is determined by the equations

p Q@ _ L oF 0Q" _oF
Yo P g TTop, T op

Example 11.4.1. For m = 1, we define a mapping (p, q) — (P, Q) by

1
pP= §(p2 +¢%), Q = arctan 4
p

We can then write

PdQ —pdg=-(p*+¢")————— — pdg

and find that
1
PdQ —pdq=dF, F= — 5 P

Hence, this diffeomorphism is a canonical mapping. [ |

Theorem 11.4.3. Let (S,w) be a 2m-dimensional symplectic manifold.
A canonical mapping ¢ : S — S preserves the form of the Hamilton equa-
tions governing the motion of a dynamical system on this manifold.

Let the canonical mapping ¢ : S — S be prescribed by the coordinate
transformation (Q°, P;) — (q*, p;). In the local coordinates (¢', p;) of the
manifold S we shall assume that the Hamilton equations are specified in the
symplectic form by

iVH (w) =dH

where H(p, q) is the Hamiltonian function. On applying the pull-back ope-
ration on this equation, we obtain

@i, (W) =iy 1y, (¢'w) = ¢"dH = d(¢"H)

Since ¢ is a canonical mapping, we can, of course, write ¢*w = w so we
finally find that

v, (@) = d(6° H).

Therefore, by defining the function K(P,Q) = ¢*H = H o ¢, we end up in
the following expression
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iv, (w) = dK, K(P,Q) = H(p(P,Q)q(P,Q)).

Thus, the vector field Vi associated with the function K is a Hamiltonian
vector field and its trajectories satisfy the Hamilton equations

i OK . oK
Q=55 Pi=--=
0P, Q!
corresponding to the Hamiltonian function K. O

This result brings to mind to search for an appropriate canonical trans-
formation that simplifies the structure of the function K to a great extent so
much so that the Hamilton equations take a much simpler form in the new
canonical coordinates. Achievement of such a strategy entails, of course,
much facile integration of differential equations. After having obtained the
solution corresponding to the simplified system, we need to perform only
some algebraic operations concerning canonical coordinates in order to ob-
tain the actual solution associated with the physical system. We shall dis-
cuss this approach later in detail in Sec. 11.5 in a more general context.

11.5. NON-CONSERVATIVE MECHANICS

Let us consider a dynamical system of m degrees of freedom. We as-
sume that the constraints between members of the system may be rhe-
onomic, namely, they may be time-dependent. Or some parameters describ-
ing the system may be time-dependent. We further suppose that the poten-
tial function associated with the system may also be depending on time. In
this situation, the kinetic energy of the system and its potential function now
take in general the following forms

1 1.7 P
T = igij(qa t)qqu +gi(q7t)q +g(q7t)7 V= V(q7t)

Thus, the Lagrangian function becomes explicitly dependent on time:
L(q,4.t) = T(q,q.t) — V(q,1). (11.5.1)

As a result of this both the Hamiltonian function and thus the generalised
momenta become dependent explicitly on time:

_ 9L(q,4q,1)
pz—Ta
q
H(p7q7t) :plql - L(q7q7t)

Thus, the Hamiltonian function is now a mapping like H : S x R - R

(11.5.2)
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where (S,w = dq' A dp;) is again a symplectic manifold. The generalised
coordinates q and the generalised momenta p still satisfy the Hamilton
equations (11.2.7). We next like to introduce a (2m + 1)-dimensional mani-
fold & = S x R whose coordinate cover is evidently given by {p,q,t}. We
then define the following form 6 € AY(S):

Oy = pidg'—Hdt = 6 — Hdt. (11.5.3)

We further introduce the form wy € A%*(S) by

wg = —dfy =dq¢' ANdp; + dH A dt (11.5.4)
=w+dH A dt.
Insofar as dwy = — d*0y = 0, the 2-form wy, too, is closed. Due to the

fact that the dimension of the manifold & is 2m + 1, the rank of the form
wy would be at most 2m. On the other hand, if one takes ¢t = constant, one
finds wy = w so that the rank of wy cannot be less than 2m. Consequently,
the rank of the form wy is 2m, that is, it is maximal. But & is no longer a
symplectic manifold because its dimension is an odd number. Nevertheless,
although (&, wy) is not a symplectic manifold, it is straightforward to see
that its restriction on a submanifold ¢ = constant is a symplectic manifold
that is diffeomorphic to the manifold (S, w).

We now define a vector field Vg € T(&) depending on a Hamiltonian
function H in the following way

Vi = 0 Vi 11.5.5
H= o + Vi (11.5.5)

where the Hamiltonian vector field generated by the Hamiltonian function
H(p, q,t) is again given by

_OH 0 0H 0
~ Opidq' 9 Ip;”
Since Vi (H) = 0, it follows from (11.5.5) that

0H

VH(pa q, t)

(11.5.6)

Because we obviously have iy, (w) = iy, (w), we conclude that

iVH (wH) = iVH (w) + iVH(dH A dt) = iVU (w) + VH (H)dt —dH
_OH , OH OH

g dps + St — dH = 0.
o "1 T o Pt 0
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As a matter of fact, we can readily show that each vector field V € T(S)
satisfying the relation iy(wy) = 0 can only be a multiple of the vector field
Vi by a scalar function. Indeed, let us consider an arbitrary vector

0

where &', n;, 7 € A°(&). The condition
iy(wy) =& dpi —midg' + V(H)dt — TdH

= (fi —ng>dpz’ - (7% +ng>dqi + (f

0H  OH

now requires that the components of the vector V must satisfy

Lo OH  0H | OH
"o T T Tag S ag T Mop,

I3 =0.

It is obvious that the last expression vanishes identically. Thus, the desired
vector field is obtained as follows

OH 0 _OH O 0
Opi 0¢t  Oq' Op; Ot

V=r < > =T VH

where 7 € A°(&) is an arbitrary function. It is easily observed that trajec-
tories of such a vector field determine the time evolution of the dynamical
system under various initial conditions. If we denote the parameter of a
trajectory by s, we can write

dq’ OH  dp; OH dt
=T —_— = — T —— -
ds Op;’ ds 0q¢'’ ds

However, once we eliminate the parameter s, we again arrive at the usual
Hamilton equations
dq’ _O0H dp; 0H

dt — 9p’ dt  Og

This result reveals then the possibility of determining the vector field Vg
uniquely by imposing the conditions

iy(wy) =0, ip(dt)=7=1. (11.5.7)
Therefore, the equations (11.5.7) can now be regarded as equivalent to the

Hamilton equations associated with a time dependent Hamiltonian function
H(p,q,t). On account of the satisfaction of the relation iy(wgy) = 0 by a



11.5 Non-Conservative Mechanics 719

non-zero vector ), we realise that the form wy happens to be a degenerate
2-form. This conclusion should, of course, be expected.

We would like now to evaluate the Lie derivative of the form wy with
respect to the vector field Vp. Because of the relations dwy = 0 and
iy, (wg) = 0, we find that

Ly, wg = leH(wH) + IVH(de) =0.

Hence, the form wy will remain invariant under the flow on the manifold &
which is brought into being by the vector field V. This result will naturally
imply that the forms 2 = w’}; =wpAwg AN ANwy ,1 < k < m remain

k
invariant as well under the same flow.

Inasmuch as the vector field V, corresponding to a function g € A(B)
has been given by

_0g 0 _(99 0 +2
! Op; gt Oq' dp; - Ot

we then obtain

- 9p;0¢  Oq'dp; Ot
_of

£, (f) = V() = L 0F 09 0F , OF

for a function f € A°(&). This result means that the necessary and suffi-
cient condition in order that a given function f remains invariant, or in other
words, constant under the flow generated by a vector field V), is the satisfac-
tion of the following equation

of B
e +{f, g} =0. (11.5.8)

In this case, when we consider the motion of a dynamical system described
by the flow produced by a vector field associated with a given Hamiltonian
function H, a function f € A°(&) verifying the equation

of

-va(f):E

+{f,H} =0 (11.5.9)

must satisfy the relation

f(a(t),p(t),t) = f(ao(to), po(to), to) = constant.
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Therefore, it corresponds to an integral of the motion of the system. On the
other hand, when H is time dependent, we of course obtain

OH OH
S+ {H HY =S5 F0.

Hence, such a Hamiltonian function is no longer an integral of the motion.

In other words, the conservation of energy loses its validity in such systems.
Let us now specify a diffeomorphism ¢ : &; — Gy by the following

transformations between local coordinates (Q°, P;, T') and (¢', p;, t):

¢ =d¢Q,P1T), py=p(QPT), t=T (11.5.10)
Suppose that H = H(q,p,t) € A’(&,), K = K(Q,P,t) € A°(&,). If the
relation

¢*(dg’ Adp; + dH(q,p,t) Adt) = dQ' AdP; + dK(Q,P,t) Adt

is satisfied, then we say that ¢ is a canonical transformation. It is clear in
this case that the mapping ¢! is also a canonical transformation. The short
version of the foregoing expression can, of course, be written as follows

qb*wH = WK- (11511)

Since w; = dQ' A dP;, ws = dq' A dp; and ¢*t = t, we readily deduce from
(11.5.11) that the relation

O wo = w1 +dF Ndt

must be satisfied if ¢ is a canonical transformation. Here, F is an arbitrary
smooth function defined by

F=K-¢'H c N(&)).

Thus, we can write K = ¢*H + F. We can immediately realise that every
canonical transformation preserves the form of the Hamilton equations. A
vector field Vi € T(S3) on the manifold S, satisfying the conditions
iy, (wg) = 0 and iy, (dt) = 1 gives rise to the Hamilton equations on S

df OH dp,  OH
dat  9p;’ dt  9¢'

On the other hand, we know that a vector field V € T(&;) satisfying the
conditions iy(wg) = 0, iy(dt) = 1 is a uniquely determined vector field Vi
generated by a Hamiltonian vector field. Trajectories of this vector field will
also satisfy the Hamilton equations on &y :
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Q' 0K dP, 0K
T ap @ a0 (11.5.12)

The connection between the vectors Vg and Vi associated with a canonical
transformation can easily be found. Consider a vector field Vy € T(S,)
satisfying the conditions iy, (wg) = 0 and iy, (dt) = 1. If ¢ : &} — S isa
canonical transformation, then the pull-back operator ¢* : A(&2) — A(S;)
yields the equalities

0 = ¢"iy, (wi) = g1y, (0"wy) = iy-1p, (WK),
1 = ¢"iy,(dt) = ig-1y, (¢p*dt) = i@;lvH<d¢*t) =iy 1y, (dt).

When we are given the form wg, we know that a vector field Vi € T'(S;)
satisfying the conditions iy, (wx) = 0 and iy, (dt) = 1 will be determined
uniquely. Hence, the above relations show unequivocally that the connec-
tion between Vy and Vy is provided by

Vi =¢ Vg or Vg = Vk.

Since ¢ is a diffeomorphism, ¢, : T'(S;) — T'(Ss) is an isomorphism.

In order to illuminate the local structure of canonical transformations
¢ : & — G that maps the manifold & onto itself and to disclose unambigu-
ously the interrelation between Hamiltonian functions H and K, we can
make use of the expression (11.5.4). From the relation

— ¢* Oy = — d¢* 0y = — dbg

we find that the equation d(¢*0g —6x) =0 has to be satisfied. Thus,
according to the Poincaré lemma canonical transformations must obey at
least locally to the condition ¢*0y — 0 = dF where F € A°(S) is an ar-
bitrary function. This expression can be written explicitly as

¢*(pidq' — Hdt) = PdQ' — Kdt + dF (11.5.13)

The function F' is called a generating function because it is instrumental in
designating a canonical transformation. In order to specify a transformation
between old and new canonical coordinates, the function ' must depend on
4m + 1 variables q, p, Q, P, t. But, owing to equations (11.5.10), we are al-
lowed to choose only 2m + 1 independent variables. Therefore, we can
consider only four different alternatives characterising a canonical transfor-
mation between old and new coordinates that are listed below:

{q,Q.t}, {q,P.t}, {p,Q,t}, {p,P.t}
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We shall now discuss these choices separately.
(7). Let us chose F' = F(q,Q,t). When we insert this function into
(11.5.13) and arrange the resulting terms, we obtain

(pi—g—f;)d (P+ Q)dQZ (K H—%—F>dt_0

Hence, the canonical transformation is specified by the equations

OF OF OF
P= g P = 507 K=H+ o (11.5.14)

2

ﬁgigqj> #£ 0, then (11.5.14), yields ¢' = ¢'(Q, P, t) through
the inverse function theorem. On introducing these relations into equations
(11.5.14); we are led to p; = p;(Q, P, t). Substituting functions so obtained
into the functions H (q, p, t) and F(q, Q,t) we can determine the Hamilton-
ian function K (Q, P, ).

For instance, let us choose F = a;;(t) ¢'Q’, det[a;;] # 0. Then, the
canonical transformation becomes

pi=ay(t)Q), P = —a;(t)g or ¢’ = —b(t)P;, B= (A7)

If we take A =1, this transformation merely interchanges the generalised
coordinates and generalised momenta.
(ii). Let us choose F' = — P,Q" + Fi(q,P,t). (11.5.13) gives then

(m—%?) iy (Ql aFl)dQl (K H—%)dtzo

In case det(

from which it follows that

L9F ., OR OR
Pi= o Q=5p K=H+, (11.5.15)

2

bl
If det(aig8 ]

and (11.5.15); provides p; = p;(Q, P, t). Finally, the transformed Hamilton-
ian function K (Q, P,t) follows from (11.5. 15)s.

For instance, let us choose Fy = a!(t) ¢’ P;, det[a]] # 0. The canonical
transformation becomes

bi = a; ( )P]7 QL_CL ( )qj or qi:bé(t)QjaB:(AT>71

If we take A = 1, this transformation does not change at all the canonical

> # 0, then (11.5.15), yields the relation ¢' = ¢'(Q, P, 1)
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variables.
(ii4). Let us chose F' = p;q' + Fy(p, Q,t). Then, (11.5.13) results in

8F2 8F2 : 8F2
— )dQ" K—-H—-—)dt=0
api an> Q'+ ( 5
and the canonical transformation is prescribed by the equations
8F 2 8F 2 8F 2

—<qi+ >dpi_<Pi+

2
If det( 9 4F2 ) # 0, the expression (11.5.16), determines the func-
0Q'0p;
tions p; = p;(Q, P, t), and (11.5.16); yields the functions ¢’ = ¢'(Q, P, ).
By employing these expressions, we deduce the transformed Hamiltonian
function from (11.5.16)3.
For instance, if we choose Fy = a)(t) p;Q’, detla’] # 0, then the
canonical transformation is found to be

¢ = —d()Q', Fi= —al(t)p; or pi= —bl(t)P;, B=(A")".
If we take A =1, then this transformation changes only the signs of the
canonical variables. ‘ ‘

(tv). Let us choose F' = piq" — P,Q" + F5(p,P,t). Then, it follows
from (11.5.13) that

~(q'+ ZS)dp“r (@'~ gg)dﬂ+ (K~ - ﬁ”)dt:O

Consequently, the canonical transformation is specified by the equations

. o0F; . O0F; 0F;

= — t=— K=H+ —/. 11.5.17
q ap;’ Q op,’ + BN ( )
0% Fy
OP;0p;

Indeed, if det( ) # 0, then (11.5.17), leads to p; = p;(Q, P, t) and

(11.5.17); gives ¢' = ¢'(Q,P,t). We obtain the transformed Hamiltonian
function K (Q,P,t) from the equation (11.5.17);.

For instance, if we choose F3 = a'(t) p;P;, det[a’] # 0, then the
canonical transformation becomes

¢ = —a¥(t) P, Q" =a’(t)p; or pi=1b;(t)Q’, B=(AT)"".
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If we take A = I, this transformation interchanges the generalised coordi-
nates and generalised momenta with a change of sign in one set of variables.

The equations (11.5.14-17) specify also the canonical transformations
in conservative mechanics. However, in this situation the functions F', I,
Fy, Fy are either independent of time or may only be certain particular func-
tions of time. The transformation

K(Q,P) = H(q(Q,P),p(Q,P))

gives then the Hamiltonian function.

After having established the structure of the canonical transformations,
Jacobi thought quite an ingenious idea for that time which seems to be rath-
er natural to us now and he had asked this question: whether is it possible to
determine a canonical transformation in such a manner that the transformed
Hamiltonian function K turns out to be a constant that can be taken zero
without loss of generality? If we can make such a choice leading to

K(Q,P,t) =0,

then the corresponding Hamilton equations (11.5.12) take their simplest
possible form

dQ _  dp,

=0 =0.
dt Tdt

Thus, 2m integrals of motion are simply obtained as follows
Q'(q,p,t) = a' = constant, Py(q,p,t) = b; = constant

in terms of new canonical variables. On the other hand, such a canonical
transformation can be prescribed by selecting the generating function F' as
to satisfy the equation

0F(q,Q,1)

H t) = 0.
9 + H(q,p,t)

In this case, however, the coordinates ' are constant so that the function F'

depends only on variables ¢',¢?, ...,¢™,t and the constants Q' = a!,

Q?=a%,...,Q™ = a™. The generalised momenta p; are then given by

(11.5.14);. Consequently, the function F' must satisfy the Hamilton-Jacobi
differential equation

0F(q,a,t) oF

21 + H(q, 8q,a,t) = 0. (11.5.18)

where a = (al,d?, ..., a™).
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Although this equation is always attributed today to two mathema-
ticians W. R. Hamilton and C. G. J. Jacobi, it has been actually published
first by Hamilton in 1834. Here, we have obviously employed the abbrevi-
ated notations

F(q,t) = F(q',¢* ....q" 1)
oF oF OF oF
H(q,—,t)=H( ¢ ....,¢", —, =—=,..., —, 1).
(q7 8q7 ) (q 7Q7 7q 78q1’aq27 78qm7 )

The Hamilton-Jacobi equation is a first order, generally non-linear, partial
differential equation with m + 1 independent variables ¢’, t. Therefore, the
function F' depends on m + 1 integration constants a',a?,...,a™,a™ "'
But, it is evident that the function F' + a™*! satisfies likewise the equation
(11.5.18). Since transformation equations involve only some derivatives of
F, this constant will have no effect in this approach. Hence, it can be
discarded. Thus, by using the representation a = {a',da?,...,a™}, the func-
tion F' that is the solution of the equation (11.5.18) may be expressible in
the form

F=F(q,a,t)

where we obviously have Q' = a’. Hence, the following equations are de-
duced from the relations (11.5.14)

oF
;= - = pi(q,a,t), 11.5.1
p= G = @ (11.5.19)
oF oF
P= - - = - =P yd, L) = Ug.
20 Da (q,a,t) =b

The initial conditions of the dynamical system corresponding to generalised
positions and velocities may be given in the following way

q(to) = qo = constant, p(ty) = po = constant.

Since we have assumed that det (82F / (9ai(9qj> # 0, insertion of the initial

conditions into (11.5.19); leads to the determination of the constants a that
are arbitrary at the outset as

a = a(qo, po, to)-

Substituting the constants a; so obtained together with initial conditions into
(11.5.19),, we determine the constants b*:

b = P(q07 a(q07 Po, tU)y t())
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Recalling again the condition det (82F / aaiﬁqj) # 0, we can in principle

construct the inverse function from (11.5.19)., to arrive eventually at the
following equations

q=q(t;a,b)

that describe the evolution of the system with time. It is thus evident that in
case we can determine the function F'(q,t), sometimes called the Hamilton
principal function, satisfying the first order partial differential equation
(11.5.18), then the expressions describing the motion of the system are
found by almost algebraic manipulations. Therefore, this method seems, at
first glance, to be a much more effective approach to determine the motion
of a system than trying to solve directly the Hamilton equations. In reality, it
is highly unlikely to be able solve directly the Hamilton-Jacobi equation,
except in very few cases. The standard technique of characteristics to solve
this non-linear partial differential equation requires again to obtain the so-
lution of the Hamilton equations [see Example 9.2.3]. Therefore, it does not
bring about a fresh approach. Nonetheless the discussion of the Hamilton-
Jacobi equation may provide rather significant qualitative information about
the behaviour of a dynamical system.

In order to comprehend better the meaning of the function F, let us
calculate its derivative with respect to time along the trajectory of the
system. When (11.5.14) and (11.5.18) are taken into account, it is easily
found that

dF 9F OF d¢

T N g H=L
it~ ot " og ar P

Hence, this time rate of change of F' yields the Lagrangian function.
If the Hamiltonian function H does not explicitly depend on time the
equation (11.5.18) leads of course to the result

9°F(q,Q,1)

ot =0

since 0H /0t = 0. A simple integration then gives
F(q: Q:t) = = E(qa Q)t + W(q7 Q)7 Q=a.
Consequently, the generalised momenta become

_OF _ 0B, oW
L Y oq'

bi
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Hence, H will be explicitly independent of time ¢ if only OE/dq' = 0.
According to the definition of the function F', we have to take Q = a =
constant. Hence, we must write F(Q) = a” = constant. Thus, F' will now
be expressible in the form

F(q,a,t)= — Et+W(¢',...,¢™a',...,a™ ' E) (11.5.20)

whence we can deduce the following relations

-l i=1,2,...,m (11.5.21)
aq’

blz—%, i=1,2,...,m—1

y _ OF _, 0w

" 9E OE "

In this case, the Hamilton-Jacobi equation reduces to the non-linear partial
differential equation

ow

H -
(q, a9

)=F (11.5.22)
that helps determine the function W that is called sometimes the Hamilton
characteristic function.

Example 11.5.1. Harmonic Oscillator. Let us denote by ¢ the coordi-
nate of the 1-dimensional configuration manifold associated with the recti-
linear harmonic motion of a particle with mass m. Then, the kinetic and
potential energies are prescribed in the following manner

1 1
T=-mq*> V =<k
oM 21
Introducing the definition w? = k/m, we see that the Lagrangian function
and the generalised momentum that is equal to the ordinary momentum in
this case are given by

m
L: _(q2_w2q2)7
_ oL _

p mq.

Hence, the Hamiltonian function takes the form

1
H = 2 222:E.
2m(p + m wq°)
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and the equation (11.5.20) becomes

2
(dd—W> + m*w?¢® = 2mE.
q

When we choose the + sign in front of the square root, we obtain the
differential equation

aw 2F

2
— =mw\ — —
dq m? J

whose solution is easily found as follows

2K
W(q;E):mw/\/Q—ququa
mw
mw{ 2F 2 2F ¢ q }_’_
=— |\ — — arctan a.
2 1T mw? ~ T T a2 2F 9

Therefore, (11.5.21)3 yields

oF ow 1
b= — — =t— —— =1t — —arctan d

OF OF w 2F 5
/_2_q
mw

and we finally obtain by using inverse trigonometric functions

2E .
q=1/ o sinw(t — b).

The constants E and b are to be determined from the initial conditions. W

Example 11.5.2. Central-Force Motion. Let us denote the polar coor-
dinates of the 2-dimensional configuration manifold that is associated with
the central motion of a particle with mass m by ¢! = r,¢? = 0. Then, its
Lagrangian function can be written as follows

1 ,
L=-m(i?+r20%) - V(r).

2
Hence, the generalised momenta become
= —8—L—m7'“ = —a—L—mTZQ
pl—pr—ajn— 7]72—170—89—

and the Hamiltonian function is prescribed by the expression
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2

_1 .2 252 _L 2, Py
H = 5m(i?+1%0") +V(r) = 5= (0 + %) + V().

Equation (11.5.22) now takes the form

1 r/0WN2 1 /02
zal(Gr) +2(Gg) | rvin =2
with W = W (r,0; a', E). Since the function H does not depend on 6 expli-

citly, the Hamilton equations yield p, = 0, and py = a! = constant. Thus,
we are allowed to write from (11.5.21)

_ oW _IW
Dbr = or p@—ag =a,

ow ow
= a P om

It then follows from the second equation above
W(r,0;a', E) = a'0 + w(r;a*, E).

If we take into consideration the + sign in front of the square root, we ob-
serve that the function w must satisfy the following differential equation

‘fl—i" - \/2m[E —V(r)] - (“71)2

whose solution is easily obtainable in the form

w(r;a', E) = /T:\/Qm[E —V(s)] - (a_1>2ds

S

where ry is yet an arbitrary constant. Upon introducing this relation into
(11.5.21);,.3, we find that

o " atds
"= 9+/To 32\/2m[E—V(s)] —(al/s)27

mds

/ V2m[E = V(s)] - (al/5)*

by =t —

If the initial conditions are such that » = ¢ and 8 = 6, for t = ¢, we get

b1 = —90, by =1p.
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Hence, in terms of the parameter r, the equations describing the motion of
the particle are expressible as

alds

(9 - 90 - / ’
7o s\/2m52 E -V (s)] — (a)?

msds
/ \/2m52 )} _ (a1)2‘

We have to take V' () = k/r in order to discuss perhaps the most important
application of the central-force motion. When k < 0, this potential corres-
ponds to the Newton law of gravitational attraction [the English mathema-
tician and physicist Sir Isaac Newton (1643-1727)]. If the constant k may be
taken either negative or positive, this potential represents the Coulomb law
describing the force between point electric charges that can be attractive or
repulsive [the French engineer and physicist Charles Augustin de Coulomb
(1736-1806)]. When V (1) = k/r, we readily find that

t—ty=

0_0 _/T a'ds
0 ro S/2mE s2 — 2mks — (a')?’
" msds

o/ 2mE s2 — 2mks — (a')?

t—ty =

If we make the substitution s = 1/¢ in the first equation above and rename
the constant a' by I, we obtain

1/r
0— 6y =
’ /TO \/ omE ka _
0‘l2 1/r
= — arccos mk
. 2E1?
ka 1/7“()

r /. 2EP
Let us define an angle #; by 6; = arccos Kmkm — 1)/ 1+ W}

Then, we finally reach to the conclusion

l—m—k[u 1y 2B
ro 2 mk?

cos (6 — 0y — 01)].
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Introducing the definition p = [?/mk and e = /1 + (2E12/mk?) we arrive
at the standard equation describing conics in polar coordinates

r= P
1+ecos(f—0)’

0 =0y + 6.

On defining a function

2mE  2mk
f(U):\/l—2—l—20'—U2

we determine the function ¢ = ¢(r) in a similar way as follows

1/r d
m g 1/r
tr)—tog=t—ty = — — =T(o)|),
( ) 0 1 o O_Qf(o_) ( )1/0

where the function T'(¢) is given by
T(o) =
2mE — kmo + (2mE)Y?1f(0)
o

2E'21f (o) 4+ (2m)?ko log
4 F3/2

The function 7'(0) determines the time taken by the particle on its trajectory
traversing from the radial distance r( to the radial distance r. [ |

11.6. ELECTROMAGNETISM

Let us consider the 4-dimensional manifold R*. Its coordinates will be
denoted by z*,u=1,2,3,4. 2',i =1,2,3 correspond to spatial coordi-
nates while z* = ¢ denotes the time coordinate. Electromagnetic fields on
this manifold, representing a material medium or the vacuum, are governed
by the Maxwell equations [the English mathematician and physicist James
Clerk Maxwell (1831-1879)] that are given, in rationalised M.K.S. units, by

V><E+—%1::O, V-B=0 (11.6.1)
oD
VxH-=—=J, V-D=
x ot P

where the vectors E, H, B and D specify, respectively, the electric field, the
magnetic field, the magnetic induction and the electric displacement field.
The vector J is the free electric current density whereas the scalar p is the
free electric charge density. The divergence of the equation (11.6.1)3 yields
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an equation corresponding to the conservation of electric charge

dp
—+V-J=0. 11.6.2
o+ ( )
Actually, the vector fields E, H, B, D and J cannot be utterly inde-
pendent of one another. There are relations among them called constitutive
equations reflecting the physical properties of the medium. The simplest
physically meaningful relations of that kind can be given by

D=¢E;, B=uH, J=0E

where the three physical constants €, u, 0 are known, respectively, as the
dielectric and the magnetic permittivities and the electric conduction coeffi-
cient. The values of these constants in the vacuum are

¢ = ¢ = 8.854187817620 x 10~ '* F/m (Farad /metre)
1= pio = 4 x 1077 N/A? (Newton/ampere?)

and o = 0. These constants satisfy the relation ¢ = 1/, /eguy where the

physical constant ¢ is the speed of light in the vacuum. The most recent
value of ¢ is 299792.458 km/sec.

The equation (11.6.1); is known as the Faraday induction law [the
autodidact English physicist and chemist Michael Faraday (1791-1867)]
that shows that a mechanical energy causing a magnetic induction in a re-
gion to change with time can be converted to the electrical energy. The
equation (11.6.1); is the Gauss law implying that magnetic charges
(monopoles) do not exist in nature in the realm of the classical physics. The
equation (11.6.1)3 is a somewhat modified version of the Ampére law ex-
pressing the fact that electric currents create magnetic fields. Equation
(11.6.1)4, when written in the form V - E = p/e, is originally obtained from
the Coulomb law that specifies the repulsive or attractive force between two
electric point charge as the expression q1qo/er? by exactly following the
path leading to the Gauss law. In the original version of the Ampére law the
term OD /0t which will be called later the displacement current does not
exist. However, the governing equations at that form are not consistent
because they violate the equation (11.6.2) associated with the conservation
of charge that can also be derived independently. The genius of Maxwell
has caused the creation of a consistent theory of electromagnetism. He has
cleverly introduced a displacement vector D to recover the conservation of
charge. It has been realised, however, that only in particular, but practically
very important, cases this vector could be identified as €E. This theory of
electromagnetism was perhaps the greatest scientific achievement in the
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19th century and has paved the way for incredible technological develop-
ments in the 20th century.

Let us now express equations (11.6.1) in terms of their components in
Cartesian coordinates by paying attention to the dictates of the summa-
tion convention as follows

OB’ oD
ot ot
Next, we wish to introduce the 4 x 4 antisymmetric matrices F = [F""] and

H = [H"] by the following entries

e By + =0, By = 0; e’ Hy ;- =J', Dy =p.

Fii—= —Fll=¢ikp, %= _F* =P (11.6.3)
HZ] — _Hjl — ejika, H4i — _Hi4 — _D7

In matrix notation, we can, of course, write

[0 —F;4 E, —-B!
E; 0 -—-E —B?

F = 5 |
—E, E, 0 -B
| B! B2 B> 0
0 — H, H, D!
H, 0 —H, D?
H = : A
—H, H, 0 D?
| - D' —D* —D* 0

Hence, the Maxwell equations are now expressible in the form

oFF 0Pt _ - oFt
oz’ ox4 T oxt ’
OHY OHY . oH"

oz’ * 9zt 7 am P

Let us now define a 4-vector {J#*} = {J?, J* = p} and note that F** =0
and H* = 0. Then, it is straightforward to see that the Maxwell equations
can be written concisely as follows

oOFM oOHM
= =J". 11.64
Oz T Qg J ( )

Let i = dzt A dz? A dz® A dz* be the volume form in the manifold R*. By
using the familiar bases 1, induced by this volume form, we can introduce
the two 2-forms F € A%(R*) and ‘H € A?(R*) by employing the antisym-
metric coefficients /¥ and H"" through
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1

7= §FW“W7
1

H 2 " b

where 41, = iy, o ig,(1t) and a vector field 7 € T(R*) by
0 0 0

Y gn _
oxt + p6x4 Oxht

J=J (11.6.5)

As is easily seen, we can now write
1 v
dF = §F’f/ Az’ A
1
= S F Oy = &) ) = Fj .

Hence, the equations (11.6.4); are equivalent to the exterior equation

dF = 0. (11.6.6)
On the other hand, because of the relation
ig (1) = J"w, € A*(RY)
the equations (11.6.4), become equivalent to the exterior equation
dH =1iz(p). (11.6.7)

Let us now express the form F with respect to the natural basis dz* as
follows:

1 1 ,
F = "y = 5 Fapda® N da”.

On the other hand, for m = 4 and k£ = 2 the relation (5.5.10) yields the fol-
lowing expression

1
o = 5 €vpap AT A dz”.

Therefore, we find that

1
faﬁ = - f@a = 5 el/ua‘BFuV
1
= — = eag/w F
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Consequently, we obtain

a4 k ke
Fij = — €ijpaF™ = ejpaB" = €;jp B”,
1 ] ,
K Kl !
Fis = — 3 e F7" = 3 eijpe’ By = 6 F = E;

from which we deduce that

Fo=—F'=PB, Fy=F"= - B Fu= - F” = Ey,
Foy= —F"=B' Fu=F®=E, Fu=-F?=F;

Thus, the antisymmetric matrix F = [F,3] is given by

0 B> —-B* E
- B} 0 B! E,
F = 11.6.8
B? - B! 0 Ej ( )
-k —-E, —FE; 0
Similarly, the form H can be rewritten as
1 @ g 1 %
H= 57’(@5 dz® N dx”, Haﬂ = — 5 eag/wH
and one finds that
Hi;= —eipDF, Hiu= H;.
Hence, the antisymmetric matrix H = [H,z| is given by
0 - D? D? H,
D? 0 — D' H,
H = 11.6.9
—D? D! 0 Hs ( )
-H —-Hy, —H; 0O
With these representations, Equation (11.6.6) leads to
1
AF = 5 Fopy dz’ Ada® A dz”
1
= g Fhep dz? Adz® A dz’ =0
and we arrive at the equations [see p. 265]
OF, 0Fsy,  OFy
Foap= ol T T8 (11.6.10)

oz foline ozh
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that are counterparts of Equations (11.6.4);. Similarly, on considering the
definition (5.5.8), Equation (11.6.7) leads to

1
dH = Mo da? A dz® A dz”
1 v @ g
= gew,aﬁd dz’ Ndz® A dx

from which follow the equations

_ OHap

OH OH
H’yaﬁ - + el + L

ox? Ox® oz’

= eu"y()/[jJU (11611)

that are counterparts of Equations (11.6.4),.
It is immediately seen that the equation (11.6.7) elicits the condition
dig(p) =J% p=0

that is none other than the equation (11.6.2) for the conservation of charge:
JV, =J+ - =0.

The exterior equations (11.6.6) and (11.6.7) are obviously coordinate
free versions of Maxwell equations. We shall now try to establish a general
solution of these equations. Since the manifold R* is star-shaped with re-
spect to each of its points, the use the homotopy operator with the centre
xo = 0 enables us to represent the forms F and H as follows

F =dH(F) + H(dF) = dH (F)
H =dH(H) + H(dH) = dH(H) + H (i7(1)).

Let us now introduce 1-forms
H(F)=®ec A'(RY, H(H)=Tc AR

In accordance with (6.3.1), we obtain for £ = 3 the following 2-form

H(iz(p) = w“/olia“(J”(sx)u,,)Sst =zt (/132J”(sx) ds> Py

0

If we define a linear operator A : A°(R*) — A°(R*) by the rule

1
ANW = [ $1exds. 1R

we find at once that
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Hig(p)) = a" A(J") p = 2" A(T) pry.

Therefore, the general structure of exterior forms determining electromag-
netic fields takes the shape

F =d®, (11.6.12)
H=dV + 2" A(T") .

It is clear that the forms ® and ¥ cannot be prescribed uniquely unless we
impose some restrictions. As a matter of fact, for arbitrary smooth functions
f, g, the exterior forms ® +df and ¥ + dg satisfy perfectly again the
equations (11.6.12).

Let us now consider 1-forms ® = ®,(x) dz" and ¥ = W, (x) da’. If
we explicitly write the equation (11.6.12);, we get

1
5]:‘“/ dzt' Ndx" = @, , dz” Ndz" = — P, dxt N dx”

from which we find that
Fuw = =2, =P — Py
We thus obtain
Fij=eiwB" =®;; — ®; ;.
From this relation, we can easily deduce that
elle; B¥ = 2B" = (D, — @, ;) = 2",

and finally B' = e"*®, ;. Let us now regard three functions (@1, @2, ®3)
defined on the manifold R* as the components of a 3-vector field ®(x, t).
Thus, we come to the conclusion that we can write

B=Vxo®

by using the familiar curl operator. On the other hand, the remaining rela-
tions yield

Fia=Ei =Py — Piy
that can be expressed obviously as

0P
E=Ve- o

when we introduce the scalar function ®; = ¢(x,t). If we repeat the same
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operations for (11.6.12),, then we easily obtain
1 1
§wa dzt Ndz” =V, dx? Adx” + 5:13[“A(Jﬂ]) egapw dx! N dx”

and hence we find that

Hu =V, — VU, — euasr™A(J7).
Consequently, we reach to the relations

Hij= —eipDF =V — U, ; — e A(T*) + et A(J").

If we note that e/'¢; ik = 26, the components D’ are then determined by the
relations

D= — e, — 2 A(p) + tA(TY).
Therefore, the representation of the vector field D becomes

D= -V xWT—A(p)x+tAJ)

where we define the 3-vector ¥(x,t) = (¥, Uy, ¥3). Finally the remaining
expressions lead to the relations

Hig = Hy = Uy, — Uy — eupa’ A(J")
from which we infer that H; = v, — W, 4 — e; 52/ A(J*) or

ow
where we have introduced the scalar function ¥4 = 9 (x,t). If we collect all
the results that have been obtained so far, we then express the general solu-
tion of the Maxwell equations in the following form

B=V x &, E:Vqﬁ—a—q) (11.6.13)
ot
D= -V x ¥ — A(p)x + tAQJ), H:v¢—%—‘f—xxA(J)

in terms of arbitrary vector fields ® and ¥, and arbitrary scalar fields ¢ and
1 depending on independent variables (x,t). As we have mentioned above
these fields cannot be prescribed uniquely. Indeed, when A(x, ¢) and A(x, t)
are arbitrary scalar functions, we immediately observe that the relations
(11.6.13) remains unchanged if we replace the vector-valued functions ®
and W, and scalar-valued functions ¢ and 1 by
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O\ oA

®+VA ¢+ ot W+ VA, ¢+ ot
As we have mentioned before, in a physical medium the field vectors
will not be all independent and they will be interconnected by some consti-
tutive relations. Naturally, these relations affect the structure of the equa-
tions (11.6.1) to a great extent. As an example, let us choose the constitutive
relations D = ¢E, B = pH. Although these relations are quite simple, they
are considerably important as far as practical applications are concerned.

When we insert these relations into the Maxwell equations, they become

VXE—i—aa—l::O, V.B=0, (11.6.14)
1 OE P
B- -2 -, v.E="
VX 2ot M v €

where we define ¢ = 1/, /eu. ¢ is a constant of the dimension of velocity.
In terms of the components these equations take the form

OB’

OB —

=0, BZ =0; eijkBk.J- - —=—

’ c
We see now that the same field vectors E and B appear in both group of
equations. However, the positions of upper and lower indices, that were em-
ployed to comply with the summation convention, evoke covariant and con-
travariant components of vectors. To explore this possibility, we shall try to
equip the manifold R* with an indefinite metric to make it an incomplete
Riemannian manifold. We shall now introduce the indefinite Lorentz metric
by the relation [see Exercise 7.8]

gpdztdzt = (dat)? + (d2?)? + (dz?)? — c*(dz')?  (11.6.15)

where z* = t. Hence, the metric tensor and its inverse are given by the fol-
lowing matrices, respectively

1 00 0 1 00 O
010 o0 . 01 0 O
[g/\ﬂ]: 0 0 1 0 a[glt]: 0 0 1 0
1

00 0 —¢? 000 —=

C

and we have g = |det[g),]| = ¢*. Now, by using this metric we may deter-
mine covariant components of an antisymmetric tensor whose contravariant
components are given by F'*¥ as follows
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Faﬁ = - Fﬂa = g(xugﬁuFuy-
Thus, we easily find that

Fi' = giugijuU = €Z'jkEk,

Fy = gigi F" = — *B;
Next, we define a new antisymmetric tensor by its contravariant compo-
nents through the relation

~ af 1 1
P = % e‘“ﬂl‘”F,,,,, — @ eamwFW

whence we readily deduce that

ek 1 i L ij
=53 MR, = 53 M Ep, = e9* B, (11.6.16)
o T Y T L jw
=g ¢ = ga e = g e
. 1 . 1 .
= — ﬁ@j elkmEm = gégnEm = gE]

The components of the divergence of the tensor ﬁ“y, which is a 4-vector,
are clearly given now by the following expressions

e i ~ ji ~ 4i

OF OF N OF
Oz oxJ ozt ,
ik OBr 1 OF

oxi  c? Ot 4
_ (eiﬂc@ _ i@)
A ori c? Ot
oF"  oF"  10E
dxr  dxt 2 9xrt

Consequently, the admitted forms of the constitutive relations transform the
Maxwell equations into the form

/ ~ af
OF*” oF
il —pJb. (11.6.17)

The existence of the constitutive relations make it possible to write the
field equations (11.6.13) in much more interesting and meaningful forms. In
order to simplify the necessary manipulations, we prefer to take J = 0 and



11.6 Electromagnetism 741

p = 0. In that case, it is clear that the resolving functions must satisfy the
relations

VU xU=— e(v¢— aa—‘f), (11.6.18)
V x <I>:M<V — %—f)

When we evaluate the divergences of these two equations, we are led,
respectively, to the equations

0
2 _ - =
Vi~ o (V- @) =0, (11.6.19)
d
2 _ — - =
V- (V) =0

where V2 denotes the Laplace operator in the configuration manifold. Let
us next evaluate the curls of the equations (11.6.18):

VxVx\Il:ea

a(v X @),

VXVx®= a(V><\If).

—p

On recalling the well-known and easily verifiable following vectorial identi-
ty involving curl, gradient and divergence operators

VxVxW¥=VV-¥) -V,

where V? denotes the Laplace operator on 3-vector fields, utilising the
equations (11.6.18) and introducing again the constant ¢? = 1/epu, we easily
find that

1 0w
2‘1’ _ - =
v c? ot? Vi
1 0°®
2@ _ = _
v c? Ot? V9

where the functions f and g are given by

B 10
f=v-v c? ot’
g:V-<I>—l8—(;S

c? ot’
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Differentiating these functions with respect to time and making use of the
equations (11.6.19), we obtain

) L% _ of

2 o2 o’
1 0% Og
2, 1079 09
Ve c? ot2 ot

We would like now to remove the arbitrariness in the selection of functions
(W, ) and (P, ¢) by imposing that the Lorenz conditions f = 0 and g = 0
[after Danish physicist and mathematician Ludvig Valentin Lorenz (1829-
1891)] should be satisfied. To this end, it suffices to choose

10y
R /i
v c? ot 0,
1 0¢
B Sl
v c? Ot 0

In this case, we can easily verify that all field quantities can be prescribed
by considering only one pair of functions, say, for instance (®, ¢). Indeed,
(11.6.13) now takes the form

0P

B—VX@, E—V(ZS—E,
0P 1

D:€<v¢—a), H:;VXQ.

These functions have to satisfy the scalar-valued and vector-valued wave
equations

2y 107 _
2ot
1 0?°®
2 _

¢ and @ are called, respectively, scalar and vector potentials of electro-
magnetic fields. The number ¢ denotes naturally the velocity of propagation
of electromagnetic waves in such a medium.

11.7. THERMODYNAMICS

Let us consider a thermodynamic system T occupying a finite region in
R3. The variables that describe the behaviour of the system will be called as
the state variables. We distinguish three different sets of substate variables:
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the external variables {q',i = 1,2, ...,n}, the internal variables {v®,a =
1,2,...,N} and the empirical temperature or solely the temperature T.
Thus, we may assume that the system T is incorporated in an (n + N + 1)-
dimensional Euclidean manifold. The external agencies acting upon the
system T is called the set of external forces {F;(q,v,T),i = 1,2,...,n}.
The infinitesimal work that will occur during some infinitesimal changes in
the external variables will be denoted by the 1-form

W = Fy(q,v,T)dq'. (11.7.1)

We adopt the convention that the signs of forces F; are positive when the
forces do work on the system T whereas are negative if the system T do
work on the external agencies. We say that the external forces are conser-
vative if they satisfy the relations

OF, OF,
d¢l  Oqt”

In the present context, we shall consider this particular situation. In this case
when we restrict the form W to the submanifold given by v = constant,
T = constant, we obtain

AW |, = F; dg’ A dg’
1

- Q(E-,j — Fj)d¢’ Ndg' =0

. OF; .
where we employed the notation F;; = 8—; Hence the form W|, , is
: q ;
closed and it is exact since the manifold is star-shaped so that we can write

W|V,T = d\Il|1/,T‘

The function ¥(q, v, T) which we shall call isothermal work function can
be evaluated as follows by the homotopy operator

1
WawT) = Vo 7) + [ (=) Bl +Ha =), T)dr (1172

on resorting to Theorem 6.3.1(4) and the relation (6.3.1). qo is an arbitrary
point. From this relation, we immediately deduce that

oA (11.7.3)
aq'

Thus, the 1-form dW¥ is now expressible as
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oA ov
dVv = —dq' dv® + —dT
aq’ Q+6va g +8T

= F;d¢' + Nydv® — NdT

)

where we have defined

ov ov
v’ N(anaT)_ _8_T

The trivial condition d?¥ = 0 then leads at once to the celebrated Maxwell
reciprocity relations

OF, OF, OF 0N, OF 0N
d¢)  dq¢i’ Odve  9¢' ' OT  Oqi’
ON, ON; ON, ON

ovl  ve’ 9T ove

No(q,v,T) = (11.7.4)

Then, the work form (11.7.1) can be written in the following manner
W =d¥ + NdT — N,dv® (11.7.5)
whence we obtain
dW =dN NdT — dN, A dv©.

The expression (11.7.5) implies that if all components N, do not vanish,
then the Darboux class of the form W is at least 4. If the external forces are
dependent on some of the internal variables, then the Maxwell reciprocity
relations clearly show that at least some of the coefficients /N, should not
vanish as a consequence of this property.

If we denote the heat input to the system T by the heat 1-form Q, then
the first law of thermodynamics states that in quasistatic situations in which
the time change of the system is so slow that its kinetic energy can be neg-
lected, one can write

dE =W +Q

where E(q,v,T) is called the internal energy function. Therefore, when
we make use of (11.7.5), we obtain

Q=d(E—-V)— NdT + N,dv*
and consequently

dQ = —dN AdT + dN, Adv® = — dW.
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In his case, the Darboux class of the form (@ is at least 4, that is, in view of
Theorem 6.6.3 it does not possess the inaccessibility property. Hence, the
form () is in general not completely integrable and Theorem 5.13.4 requires
that @ A d@ # 0. On the other hand, we naturally find

dQ|, = —dN AdT

v

on the submanifold v = constant. Experimental information show that we
cannot get our system occupying a state on the submanifold v = constant
to reach to another state on the same submanifold without exchanging heat.
In other words, two states on the submanifold v = constant cannot be
connected by an adiabatic path in this manifold. This means that dQ|,, # 0.
Let us now discuss the condition under which the form )|, becomes com-
pletely integrable. The relation

Ql, N dQl, =0
yields
d(E—-Y)ANdN ANdT =0

This, in turn, indicates that ¥ — U is functionally dependent on variables N
and T'. Thus, we can write

E(qv,T)=¥(q,v,T)+ f(N(q,»,T),»,T).  (11.7.6)

So we find that
Q=df(N,v,T)— NdT + N,dv". (11.7.7)

Let us now consider two thermodynamic systems T; and Ty having exactly
the same temperature and internal variables. In this case, we can obviously
write
ov,
oT

oV,

Nl(ql,l/,T): —aiT

) N2(‘127 VaT) =
If we let these two systems to interact, our physical experience tells us that
the common isothermal work function should be expressed in the following
fashion

Vi2(q1,q2, v, T) = Vi(qi, v, T) + Wa(qe, v, T) + ¥(q1, q2, V).

This relation implies that isothermal work function must be a semi-additive
function (in thermodynamics, it is frequently taken ¢ = 0. In such a case, ¥
will become a strictly additive function). This is tantamount that interaction
forces in the composite system are independent of the temperature. It is now
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clear that we can write

Oy, U, OV,
or — ar or M

The composition rule of the internal energy will follow from the physical
assumption that the function & — W is strictly additive and it is found as

Eu(a,q2,v,T) = Ei(qu, v, T) + Ex(qe, v, T) + 9(q1, q2, v).
Then, (11.7.6) provides the functional relation
F(Ni2,w, T) = f(Ni + Ny, w,T) (11.7.8)
= f(leuaT) +f(N27VaT)

that must be held by the function f. With the definition u = N; + N, this
relation leads to

of _of _of
6N1 - 8N2 N (9u
Since N; and N, are independent variables, we finally obtain

f(N,v,T)=g(v,T)N + g1 (v, T).

However, (11.7.8) now implies that ¢;(r,7") = 0 and we thus reach to the
conclusion

J(N,v,T) =g(v,T)N.
Consequently, we can write

E(q,v,T)=9(q,v,T)+ g(v,T)N(q,v,T) (11.7.9)
Q(quaT) = d[g(V,T) N(q,V,T)] - N(q,V,T) dT + Nodv®.

We shall now try to reduce these functional relations for £ and () into
simpler forms. To this end, we want to introduce a thermodynamic temper-
ature depending on the empirical temperature and internal variables by the
following expression

(v, T) = By(v) exp [/T dr )}. (11.7.10)

Ty g(V7 T
Obviously, 6 will satisfy the relation
a0 0

T ¢
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On the other hand, we can extract, in principle, from (11.7.10) the inverse
function 7' = T'(v, ) connecting the empirical temperature to the thermo-

dynamic temperature. Let us now introduce the functions
v(q,v,0) = ¥(q,v, T(v,9)),
e(q,v,0) = E(q,v,T(v,9))

and the quantity

o
n(q,v,0) = — a%‘ (11.7.11)

From the chain rule of differentiation, we obtain

o o9 00 6

N==5r= "Goor

that yields the relation g/N = 6. Then, the equation (11.7.9), leads us to

the expression
Q = d(fn) — NdT + N,dv*
=0dn+ndf — NdT + N,dv*®

— Odn+ n(g; T + aafa dzﬂ) . eg” AT + N,dv®.

Let us now consider the expression

00

Ny :naya +Na-

From the chain rule again, we can write

L A AL

No = ov® + 90 ove Qv " ove

so that we find

na(q,v,0) = 88;’[;. (11.7.12)

Thus the equations (11.7.9) take now the forms
e(q,v,0) = (q,v,0) +0n(q,v,0)

_ oy
=y -6

Q = 0dn+ n,dv®.

(11.7.13)
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We call the function 7 as the entropy and the function v as the Helmholtz
free energy function [after German mathematician, physicist and medical
doctor Hermann Ludwig Ferdinand von Helmholtz (1821-1894)]. When we
take v = constant, it follows from (11.7.13), that

Ql, =0dn

Hence, the heat 1-form @ is completely integrable in this case as it should
be expected.

If we choose 6y > 0 in (11.7.10), then the condition ¢ > 0 is satisfied.
We can then also write inf § = 0. The temperature verifying this condition
will be called the absolute temperature. Moreover (11.7.13); gives

_ e _ 0%
Car = 59 T T Ve

The quantity ¢, is known as the specific heat under the restrictions q =
constant and v = constant. We know that ¢ o, is positive in real materials.
This implies that the following inequality must be satisfied

0%

w<0

due to the fact that & > 0.

XI. EXERCISES

11.1. Let (S,w) be a symplectic manifold. Show that every vector field V' € T'(5)
satisfying the condition £ w = 0 is a Hamiltonian vector field.

11.2. The Hamiltonian function of the Toda lattice [after Japanese physicist
Morikazu Toda (1917-2010)] involving three particles, which we encounter
in the solid state physics, is given by the following function on the
symplectic manifold S = 7™ (R?)

H(q,p) = %(p? + P4 p) el el el
(a) Write the Hamilton equations governing the motion of the system. (b) In
order that the function f € A°(S) be an integral of the motion, we know that
the condition {f, H} = 0 should be satisfied. Searching for the integrals of
the partial differential equation so obtained for the function f, show that the
following functions are integrals of the motion

fl(qap) = Ha
f2(q,p) = pr + p2 + p3
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1, . L
f(a.p) = 5 (] + 5+ p) +pu (e )

+ p2 (6q27q3 + e{117{12) + pB (6{13*‘11 + eqziq\}).

Show that the function

2_ 3 3_ 1 1_ .2
9(q,p) = pipaps — pre? T — poe? T — pge? T4

is also an integral of the motion for the Toda lattice.
Is the transformation

Q =log(q'sinp), P =gqcotp

canonical?
Determine the structure of the function f(q',...,¢") so that the mapping

Q" =f(d",...,q") sinp;,
P=f(¢"....¢")cospi, i=1,....,n

becomes a canonical transformation in the phase space.
Find the structure of the constant matrix A = [a;;] so that the mapping

Q'=q¢, P=p+a;q

becomes a canonical transformation in the phase space. Determine the gen-
erating function F}(q, P) corresponding to this case.

We can build a symplectic structure in the non-conservative mechanics by
introducing an energy variable E. Let us denote the coordinate cover in the
manifold R*"*2 by (q, p, E,t). We then define a symplectic form as follows

w=dq' Adp;+ dE A dt.

Let H(q, p,t) be the Hamiltonian function of the system. We next consider
a function

P(q7p7E7t) = H(q7pat) - L.

Show that along the integral curves of a Hamiltonian vector field
Vp € T(R*2) defined by the relation iy,w = dP and associated with the
function P, the following equations are satisfied

dq’ _OH dp; B 8_H dE _ OH

dt  Op’ dt  o¢i dt ot

Let the functions f and g be two integrals of the motion in a non-con-
servative system so that they satisfy the following equations

of

a‘F{f,H}:O,
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11.9.

11.10.
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dg B
a—i—{g,H}—O.

Show that the Poisson bracket {f, g} is also an integral of the motion (this
result is known as the Poisson theorem).

Utilising the Poisson theorem prove that if the function f(q,p,?) is an
integral of the motion in a conservative system (H =H (q7p)), then all

n

derivatives %, n=1,2,... are also integrals of the motion.
The energy balance in a perfect fluid can be expressed in the form
de =0dn— pdv
where p is the pressure, v is the specific volume. Find the relations to which
the exterior derivatives of the forms de and % give rise under the following

assumptions:





