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Abstract

In this paper, we provide local and global convergence guarantees for recovering CP (Can-
decomp/Parafac) tensor decomposition. The main step of the proposed algorithm is a simple
alternating rank-1 update which is the alternating version of the tensor power iteration adapted
for asymmetric tensors. Local convergence guarantees are established for third order tensors of
rank k in d dimensions, when k = o(d'®) and the tensor components are incoherent. Thus, we
can recover overcomplete tensor decomposition. We also strengthen the results to global conver-
gence guarantees under stricter rank condition k < fd (for arbitrary constant 8 > 1) through
a simple initialization procedure where the algorithm is initialized by top singular vectors of
random tensor slices. Furthermore, the approximate local convergence guarantees for p-th order
tensors are also provided under rank condition k = o(dp/ 2). The guarantees also include tight
perturbation analysis given noisy tensor.

Keywords: Tensor decomposition, alternating minimization, overcomplete representation, latent
variable models.

1 Introduction

Tensor decompositions have been recently popular for unsupervised learning of a wide range of
latent variable models such as independent component analysis dDe;L@LhwmmL_aﬂ, Dﬂﬂj), topic
models, Gaussian mixtures, hidden Markov models M@w@, M), network commu-
nity models (IAILamilgmlauL_alJ, |2_(113_£J), and so on. The decomposition of a certain low order
multivariate moment tensor (typically up to fourth order) in these models is guaranteed to pro-
vide a consistent estimate of the model parameters. Moreover, the sample and computational
requirements are only a low order polynomial in the rank of the tensor M@wjﬂ, M;

, |2Qlj) In practice, the tensor decomposition techniques have been shown to be ef-

fective in a number of applications such as blind source separation Comorl, 2002 , computer vi-
Zou et all, :ﬁ:ﬁ),

sion (IVasil@scu and Terzopoulos M), contrastive topic modeling and commu-
nity detection (I.Hu.allg_ei_alj, [20_13) In many cases, the tensor approach is shown to be orders of
magnitude faster than existing techniques such as the stochastic variational approach.
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The state of art for guaranteed tensor decomposition involves two steps: converting the in-
put tensor to an orthogonal symmetric form, and then solving the orthogonal decomposition
through tensor eigen decomposition (Comon, 1994; Kolda and Mayd,2011;Zhang and Golub, 2001
Anandkumar et all,2014a). The first step of converting the input tensor to an orthogonal symmet-
ric form is known as whitening. For the second step, the tensor eigen pairs can be found through
a simple tensor power iteration procedure.

While having efficient guarantees, the above procedure suffers from a number of theoretical and
practical limitations. For instance, in practice, the learning performance is especially sensitive to
whitening (Le et al), 2011)). Moreover, whitening is computationally the most expensive step in
deployments (Huang et al., 2013), and it can suffer from numerical instability in high-dimensions
due to ill-conditioning. Lastly, the above approach is unable to learn overcomplete representations
(this is the case when number of features/components is much larger than the dimension) due to the
orthogonality constraint, which is especially limiting, given the recent popularity of overcomplete
feature learning in many domains (Bengio et al., 2012; [Lewicki and Sejnowski, 2000).

The current practice for tensor decomposition is the alternating least squares (ALS) procedure,
which has been described as the “workhorse” of tensor decomposition (Kolda and Bader, 2009).
This involves solving the least squares problem on a mode of the tensor, while keeping the other
modes fixed, and alternating between the tensor modes. The method is extremely fast since it
involves calculating linear updates, but is not guaranteed to converge to the global optimum in
general (Kolda and Bader, 2009).

In this paper, we provide local and global convergence guarantees for a modified alternating
method, for which the main step is making rank-1 updates along different modes of the tensor.
This update is basically a rank-1 ALS update. This method is extremely fast to deploy, trivially
parallelizable, and does not suffer from ill-conditioning issues faced by both ALS (Kolda and Bader,
2009) and whitening approaches (Le et all,2011). Our analysis assumes the presence of incoherent
tensor components, which can be viewed as a soft-orthogonality constraint. Incoherent represen-
tations have been extensively considered in literature in a number of contexts, e.g., compressed
sensing (Donoha, 2006) and sparse coding (Arora et all, [2013; |Agarwal et all, |2013). Incoher-
ent representations provide flexible modeling, can handle overcomplete signals, and are robust
to noise (Lewicki and Sejnowski, [2000). Moreover, when the latent variable model parameters are
generic or when we have randomly constructed (multiview) features (McWilliams et all, [2013), the
moment tensors have incoherent components, as assumed here. In this work, we establish that
incoherence leads to efficient guarantees for tensor decomposition. The guarantees also include a
tight perturbation analysis. In a subsequent work (Anandkumar et al),2014b), we apply the tensor
decomposition guarantees of this paper to various learning settings, and derive sample complexity
bounds through novel covering arguments.

1.1 Summary of results

In this paper, we propose and analyze an algorithm for non-orthogonal CP (Candecomp /Parafac)
tensor decomposition; see Figure [Il for the details of the algorithm. The main step of the algorithm
is a simple alternating rank-1 update which is the alternating version of the tensor power iteration
adapted for asymmetric tensors. In each iteration, one of the tensor modes is updated by projecting
the other modes along their estimated directions, and the process is alternated between all the
modes of the tensor; see (@) for this update.

For the above update, we provide local convergence guarantees under incoherent tensor compo-



nents for a rank-k third order tensor in d dimensions. We prove a linear rate of convergence under
appropriate initialization when k = 0(d3/ 2). Due to incoherence, the actual tensor components are
not the stationary points of the update (even in the noiseless setting), and thus, there is an approx-
imation error in the estimate after this update. The approximation error depends on the extent of
overcompleteness, and scales as[l] O(Vk/d), which is small since k = o(d*/?). The generalization to
higher order tensors is also provided. To the best of our knowledge, we give the first guarantees for
overcomplete tensor decomposition under mild incoherence conditions.

In order to remove the approximation error O(v/k/d) after the above rank-1 updates, we pro-
pose an additional update to the algorithm which is basically a type of coordinate descent update;
see ([@). We run this update after the main rank-1 updates and show that this removes the approx-
imation error in a linear rate of convergence, and thus, we finally consistently recover the tensor
decomposition.

In the undercomplete or mildly overcomplete settings (k = O(d)), a simple initialization proce-
dure (see Procedure[2) based on rank-1 SVD of random tensor slices is provided. This initialization
procedure lands the estimate in the basin of attraction for the alternating update procedure in
polynomial number of trials (in the tensor rank k). This leads to global convergence guarantees for
tensor decomposition.

We then extend the global convergence guarantees to settings where two modes of the tensor
are (sufficiently) undercomplete (the dimension d, is much larger than tensor rank k), and the
third tensor mode is (highly) overcomplete (the dimension d, is much smaller than tensor rank
k). For instance, consider tensors arising from multi-view mixture models such as E[z1 ® xo ® y],
where x; are multi-view high dimensional features and y is a low dimensional label. Previous proce-
dures in (Anandkumar et all, [2014a) which rely on transforming the input tensor to an orthogonal
symmetric form cannot handle this setting. Algorithms based on simultaneous diagonalization
(Harshman and Lundy, [1994) can handle this case, but is not as robust to noise. We prove global
convergence guarantees by considering rank-1 SVD of random tensor slices along the y-mode as
initialization for the x;-modes of the tensor, and then running the alternating update procedure.

Overview of techniques: Greedy or rank-1 updates are perhaps the most natural procedure for
CP tensor decomposition. For orthogonal tensors, they lead to guaranteed recovery (Zhang and Golub,
2001). However, when the tensor is non-orthogonal, greedy procedure is not optimal in gen-
eral (Kolda, 2001). Finding tensor decomposition in general is NP-hard (Hillar and Lim, 2009). We
circumvent this obstacle by limiting ourselves to tensors with incoherent components. We exploit
incoherence to prove error contraction under each step of the alternating update procedure with
an approximation error, which is decaying, when k& = o(d?). To this end, we require tools from
random matrix theory, bounds on 2 — p norm for random matrices (Guédon and Rudelson, 2007;
Adamczak et all, 2011) for some p < 3, and matrix perturbation results to provide tight bounds on
error contraction.

1.2 Related work

CP tensor decomposition (Carroll and Chang,1970), also known as PARAFAC decomposition (Harshman,
1970; Harshman and Lundy, 1994) is a classical definition for tensor decomposition with many ap-
plications. The most commonly used algorithm for CP decomposition is Alternating Least Squares

10 is O up to polylog factors.



(ALS) (Comon et al), 2009), which has no convergence guarantees in general. [Kolda (2001) and
Zhang and Golub (2001) analyze the greedy or the rank-1 updates in the orthogonal setting. In the
noisy setting, /Anandkumar et al. (2014a) analyze deflation procedure for orthogonal decomposition,
and [Song et all (2013) extend the analysis to the nonparametric setting. For the non-orthogonal
tensors, a common strategy is to first apply a procedure called whitening to reduce it to the orthog-
onal case. But as discussed earlier, the whitening procedure can lead to poor performance and bad
sample complexity. Moreover, it requires the tensor factors to have full column rank, which rules
out overcomplete tensors.

Learning overcomplete tensors is challenging, and they may not even be identifiable in general.
Kruskal (1976, [1977) provided an identifiability result based on the Kruskal rank of the factor
matrices of the tensor. However, this result is limiting since it requires k = O(d), where k is the
tensor rank and d is the dimension. The FOOBI procedure by \De Lathauwer et al. (2007) overcomes
this limitation by assuming generic factors, and shows that a polynomial-time procedure can recover
the tensor components when k = O(d?), and the tensor is fourth order. However, the procedure does
not work for third-order overcomplete tensors, and has no polynomial sample complexity bounds.
Simple procedures can recover overcomplete tensors for higher order tensors (five or higher). For
instance, for the fifth order tensor, when k = O(d?), we can utilize random slices along a mode
of the tensor, and perform simultaneous diagonalization on the matricized versions. Note that
this procedure cannot handle the same level of overcompleteness as FOOBI, since an additional
dimension is required for obtaining two (or more) fourth order tensor slices. The simultaneous
diagonalization procedure entails careful perturbation analysis, carried out by (Goyal et all, 2013;
Bhaskara et all, 2013). In addition, (Goyal et al. (2013) provide stronger results for independent
components analysis (ICA), where the tensor slices can be obtained in the Fourier domain.

There are other recent works which can learn overcomplete models, but under different settings
than the ones considered in this paper. For instance, |Arora et al. (2013); |Agarwal et all (2013)
provide guarantees for the sparse coding problem. |Anandkumar et al. (2013b) learn overcomplete
sparse topic models, and provide guarantees for Tucker tensor decomposition under sparsity con-
straints. Specifically, the model is identifiable using (2n)™ order moments when the latent dimension
k = O(d") and the sparsity level of the factor matrix is O(d"/"), where d is the observed dimension.
The Tucker decomposition is different from the CP decomposition considered here (it has weaker
assumptions and guarantees), and the techniques in (Anandkumar et all, 2013 differ significantly
from the ones considered here.

The algorithm employed here falls under the general framework of alternating minimization.
There are many recent works which provide guarantees on local/global convergence for alternating
minimization, e.g., for matrix completion (Jain et al.,2013;Hardt,2013), phase retrieval (Netrapalli
2013) and sparse coding (Agarwal et al., 2013). However, the techniques in this paper are signifi-
cantly different, since they involve tensors, while the previous works only required matrix analysis.

1.3 Notations and tensor preliminaries

Let [n] denote the set {1,2,...,n}.

Notice that while the standard asymptotic notation is to write f(d) = O(g(d)) and g(d) =
Q(f(d)), we sometimes use f(d) < O(g(d)) and g(d) > Q(f(d)) for additional clarity. We also use
the asymptotic notation f(d) = O(g(d)) if and only if f(d) < ag(d) for all d > dy, for some dy > 0
and « = polylog(d), i.e., O hides polylog factors.

et _all,



Tensor preliminaries

A real p-th order tensor T € @!_; R% is a member of the outer product of Euclidean spaces R%,

i € [p]. For convenience, we restrict to the case where di = dy = --- = d, = d, and simply
write T € @PR?. As is the case for vectors (where p = 1) and matrices (where p = 2), we may
identify a p-th order tensor with the p-way array of real numbers [T5, 4,4, 91,42,...,1p € [d]],

where Tj, ;,...i, is the (i1,12,...,ip)-th coordinate of 7' with respect to a canonical basis. For
convenience, we limit to third order tensors (p = 3) in our analysis, while the results for higher
order tensors are also provided.

The different dimensions of the tensor are referred to as modes. For instance, for a matrix, the
first mode refers to columns and the second mode refers to rows. In addition, fibers are higher order
analogues of matrix rows and columns. A fiber is obtained by fixing all but one of the indices of
the tensor (and is arranged as a column vector). For instance, for a matrix, its mode-1 fiber is any
matrix column while a mode-2 fiber is any row. For a third order tensor 7' € R%*%*¢ the mode-1
fiber is given by T'(:, j,1), mode-2 by T'(i,:,1) and mode-3 by T'(¢, j,:). Similarly, slices are obtained
by fixing all but two of the indices of the tensor. For example, for the third order tensor T, the
slices along 3rd mode are given by T'(:,:,1). For r € {1,2,3}, the mode-r matricization of a third
order tensor T' € R%*¥¥4denoted by mat(T,r) € ]RdXdz, consists of all mode-r fibers arranged as
column vectors.

We view a tensor T € R?*¥¥? a5 a multilinear form. Consider matrices M, € R>% r ¢ {1,2,3}.
Then tensor T'(My, My, M3) € R4 @ R% @ R% is defined as

T(My, Mo, M3)iy inis = > Tjyjns - Mi(j,i1) - Ma(ja, ia) - Ms(js, i3). (1)
j17j27j3€[d]

In particular, for vectors u,v,w € R%, we have

T(I7U7w) = Z ijlT(:ujv l) GRdv (2)
Jleld]

which is a multilinear combination of the tensor mode-1 fibers. Similarly 7'(u,v,w) € R is a
multilinear combination of the tensor entries, and T'(I, I, w) € R4 is a linear combination of the
tensor slices.

A 3rd order tensor T' € R¥*4*? ig said to be rank-1 if it can be written in the form

T=w-a®b®ceT(i,j5,1) =w-a(i)- b(y)-cl), (3)

where notation ® represents the outer product and a € R%, b € R?, ¢ € R? are unit vectors (without
loss of generality). A tensor T' € R%*9*4 is said to have a CP rank k > 1 if it can be written as the
sum of k rank-1 tensors

T = Zwia,-@)bi@ci, w; € R, a;,b;, ¢ ERd. (4)
1€[k]

This decomposition is closely related to the multilinear form. In particular, for vectors a, l;, ¢ e RY,
we have

T(a,b,¢) = Y wilai, a)(bi,b){ci, &).

i€[k]

2Compare with the matrix case where for M € R¥*¢ we have M (I,u) = Mu := Zje[d] u; M(:, 5) € R%.



Input: Tensor T' = 37, Wi a; @ b; @ ¢;

! Algorithm Initialization: 1
i 1) Random initialization 1
Algorithm [T] 3 2) SVD-base method: Procedure [2] 3

|

Procedure

Clustering the output of tensor |
power method into k clusters |

I
Algorithm @ | Coordinate descent updates
& Proceduredl | for removing the residual error

Output: estimates { (i, a;, b;, ¢i) }ielk)

Figure 1: Overview of tensor decomposition algorithm.

Consider the decomposition in equation (), denote matrix A := [ay ag -+ ag] € R and similarly
B and C. Without loss of generality, we assume that the matrices have normalized columns (in
2-norm), since we can always rescale them, and adjust the weights w; appropriately.

Throughout, |[v]| := (3>, v7)"/? denotes the Euclidean (¢2) norm of a vector v, and || M|| denotes
the spectral (operator) norm of a matrix M. Furthermore, ||T| and ||T||z denote the spectral
(operator) norm and the Frobenius norm of a tensor, respectively. In particular, for a 3rd order

tensor, we have
IT = s |[Tovw)l |Tler=_| > T2,
lull=lo]|=llw]|=1 ij.leld)

2 Tensor Decomposition Algorithm

In this section, we introduce the alternating tensor decomposition algorithm, and the guarantees
are provided in Section Bl The goal of tensor decomposition algorithm is to recover the rank-1
components of tensor; see () for the notion of tensor rank. Figure [l depicts the overview of our
tensor decomposition method where the corresponding algorithms and procedures are also specified.
Our algorithm includes two main steps as 1) alternating tensor power iteration, and 2) coordinate
descent iteration for removing the residual error. The former one is performed in Algorithm [I] (see
equation (), and the latter one is done in Algorithm [ (see equation (9)). We now describe these
steps of the algorithm in more details as well as providing the auxiliary procedures required to
complete the algorithm.



2.1 Tensor power iteration in Algorithm 1]

The main step of the algorithm is tensor power iteration which basically performs alternating
asymmetric power updates on different modes of the tensor as

e T<I,B(t),é(t)) ey T (a0, 1,60)
B AT | N L CER R |

T (a@), bo), 1)
o]

7 a(t+1)

()

where {d(t), l;(t),é(t)} denotes estimate in the t-th iteration. Recall that for vectors v, w € R%, the
multilinear form T'(I, v, w) € R? used in the above update formula is defined in (@), where T'(I, v, w)
is a multilinear combination of the tensor mode-1 fibers. Notice that the updates alternate among
different modes of the tensor which can be viewed as a rank-1 form of the standard Alternating
Least Squares (ALS) method. We later discuss this relation in more details.

Optimization viewpoint: Consider the problem of best rank-1 approximation of tensor 1" as

min |7 —w-a®b® |, (6)
a,b,ceS4—1
weR

where S! denotes the unit d-dimensional sphere. This optimization program is non-convex, and
has multiple local optima. It can be shown that the updates in (Bl are the alternating optimization
for this program where in each update, optimization over one vector is performed while the other
two vectors are assumed fixed. This alternating minimization approach does not converge to the
true components of tensor 1" in general, and in this paper we provide sufficient conditions for the
convergence guarantees.

Intuition: We now provide an intuitive argument on the functionality of power updates in ({).
Consider a rank-k tensor T as in (), and suppose we start at the correct vectors a = a; and b = b;,
for some j € [k]. Then for the numerator of update formula (f), we have

T (d, l;, I) = T(CL]', bj, I) = W;Cy + Zw,(aj, a,-><bj, bi>6i, (8)
i

where the first term is along c¢; and the second term is an error term due to non-orthogonality. For
orthogonal decomposition, the second term is zero, and the true vectors a;, b; and c; are stationary
points for the power update procedure. However, since we consider non-orthogonal tensors, this
procedure cannot recover the decomposition exactly leading to a residual error after running this
step. Under incoherence conditions which encourages soft-orthogonality constraints@ (and some
other conditions), we show that the residual error is small (see Lemma [I] where the guarantees
for the tensor power iteration step is provided), and thus, with the additional step we propose in
Section 2221 we can also remove this residual error.

3This is exactly the generalization of asymmetric matrix power update to 3rd order tensors.
1See Assumption in Appendix [A] for precise description.



Algorithm 1 Tensor decomposition via alternating asymmetric power updates

Input: Tensor T' € R¥*dxd

1: forr=1to L do

2:  Initialize unit vectors a ( ) € Rd b(o) € Rd and C(T) € RY as
e  Option 1: SVD-based method in Procedure 2l when k < fd for arbitrary constant .
e  Option 2: random initialization.

, number of initializations L, number of iterations V.

33 fort=0toN—-1do
4: Asymmetric power updates (see (2)) for the definition of the multilinear form):

o~ TERE) gy | TEOLE) | T

S T ey Y e M
5. end for
6:  weight estimation:
iy =T (™), 50, &) (7)

7: end for
8: Cluster set {(wT, o\ pIY) AQN)) ,T € [L]} into k clusters as in Procedure [l

9: return the center member of these k clusters as estimates (w;, a;, Bj, ¢;),J € [k].

Initialization and clustering procedures: We discussed that the tensor power updates in (5
are the alternating iterations for the problem of rank-1 approximation of the tensor; see (@l). This
is a non-convex problem and has many local optima. Thus, the power update requires careful
initialization to ensure convergence to the true rank-1 tensor components.

For generating initialization vectors (d(o), 5(0), é(o)), we introduce two possibilities. One is the
simple random initializations, where a(®) and b© are uniformly drawn from unit sphere S®~1. The
other option is SVD-based technique in Procedure 2] where top left and right singular vectors of
T(I,1,6) (for some random 6 € RY) are respectively introduced as a@(®) and 5. Under both
initialization procedures, vector ¢©) is generated through update formula in (B). We establish in
Section [B.2] that when k& = O(d), the SVD procedure leads to global convergence guarantees under
polynomial number of trials. In practice random initialization also works well, however the analysis
is still an open problem.

Notice that the algorithm is run for L different initialization vectors for which we do not know
the good ones in prior. In order to identify which initializations are successful at the end, we also
need a clustering step proposed in Procedure B] to obtain the final estimates of the vectors. The
detailed analysis of clustering procedure is provided in Appendix

2.2 Coordinate descent iteration in Algorithm [4]

We discussed in the previous section that the tensor power iteration recovers the tensor rank-1
components up to some residual error. We now propose Algorithm M to remove this additional



Procedure 2 SVD-based initialization when k& < fd for arbitrary constant (8

Input: Tensor T' € R¥xdxd,
1: Draw a random standard Gaussian vector 6 ~ N (0, I).
Compute u; and v; as the top left and right singular vectors of T'(I,I,6) € R?*,
fL(O) — Uy, 8(0) — V1.
Initialize ¢© by update formula in (5B
return (d(o), 6(0)’ é(o)) .

Procedure 3 Clustering process

Input: Tensor T € R¥¥¥X4 get of 4-tuples {(QIJT, ar,br, Cr), T € [L]}, parameter v.
1: for i =1to k do
2:  Among the remaining 4-tuples, choose a, 13, ¢ which correspond to the largest |T'(a, 13, ).
3: Do N more iterations of alternating updates in (Bl starting from a, b, .
4:  Let the output of iterations denoted by (a, 13, ¢) be the center of cluster 1.
5. Remove all the tuples with max{|(a.,a)|, |(b;,b)],|(ér, )|} > v/2.
6: end for
7: return the k cluster centers.

residual error. This algorithm mainly runs a coordinate descent iteration as

a§t+1>:Norm< (@,bft,) S @l (@ ><b§”,8§”>-éj>>, i€ [k], (9)
J#i

where for vector v, we have Norm(v) := v/||v||, i.e., it normalizes the vector. The above is similarly
applied for updating a( D and b(tH) Unlike the power iteration, it can be immediately seen that
a;, b; and ¢; are stationary points of the above update even if the components are not orthogonal
to each other. Inspired by this intuition, we prove that when the residual error is small enough (as
guaranteed in the analysis of tensor power iteration), this step removes it.

The analysis of this algorithm requires that the estimate matrices A B,C satisfy some bound
on the spectral norm and some column-wise error bounds; see Definition 2lin Appendix for the
details. The optimization program in (I0) (which is only run in the first iteration) and projection

Procedure [ ensure that these conditions are satisfied.

2.3 Discussions

We now provide some further discussions and comparisons about the algorithm.

Implicit tensor operations: In many applications, the input tensor 7" is not available in ad-
vance, and it is computed from samples. It is discussed in (Anandkumar et al), 2014b) that
the tensor is not needed to be computed and stored explicitly, where the multilinear tensor up-
dates (B)) and (@) in the algorithm can be efficiently computed through multilinear operations on
the samples directly.



Algorithm 4 Coordinate descent algorithm for removing the residual error

Input: Tensor T € R¥¥¥x4 initialization set {}1\7 E, 6, @(0)}, number of iterations N.

1: Initialize A© as (similarly for B©,C(©)

A = argmin |A|| st |a —al <O (\/E/d) Jie [k]. (10)
A

2: fort=0to N —-1do
3: fori=1tokdo

4:
il = |7 (@050 1) - ol @) 6050 )|
J#i
) N o~
0 = s (2 (00.0) - a5 )
w, J#i
5. end for R = A
6:  Update C"V) by applying Procedure [ with inputs C“*1) and C"). ~
7. Repeat the above steps (with appropriate changes) to update A1) and B+,
8. Update @tD:
fi e [k], otV ZDEHI), ‘@’(Hl) a @(t) = 770%7
or any 1% y Wy = —~ = ni
wgt) + sgn (wEHl) - wz@) : 77047 0. W
9: end for

10: return {ﬁ(N%E(N)’@(N)’@(N)}'

Comparison with symmetric orthogonal tensor power method: Algorithm [ is similar
to the symmetric tensor power method analyzed by |Anandkumar et al| (2014a) with the following
main differences, viz.,

e Symmetric and non-symmetric tensors: Our algorithm can be applied to both symmetric and
non-symmetric tensors, while tensor power method in |Anandkumar et al. (2014a) is only for
symmetric tensors.

e Linearity: The updates in Algorithm [Tl are linear in each variable, while the symmetric tensor
power update is a quadratic operator given a third order tensor.

e Guarantees: In Anandkumar et al. (2014a), guarantees for the symmetric tensor power up-
date under orthogonality are obtained, while here we consider non-orthogonal tensors under
the alternating updates.

Comparison with Alternating Least Square(ALS): The updates in Algorithm [ can be
viewed as a rank-1 form of the standard alternating least squares (ALS) procedure. This is because
the unnormalized update for ¢ in (Bl can be rewritten as

g+ = (a@, B@,I) = mat(T,3) - (139 ® a@) , (11)

10



Procedure 5 Projection procedure

input Matrices C(t+1) é(f).
1: Compute the SVD of Ct+1) = DV,

2: Let D be the truncated version of D as 13“ := min {Dm-, N1 \/g} .

3 Let Q:=UDVT.

R Qi, HQi—EZ@H 377047
4: Update C**D: for any i € [k], E§t+1) =9 N (Qi—eft)>

5 return O+,

where ©® denotes the Khatri-Rao product, and mat(7T,3) € R i5 the mode-3 matricization of
tensor 1. On the other hand, the ALS update has the form

N ~ ~ ™ T
CHY) = mat(T,3) - ((B(t) @A@)) ) ,

where k vectors (all columns of C**1) ¢ R¥) are simultaneously updated given the current
estimates for the other two modes A® and B®. In contrast, our procedure updates only one
vector (with the target of recovering one column of C) in each iteration. In our update, we do not
require finding matrix inverses. This leads to efficient computational complexity, and we also show
that our update procedure is more robust to perturbations.

3 Analysis

In this section, we provide the local and global convergence guarantees for the tensor decomposition
algorithm proposed in Section Bl Throughout the paper, we assume tensor 7' € R4*4*d ig of the
form T'=T + ¥, where V is the error or perturbation tensor, an

T = Zwi'ai@)bi@ci,
1€[k]

is a rank-k tensor such that a;,b;, ¢; € R%, 4 € [k], are unit vectors. Let A := [a1 ay --- ai] € R¥*F,
and B and C are similarly defined. The goal of robust tensor decomposition algorithm is to recover
the rank-1 components {(a;, b, ¢;),i € [k]} given noisy tensor 7. Our analysis emphasizes on the
challenging overcomplete regime where the tensor rank is larger than the dimension, i.e., k > d.
Without loss of generality we also assume wpax = w1 > wo > - -+ > Wg = Wpin > 0.

We require natural deterministic conditions on the tensor components to argue the convergence
guarantees; see Appendix [Al for the details. We show that all of these conditions are satisfied if the
true rank-1 components of the tensor are uniformly i.i.d. drawn from the unit d-dimensional sphere
S4 1. Thus, for simplicity we assume this random assumption in the main part, and state the

SFor 4th and higher order tensors, same techniques we introduce in this paper, can be exploited to argue similar
results.
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deterministic assumptions in Appendix [Al Notice that it is also reasonable to assume these deter-
ministic assumptions hold for some non-random matrices. Among the deterministic assumptions,
the most important one is the incoherence condition which imposes a soft-orthogonality constraint
between different rank-1 components of the tensor.

The convergence guarantees are provided in terms of distance between the estimated and the
true vectors, defined below.

Definition 1. For any two vectors u,v € R, the distance between them is defined as

dist(u,v) := sup L@ = sup <Z’7u> (12)

v 21 ol e M2l (el

Note that distance function dist(u, v) is invariant w.r.t. norm of input vectors u and v. Distance
also provides an upper bound on the error between unit vectors u and v as (see Lemma A.1 of
Agarwal et all (2013))

min ||zu — v < V2dist(u,v).
ze{-1,1}

Incorporating distance notion resolves the sign ambiguity issue in recovering the components: note
that a third order tensor is unchanged if the sign of a vector along one of the modes is fixed and
the signs of the corresponding vectors in the other two modes are flipped.

3.1 Local convergence guarantee

In the local convergence guarantee, we analyze the convergence properties of the algorithm assuming
we have good initialization vectors for the non-convex tensor decomposition algorithm.

Settings of Algorithm in Theorem [Ik

e Number of iterations: N = © <10g <V%R>>, where v := % and e 1= min{ Y0 <7§> }

Conditions for Theorem [Ik

e Rank-k true tensor with random components: Let

T = Zwi-ai®b,~®c,~, wi>0,ai,bi,ci68d_1,
1€[k]

where a;, b;, ¢;,i € [k], are uniformly i.i.d. drawn from the unit d-dimensional sphere S¥~1. We
state the deterministic assumptions in Appendix [Al and show that random matrices satisfy
these assumptions.

e Rank condition: k = o (d1'5) .

e Perturbation tensor ¥ satisfies the bound

Wmin
= | < .
T

Wmax gatisfies the bound
Wmin

=0 (i {va 1),

12

o Weight ratio: The maximum ratio of weights v :=



e Initialization: Assume we have good initialization vectors dg-o), 55-0), Jj € [k] satisfying

€0 := max {dist (dg-o),aj) , dist <5§-0), bj>} =0(1/7), Vje€ k], (13)

where 7 := Tmax_ In addition, given a'® and l;(o), suppose é§0) is also calculated by the update

. min J J
formula in ([]).

Theorem 1 (Local convergence guarantee of the tensor decomposition algorithm). Consider noisy
rank-k tensor T =T + U as the mput to the tensor decomposition algorithm, and assume the con-
ditions and settings mentioned above hold. Then the algorithm outputs estimates A := [a1---ak] €
R&* and b = [y --- ] T € R¥, satisfying w.h.p.

fi-a, =0 (¥E0). poui<0 ().

Wmin
Same error bounds hold for other factor matrices B := [by ---by] and C = [c1 - - cy].

See the proof in Appendix [Bl

Thus, we can efficiently decompose the tensor in the highly overcomplete regime k < o (d1'5)
under incoherent factors and some other assumptions mentioned above. The deterministic version
of assumptions are stated in Appendix [Al We show that these assumptions are true for random
components which is assumed here for simplicity. If & is significantly smaller than d'-5 (k < d'-?%),
then many of the assumptions can be derived from incoherence. See Appendix [A] for the details.

The above local convergence result can be also interpreted as a local identifiability result for
tensor decomposition under incoherent factors.

The vk factor in the above theorem error bound is from the fact that the final recovery guarantee
is on the Frobenius norm of the whole factor matrix A. In the following, we provide stronger
column-wise guarantees (where there is no vk factor) with the expense of having an additional
residual error term. Recall that our algorithm includes two main update steps including tensor
power iteration in (B]) and residual error removal in ([@). The guarantee for the first step — tensor
power iteration — is provided in the following lemma.

Lemma 1 (Local convergence guarantee of the tensor power updates, Algorithm [I). Consider
the same settings as in Theorem [l Then, the outputs of tensor power iteration steps (output of
Algorithm 1) satisfy w.h.p.

diSt(aj,a]‘) < O ( 4 > —I—O (’y@> , |’LZ)j —ZUj| < ON(T,Z)) —I—O <wmw§> , J€E[k].

Wmin d

Same error bounds hold for other factor matrices B and C'.

VE

The above result provides guarantees with the additional residual error 0] (’ka) , but we believe
this result also has independent importance for the following reasons. The above result provides
column-wise guarantees which is stronger than the guarantees on the whole factor matrix in The-
orem [II Furthermore, we can only have recovery guarantees for a subset of rank-1 components
of the tensor (the ones for which we have good initializations) without worrying about the rest of
components. Finally, in the high-dimensional regime (large d), the residual error term goes to zero.

The result in the above lemma is actually stated in the non-asymptotic form, where the details
of constants are explicitly provided in Appendix [Al

13



Symmetric tensor decomposition: The above local convergence result also holds for recovering
the components of a rank-k symmetric tensor. Consider symmetric tensor T° with CP decomposition
T = Zie[k] w;a; ® a; ® a;. The proposed algorithm can be also applied to recover the components
a;,i € [k|, where the main updates are changed to adapt to the symmetric tensor. The tensor
power iteration is changed to

vy _ L(@9,a0,1)
C T Tae.a0,0)

, (14)

and the coordinate descent update is changed to the form stated in (27). Then, the same local
convergence result as in Theorem [1 holds for this algorithm. The proof is very similar to the proof
of Theorem [I] with some slight modifications considering the symmetric structure.

Extension to higher order tensors: We also provide the generalization of the tensor decom-
position guarantees to higher order tensors. We state and prove the result for the tensor power
iteration part in details, while the generalization of coordinate descent part (for removing the
residual error) to higher order tensors, can be argued by the same techniques we introduce in this
paper

For brevity, Algorithm [1 and local convergence guarantee in Lemma [l are provided for a 3rd
order tensor. The algorithm can be simply extended to higher order tensors to compute the
corresponding CP decomposition. Consider p-th order tensor T' € ¥ R? with CP decomposition

T=Y wi-aq,®ag,;® D ag),, (15)
1€[k]
where a.y; € R? is the i-th column of r-th component Ay = [a(,n),l Ay a(,,)vk] € R4k for

r € [p]. Algorithm [I] can be extended to recover the components of above decomposition where
update formula for the p-th mode is modified as

1)
2)’
t)

2)’

(1)
A ) I)
N
&

T (16)

RO

e (“(w a )
N

( p—1)’

‘) _HT@“)CL

(1)

and similarly the other updates are changed. Then, we have the following generalization of Lemmal/ll
to higher order tensors.

Corollary 1 (Local convergence guarantee of the tensor power updates in Algorithm [ for p-th
order tensor). Consider the same conditions and settings as in Lemma [1, unless tensor T is p-
th order with CP decomposition in (I3 where p > 3 is a constant. In addition, the bounds on
o= Ymax gnd k are modified as

o dP/2?
v=0 (min{d¥,d7}) ) k:zo(d%>.

Then, the outputs of tensor power iteration steps (output of Algorithm[1) satisfy w.h.p.

A ~( ¢ ~ [k . ~ ~ k
dist (a(r)J,a(r)J) <0 <wmin> +0 (’y W) ,|wj —wi| <O W)+ 0 <wmax W) ,
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for j € [k] and r € [p]. The number of iterations is N = © (log (,ﬁ%)), where vy = 22 and
€R = min{ v ,0(7 k:/dp_1>}.

Wmin

3.2 Global convergence guarantee when k = O(d)

Theorem [ provides local convergence guarantee given good initialization vectors. In this section,
we exploit SVD-based initialization method in Procedure [2] to provide good initialization vectors
when & = O(d). This method proposes the top singular vectors of random slices of the moment
tensor as the initialization. Combining the theoretical guarantees of this initialization method
(provided in Appendix [C]) with the local convergence guarantee in Theorem [I we provide the
following global convergence result.

Settings of Algorithm in Theorem

e Number of iterations: N = © <log (#)), where v := Z’}’r’r‘x and ep := min {ﬁ, O ( %) }
e The initialization in each run of Algorithm []is performed by SVD-based technique proposed

in Procedure 2, with the number of initializations as

L> k9(74(k/d)2)'

Conditions for Theorem

e Rank-k decomposition and perturbation conditions as@

Wminv/10g k

T = sz'az‘®bz®cz’, Y= ||| SW’
0

i€[k]

where a;,b;,¢;,1 € [k], are uniformly i.i.d. drawn from the unit d-dimensional sphere S¢ 1,
and ag > 1 is a constant.
e Rank condition: k= O(d), i.e., k < f3d for arbitrary constant 5 > 1.

Theorem 2 (Global convergence guarantee of tensor decomposition algorithm when k = O(d)).
Consider noisy rank-k tensor T =T+ T as the mput to the tensor decomposition algorithm,
and assume the conditions and settings mentioned above hold. Then, the same guarantees as in
Theorem [ hold.

See the proof in Appendix [Bl

Thus, we can efficiently recover the tensor decomposition, when the tensor is undercomplete or
mildly overcomplete (i.e., k < 3d for arbitrary constant 8 > 1), by initializing the algorithm with
a simple SVD-based technique. The number of initialization trials L is polynomial when v is a
constant, and k = O(d).

Note that the argument in Lemma [Il can be similarly adapted leading to global convergence
guarantee of the tensor power iteration step.

SNote that the perturbation condition is stricter than the corresponding condition in the local convergence guar-
antee (Theorem [II).
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Two undercomplete, and one overcomplete component

Here, we apply the global convergence result to the regime of two undercomplete and one overcom-
plete components. This arises in supervised learning problems under a multiview mixtures model
and employing moment tensor E[z; ® x5 ® ], where z; € R% are multi-view high-dimensional
features and y € R% is a low-dimensional label.

Since in the SVD initialization Procedure[, two components a(®) and b© are initialized through
SVD, and the third component ¢(©) is initialized through update formula (), we can generalize the
global convergence result in Theorem [2 to the setting where A, B are undercomplete, and C is
overcomplete.

Corollary 2. Consider the same setting as in Theorem [2. In addition, suppose the regime of
undercomplete components A € R%*k B e R%*k and overcomplete component C € R%*F sych
that dy, > k > d,. In addition, in this case the bound on ~ := ¥max g

-o(en{ e 475)).

Then, if k = O(d,) and d, > polylog(k), the same convergence guarantee as in Theorem [2 holds.

See the proof in Appendix [Bl

We observe that given undercomplete modes A and B, mode C' can be arbitrarily overcomplete,
and we can still provide global recovery of A, B and C' by employing SVD initialization procedure
along modes A and B.

3.3 Proof outline

The global convergence guarantee in Theorem [2 is established by combining the local convergence
result in Theorem [ and the SVD initialization result in Appendix [Cl

The local convergence result in Theorem [I] is derived by establishing error contraction in each
iteration of the tensor power iteration and the coordinate descent for removing the residual error.
Note that these convergence properties are broken down in Lemmata [I] and [I2] respectively.

Since we assume generic factor matrices A, B and C, we utilize many useful properties such as
incoherence, bounded spectral norm of the matrices A, B and C, bounded tensor spectral norm
and so on. We list the precise set of deterministic conditions required to establish the local conver-
gence result in Appendix [Al Under these conditions, with a good initialization (i.e., small enough
max{dist(a, a;), dist(b, b;)} < ep), we show that the iterative update in (5) provides an estimate ¢

with
dist(¢,¢;) < O <w¢~ > +0 <’Y\/7E) + geo,

for some contraction factor ¢ < 1/2. The incoherence condition is crucial for establishing this
result. See Appendix [B] for the complete proof.

The initialization argument for SVD-based technique in Procedure Bl has two parts. The first
part claims that by performing enough number of initializations (large enough L), a gap condition is
satisfied, meaning that we obtain a vector 6 which is relatively close to ¢; compared to any ¢;,% # j.
This is a standard result for Gaussian vectors, e.g., see Lemma B.1 of /Anandkumar et al. (2014a). In
the second part of the argument, we analyze the dominant singular vectors of T'(I, I, 6), for a vector
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0 with a good relative gap, to obtain an error bound on the initialization vectors. This is obtained
through standard matrix perturbation results (Weyl and Wedin’s theorems). See Appendix [C] for
the complete proof.

4 Experiments

In this section, we provide some synthetic experiments to evaluate the performance of Algorithm [l
Note that tensor power update in Algorithm [Iis the main step of our algorithm which is considered
in this experiment. A random true tensor 7' is generated as follows. First, three components
A e Rk B e Rk and C € R¥* are randomly generated with i.i.d standard Gaussian entries.
Then, the columns of these matrices are normalized where the normalization factors are aggregated
as coefficients w;, j € [k]. From decomposition form in (), tensor 7" is built through these random
components. For each new initialization, a(*) and b©) are randomly generated with i.i.d. standard
Gaussian entries, and then normalized|]. Initialization vector é© is generated through update
formula in (&)).

For each initialization 7 € [L], an alternative option of running the algorithm with a fixed
number of iterations N is to stop the iterations based on some stopping criteria. In this experiment,
we stop the iterations when the improvement in subsequent steps is small as

max <

where tg is the stopping threshold. According to the bound in Theorem [I we set

2 Vk
d?

ah — ds_t—l)H27 Bo Bs_t—l)H27

és-t) _ é'(rt_l)H2> <tg,

ts :=t1(log d) (17)

for some constant t; > 0.

Effect of size d and k

Algorithm [ is applied to random tensors with d = 1000 and k& = {10, 50, 100, 200, 500, 1000, 2000} .
The number of initializations is L = 2000. The parameter ¢; in ({I7) is fixed as t; = le — 08. Figure
and Table [l illustrate the outputs of running experiments which is the average of 10 random runs.

Figure 2] depicts the ratio of recovered columns versus the number of initializations. Both
horizontal and vertical axes are plotted in log-scale. We observe that it is much easier to recover
the columns in the undercomplete settings (k < d), while it becomes harder when k increases.
Linear start in Figure 2] suggests that recovering the first bunch of columns only needs polynomial
number of initializations. For highly undercomplete settings like d = 1000 and k£ = 10, almost all
columns are recovered in this linear phase. After this start, the concave part means that it needs
many more initializations for recovering the next bunch of columns. As we go ahead, it becomes
harder to recover true columns, which is intuitive.

Table [I] has the results from the experiments. Parameters k, stopping threshold tg, and the
average square error of the output, the average weight error and the average number of iterations

"Drawing i.i.d. standard Gaussian entries and normalizing them is equivalent to drawing vectors uniformly from
the d-dimensional unit sphere.
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o recovery rate of algorithm
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Figure 2: Ratio of recovered columns versus the number of initializations for d = 1000, and k =

{10, 50, 100, 200, 500, 1000, 2000}. The number of initializations is L = 2000. The stopping parameter is
set to t; = 1le — 08. The figure is an average over 10 random runs.

Table 1: Parameters and more outputs related to results of Figure 2l Note that d = 1000.

Parameters Outputs
i to avg. square avg. weight avg. # of
error error iterations
10 | 1.51e-08 1.03e-05 9.75e-09 7.71
50 | 3.37e-08 5.54e-05 6.69e-08 8.53
100 | 4.77e-08 1.08e-04 1.51e-07 8.81
200 | 6.75e-08 2.07e-04 3.41e-07 9.09
500 | 1.07e-07 5.09e-04 1.14e-06 9.52
1000 | 1.51e-07 1.01e-03 3.40e-06 10.01
2000 | 2.13e-07 2.00e-03 1.12e-05 10.69

are stated. The output averages are over several initializations and random runs. The square error
is given by

3 [ty = a1 [ =8 s - a12).

for the corresponding recovered j. The error in estimating the weights is defined as |1 — w;|?/ w]2-
which is the square relative error of weight estimate. The number of iterations performed before
stopping the algorithm is mentioned in the last column. We observe that by increasing k, all of
these outputs are increased which means we get less accurate estimates with higher computation.
This shows that recovering the overcomplete components is much harder. Note that by running
the coordinate descent Algorithm M, we can also remove this additional residual error left after the
tensor power iteration step. Similar results and observations as above are seen when k is fixed and
d is changed.

Running experiments with SVD initialization instead of random initialization yields nearly the
same recovery rates, but with slightly smaller number of iterations. But, since the SVD computation
is more expensive, in practice, it is desirable to initialize with random vectors. Our theoretical
results for random initialization appear to be highly pessimistic compared to the efficient recovery
results in our experiments. This suggests additional room for improving our theoretical guarantees
under random initialization.
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Appendix

More Matrix Notations

Given vector w € RY, let Diag(w) € R¥? denote the diagonal matrix with w on its main diagonal.
Given matrix A € R¥¥ the following notations are defined to refer to its sub-matrices. A; denotes
the j-th column and A7 denotes the j-th row of A. In addition, Ay € R (E=1) is A with its j-th
column removed, and AV e Rk i5 A with its j-th row removed.

For two matrices A € R%*¥ and B € R%** the Khatri-Rao product is denoted by A® B €

R&A4XE and its (i,7)™ entry is given by
A®B(,j) = Ai, jBiyj, 1= (i1,i2) € [di] x [d2],j € [K].
For two matrices A € R¥™* and B € R**, the Hadamard product is defined as the entry-wise
multiplication of the matrices,
AxB(i,j) = Ali,j)B(i,5), i€ ld.je M.
Let ||u||, denote the ¢, norm of vector u. Let ||Al/s denote the o element-wise norm of matrix

A, and the induced ¢ — p norm is defined as

”AHq—m ‘= Sup ”AUHP-

l[ullq=1

A Deterministic Assumptions

In the main text, we assume matrices A, B, and C' are randomly generated. However, we are not
using all the properties of randomness. In particular, we only need the following assumptions.

(A1) Rank-k decomposition: The third order tensor 7" has a CP rank of £ > 1 with decompo-
sition
T = Z wi(a; @ b; ®¢;), w; > 0,a4,b;,¢; € Sd_l,Vi € [k], (18)
i€[k]
where 8?1 denotes the unit d-dimensional sphere, i.e. all the vectors have unit@ 2-norm
as |lai|| = [|bs]| = [leil] = 1,4 € [k]. Furthermore, define wpyin := minep w; and Wpax =
maxie[k] Wy -

8This normalization is for convenience and the results hold for general case.
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(A2)

(A4)

(A7)

Incoherence: The components are incoherent, and let
Q@
pi= H;%X{K%CLM, (b, b5)], [ e, )|} < 77 (19)

for some a = polylog(d). In other words, ATA = I+ J4, B'B =1+ Jg, and C'C =
I+ Jo, where Jyu, Jp, and Jo, are incoherence matrices with zero diagonal entries. We have
max {[|Jalloo; [[/Bloc; [[Jc[oc } < p as in [TT).

Spectral norm conditions: The components satisfy spectral norm bound

k
mase (A1, 151, 11} < 1+ 0y

for some constant g > 0.
Bounds on tensor norms: Tensor T satisfies the bound

||TH < Wmax®0,
Vk

< awmax?a

|73 (g, b5, )| =

Z wi<ai7 aj><bi7 bj>Cj
i#]

for some constant «y and o = polylog(d).
Rank constraint: The rank of the tensor is bounded by k& = o (d1'5 / polylog d).

Bounded perturbation: Let ¢ denote the spectral norm of perturbation tensor as

Y= || (20)
Suppose ¥ is bounded asﬁ
. { 1 logk }
¢ <miny —, * Wmin,
6 Oé(]\/a

where aq is a constant.

Weights ratio: The maximum ratio of weights ~ := 7max satisfies the bound

min

=0 (min v 271

Contraction factor: The contraction factor ¢ in Theorem [Ilis defined as

2
2w 2a k
— max 1 i ! 21
1 Wmin \/E ( +OZO\/;> +5 ’ ( )

for some constants g, 8’ > 0, and a = polylog(d). In particular, we need ozozo\/E/d + 5 <
Winax/10Wmin which ensures ¢ < 1/2. This is satisfied when vVk/d < Wmax/Wmin poly log d
and 8" < wpax/20wWpin. The parameter 4’ is determined by the following assumption (initial-
ization).

®Note that for the local convergence guarantee, only the first condition 1 < % is required.
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(A9) Initialization: Let
€0 := max {dist <€L(O), aj> , dist <5(0), bj>} ,

denote the initialization error w.r.t. to some j € [k]. Suppose it is bounded as

. B/ Wmin  Wming 2wmax Wmin \/E
€0 S mimn§ —, ) ) —a— )
o 6wmax 4wmax Wming 6wmax d

for some constants «g, 8’ > 0, o = polylog(d), and 0 < ¢ < 1/2 which is defined in (2I)).

(A10) 2 — p norm: For some fixed constant p < 3, max{||AT ||a_p, [| BT |l2=p, |C T |l2—p} < 1+0(1).

Remark 1. Many of the assumptions are actually parameter choices. The only properties of ran-
dom matrices required are|(A2), [(A3), |(A4) and|[(A10),. See Appendiz[A.1l for detailed discussion.

Let us provide a brief discussion about the above assumptions. Conditionrequires the pres-
ence of a rank-k decomposition for tensor 7. We normalize the component vectors for convenience,
and this removes the scaling indeterminacy issues which can lead to problems in convergence.
Additionally, we impose incoherence constraint in which allows us to provide convergence
guarantee in the overcomplete setting. Assumptions and impose bounds on the spectral
norm of tensor 7' and its decomposition components. Note that assumptions [(A2)H(A4)[and |(A10)|
are satisfied w.h.p. when the columns of A, B, and C are generically drawn from unit sphere S
(see Lemma 2] and |Guédon and Rudelson (2007)), all others are parameter choices. Assumption
limits the overcompleteness of problem which is required for providing convergence guarantees.
The first bound on perturbation in as ¢ < #min s required for local convergence guarantee

and the second bound ¢ < %;‘07‘/\/1? is needed for arguing initialization provided by Procedure 21
Assumption is required to ensure contraction happens in each iteration. Assumption
defines contraction ratio ¢ in each iteration, and Assumption is the initialization condition
required for local convergence guarantee.

The tensor-spectral norm and 2 — p norm assumptions |(A4)[and [(A10)| may seem strong as we
cannot even verify them given the matrix. However, when k < d''2°~¢ for arbitrary constant € > 0,
both conditions are implied by incoherence. See Lemma [ We only need these assumptions to go

to the very overcomplete setting.

A.1 Random matrices satisfy the deterministic assumptions

Here, we provide arguments that random matrices satisfy conditions [(A2)l [(A3)] [(A4)| and |[(A10)|
It is well known that random matrices are incoherent, and have small spectral norm (bound on
spectral norm dates back to (Wigner (1955)). See the following lemma.

Lemma 2. Consider random matriz X € R&>* where its columns are uniformly drawn at random

from unit d-dimensional sphere S¥=1. Then, it satisfies the following incoherence and spectral
bounds with high probability as

[0
max [(X;, X;)| < —,
i€ k] i I )l Vd

k
11 < 1+ any /%,
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for some a = O(\/log k) and ap = O(1).

The spectral norm of the tensor is less well-understood. However, it can be bounded by the
2 — 3 norm of matrices. Using tools from |Guédon and Rudelson (2007); |/Adamczak et al. (2011),
we have the following result.

Rdxk

Lemma 3. Consider a random matriz A € whose columns are drawn uniformly at random

from unit sphere. If k < dP/?/ polylog(d), then
A7), < 1-+0(0)

This directly implies Assumption [(A10)} In particular, since we only apply Assumption |(A10)]
to unsupervised setting (kK < O(d)) in Appendix [D] for randomly generated tensor, Assumption

(A10)| holds for all p > 2 (notice that we only need it to hold for some p < 3).
We also give an alternative proof of 2 — p norm which does not assume randomness and only
relies on incoherence.

Lemma 4. Suppose columns of matric A € R¥F* have unit norm and satisfy the incoherence
condition [(A2). If k < d“?>=¢ for arbitrary constant ¢ > 0, then for any p > 3 — 2¢, we have

HATH2_>p <1+o0(1).

Proof: Let L =+/d/polylogd. By incoherence assumption we know every subset of L columns
in A has singular values within 1 =+ o(1) (by Gershgorin Disk Theorem).

For any unit vector u, let S be the set of L indices that are largest in ATu. By the argument
above we know ||(Ag)Tul| < ||As|||lull < 1+ o(1). In particular, the smallest entry in Alu is at
most 2/v/L. By construction of S this implies for all i not in S, |A u| is at most 2/v/L. Now we
can write the £, (p > 2) norm of ATu as

1A llp = > (AT ul + > (Al ul?

icS igs

<D ATuf + @/VIPY A
icS igs

<1+o(1).

Here the second inequality uses that every entry outside S is small, and last inequality uses the
fact that p > 3 — 2e. O
The 2 — 3 norm implies a bound on the tensor spectral norm by Hélder’s inequality.

Fact 1 (Holder’s Inequality). When 1/p+1/q = 1, for two sequence of numbers {a;},{b;}, we have

pens (ger) (o)

Consequently, we have the following corollary.
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Corollary 3. For vectors f, g, h, and weights w; > 0, we have

Zwifigihi < Wiax || fI3lg]3]|7]]3-
p

Proof: The proof applies Holder’s inequality twice as

S wifigihi < winae S 1Figitil < wanax (S 1A 1gihil) < wnas Flsllgls 1A,

where in the first application, p = 3 and ¢ = 3/2, and in the second application, p = ¢ = 2 (which
is the special case known as Cauchy-Schwartz). O

In the following lemma, it is shown that the first bound in Assumption [(A4)| holds for random
matrices w.h.p.

Lemma 5. Let A, B, and C be random matrices in R¥>F whose columns are drawn uniformly at
random from unit sphere. If k < d®/?/ polylog(d), and

T= Zwiai@)bi@ci,
i€[k]
then
1T < O(wmax)-

Proof: For any unit vectors a, 13, ¢, we have
T(a,b,¢) = > wi(ATa)(Bb);(CTe);
1€[k]
< Winax | A l|3]|B D13 CTélls
< Wanax[[ A" [lassllal - 1B [l2-l0l - 1C T [laslléll
= O(wmax)a

where Corollary Bl is exploited in the first inequality, and Lemma [ is used in the last inequality.

d
For the case with two undercomplete and one overcomplete dimensions (see Corollary [2]), we
can prove the tensor spectral norm using basic properties of the matrices A, B, C.

Lemma 6. Let A, B € R%** be matrices with spectral norm bounded by O(1), and C € R%*F pe
a matriz whose columns have unit norm. Let

k
T = Zwiai@)bi@%
i—1

then we have
IT]| < O(wmax)-
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Proof:  For any unit vectors u,v € R%™ and w € R%, by assumptions we know [|A T u| <
O(1),||B"v|| < O(1) and ||CTwl||s < 1. Now we have

T (u,v,w) sz a;,u) (b, v)(c;, w)

< Wmax 5 | a;, U bZ,U

< wmaXHATu”HBTUH
= O(Wmax)-

The first inequality uses triangle inequality and the fact that |(¢;, w)| < 1. The Cauchy-Schwartz
inequality is exploited in the second inequality. Therefore, the spectral norm of the tensor is
bounded by O(wpax)- O

Finally, we show in the following lemma that the second bound in Assumption is satisfied
for random matrices.

Lemma 7. Let A, B,C € R¥™* be independent, normalized (column) Gaussian matrices. Then for
all i € [k], we have with high probability

fupats a1 -0 )

Proof: We have

C\; Diag(w\')(J4 * Jp), = Cijwi(Ai, Aj)(By, Bj) = Y Cjd;,
J#i J#i

where 0; := w;(A;, Aj)(B;, Bj) is independent of C;. From Lemma [ columns of A and B are
incoherent, and therefore, for j # i, we have

|05] = (wmaX/d)

Now since C}’s are independent, zero mean vectors, the sum » ki 0;C} is zero mean and its variance

is bounded by O (w32, k/d?). Then, from vector Bernstein’s bound we have with high probability

| v Ding(w) (74 7)Y | = O <wmaX@) .

max

d

The proof is completed by applying union bound. O

Spectral norm of Khatri-Rao product

For the convergence guarantees of the second step of algorithm on removing residual error, we need
the following additional bound on the spectral norm of Khatri-Rao product of random matrices.
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(A11) Spectral Norm Condition on Khatri-Rao Products: The components satisfy the
following spectral norm bound on the Khatri-Rao products as

k
mas {140 BB © ClL 14 Cl) < 1+ 0y F,

for ag < polylogd.

We now prove that Assumption is satisfied with high probability, if the columns of A, B
and C are uniformly i.i.d. drawn from unit d-dimensional sphere.

The key idea is to view (A® B)" (A ® B) as the sum of random matrices, and use the following
Matrix Bernstein’s inequality to prove concentration results.

Lemma 8. Let M = Y7 | M; be sum of independent symmetric d x d matrices with E[M;] = 0,
assume all matrices M;’s have spectral norm at most R almost surely, let o* = |[E[M?]|, then for
any T

—72/2
> < —_ .
Pr[||[M]| > 7] < 2dexp <02 +R7'/3>

Remark: Although the lemma requires all M;’s to have spectral norm at most R almost surely, it
suffices to have spectral norm bounded by R with high probability and bounded by R* = poly(d, k)
almost surely. This is because we can always condition on the fact that ||[M;|| < R for all i.
Such conditioning can only change the expectations by a negligible amount, and does not affect
independence between M;’s.

Random unit vectors are not easy to work with, as entries in the same column are not indepen-
dent. Thus, we first prove the result for matrices A and B whose entries are independent Gaussian
variables.

Lemma 9. Suppose A, B € R¥™F(k > polylogd) are independent random matrices with indepen-
dent Gaussian entries, let M = (A® B)"(A® B) = (AT A) x (BT B), then with high probability

|M — Diag(M)]| < O(dy/klog d)

Proof:  Let aj,as,...,aq € RF be the columns of AT (the rows of A, but treated as column
vectors). We can rewrite M — Diag M as

M —Diag M = (Y a;a] ) (B'B —Diag(B'B)) = > (a;a; ) » (B' B — Diag(B' B)).
i€ld] i€(d]

Now let Q) = BTB—Diag(BTB), and M; = (aia;-r)*Q, we would like to bound the spectral norm
of the sum M = 3,1y M;. Clearly these entries are independent, E[M;] = Ela;a, |%Q = I+Q = 0,
so we can apply Matrix Bernstein bound.

Note that when d < k, by standard random matrix theory we know ||@Q| < O(k). Also, every
row of @ has norm smaller than the corresponding row of BT B, which is bounded by || B|[|b;)|| <
O(Vkd). When d > k, again by matrix concentration we know ||Q| < O(y/dklogd). Every row of
@ has norm bounded by O(vkd) (because entries in a row are independently random, with variance
equal to d).
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First let us bound the spectral norm for each of the M;’s. Notice that for any vector v,
v [(a;a] ) * Qv = (v * a;)TQ(v * a;) by definition of Hadamard product. On the other hand,
lv* a;|| < ||v]|||a;|lco- With high probability ||a;]|cc < O(y/Iogk), hence || M;|| < ||a:||%||Q|. This is

bounded by O(klogd) when d < k and O(v'kdlog? d) when k < d.
Next we bound the variance [[E[3 ;4 M?]||. Since all the M;’s are i.i.d., it suffices to analyze

E[M?]. Let T = E[M}] = E[((a1a] ) * Q)?], by definition of Hadamard product, we know

Tpg= E[Z QprQrqa1(p)ar(g)ar (T)z]-

relk]

This number is 0 when p # ¢ by independence of entries of a;. When p = ¢, this is bounded
by 3Zre[k] Q2 because Elai(p)?ay(r)?] is 1 when p # 7 and 3 when p = r. Therefore Tp,, <
32 e 12)77“ = 3||QW|]? < O(dk). Since T is a diagonal matrix, we know ||T|| < O(dk), and
o = ||dT|| = O(d?k).

By Matrix Bernstein we know with high probability || M| < O(dv/klogd). O

Using this lemma, it is easy to get a bound when columns of A, B are unit vectors. In this case,

we just need to normalize the columns, the normalization factor is bounded between d?/2 and 2d*
with high probability, and therefore, [|[(AT A)(B" B) — I|| < O(v/klogd/d).

B Proof of Convergence Results in Theorems [1] and

The main part of the proof is to show that error contraction happens in each iteration of Algo-
rithms[I]and [ as the two main parts of the algorithm. Then, the contraction result after ¢ iterations
is directly argued.

In the following, we first provide a local contraction result for the tensor power iteration (H)) in
Algorithm [l given noisy tensor 7. This leads to Lemma [[l which is the local convergence guarantee
of the tensor power updates. Then, we provide a local contraction argument for the coordinate
descent step (@) in Algorithm [l

Combining the above convergence arguments for both updates conclude the overall local con-
vergence guarantee in Theorem. [Il Then, combing this local convergence guarantee and the initial-
ization result in Theorem Bl leads to the global convergence guarantee in Theorem 2l In addition,
the result in Corollary 2lis similarly argued where the bound on the spectral norm of the tensor is
argued in Lemma, [6l

B.1 Convergence of tensor power iteration: Algorithm [1]

In this section, we prove Lemma [I] which is the local convergence guarantee of the tensor power
updates in Algorithm [
Define function f(e;k,d) as

flek d)-—a@+2—a 1+a\/E 26+a e (22)
5 vy = d \/a 0 d 0€

where a = polylog(d) and o = O(1). Notice that this function is a small constant when k <
d'5/ poly log d.
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Lemma 10 (Contraction result of Algorithm [Ilin one update). Consider T =T + ¥ as the input
to Algorithm[dl, where T is a rank-k tensor, and ¥ is a perturbation tensor. Suppose Assumptions

(A1) hold, and estimates i and b satisfy distance bounds
dist(a, a;) < €q,
dist (b, b;) < e,

for some j € [k]

and €q,€, > 0. Let € := max{e,, €}, and suppose ¢ defined in (20) be small
enough such that@

wj; — wj€2 - wmaxf(e; kyd) - ¢ > 07
where f(e; k,d) is defined in 22). Then, update ¢ in (Bl) satisfies the following distance bound with
high probability (w.h.p.)

wmaxf(e; ky d) +
Wj — W€ — Wax f(€; k,d) — 1)’

Furthermore, if the bound in [23)) is such that dist(¢, c¢;) < €, then the update W := T(a,b,¢) in (7)
also satisfies w.h.p.

dist(¢, ¢j) <

(23)

| — wj| < 2wj62 + Wmax f(€; k, d) + 1.

Remark 2. In the asymptotic regime, f(e;k,d) is

flek,d)y=0 (%) +0 (max{%, dg—k/QD e+ O(1)e2

Note that the last term is the only effective contracting term. The other terms include a constant

term, and the term involving € disappears in only one iteration as long as k,d — oo, and O <d3%> —
0.

Remark 3 (Rate of convergence). The local convergence result provided in Theorem[1 has a linear
convergence rate. But, Algorithm [ actually provides an almost-quadratic convergence rate in the
beginning, and linear convergence rate later on. It can be seen by referring to one-step contraction
argument provided in Lemma [I0 where the quadratic term age® exists. In the beginning, this term
1s dominant over linear term involving €, and we have almost-quadratic convergence. Writing
ape? = apete?C, we observe that we get rate of convergence equal to 2 —  as long as we have
initialization error bounded as 68 = O(1). Therefore, we can get arbitrarily close to quadratic
convergence with appropriate initialization error. Note that when the model is more overcomplete,
the algorithm more rapidly reaches to the linear convergence phase. For the sake of clarity, in
proposing Theorem [1], we approzimated the almost-quadratic convergence rate in the beginning with
linear convergence.

Lemma is proposed in the general form. In Lemma [II we provide explicit contraction
result by imposing additional perturbation, contraction and initialization Assumptions
and We observe that under reasonable rank, perturbation and initialization conditions, the
denominator in (23]) can be lower bounded by a constant, and the numerator is explicitly bounded
by a term involving €, and a constant non-contracting term.

'9This is the denominator of bound provided in (23).
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Lemma 11 (Contraction result of Algorithm [Ilin one update). Consider T =T + ¥ as the input
to Algorithm [, where T is a rank-k tensor, and V is a perturbation tensor. Let Assumptions

(A1) hold. Note that initialization bound in|(A9) is satisfied for some j € [k]. Then, update
¢ in ([Bl) satisfies the following distance bound with high probability (w.h.p.)

dist(¢, ¢;) < Const. + q€o ,

non-contracting term  contracting term

where

Const. := 2 (1/1 + wmaxa@> , (24)

min d

and contraction ratio q < 1/2 is defined in (2I). Note that a = Qolylog(d). In addition, if the
above bound be such that dist(¢, cj) < €, then the update W :=T'(a,b,¢) in (D) also satisfies w.h.p.

Wmin

|0 — wj| < Const. +wWming€o-

Proof of Lemma [I: We incorporate condition [(A7)|to show that ¢ < 1/2 in assumption |[(A8)]
is satisfied. In addition, |(A7)|implies that the bound on €j in assumption |(A9)| holds where it can
be shown that the bound in |[(A9)|is bounded as O(1/v). Then, the result is directly proved by
iteratively applying the result of Lemma [Tl O

Proof of auxiliary lemmata: tensor power iteration in Algorithm [I]

Before providing the proofs, we remind a few definitions and notations.

In Assumption matrices Ja, Jp, and Jo, are defined as incoherence matrices with zero
diagonal entries such that ATA = I + J4, B'B = I + Jg, and CTC = I + Jo. We have
max {[|Jallco, |8 loc; [|JC oo } < p as in [T9).

Given matrix A € R%*_ the following notations are defined to refer to its sub-matrices. A;
denotes the j-th column and A’ denotes the j-th row of A. Hence, we have A; = aj,j € [k]. In
addition, A\; € R4*(=1) s A with its j-th column removed, and AV € RU=D*F is A with its j-th
row removed.

Proof of Lemma [I0: Let z; L a; and z; L b; denote the vectors that achieve supremum
value in (I2]) corresponding to dist(a,a;) and dist(@, b;), respectively. Furthermore, without loss of

generality, assume 2| = ||z;]| = 1. Then, & and b are decomposed as
a = (aj,a)a; + dist(a, a;)z;, (25a)
b= (bj,b)b; + dist(b, bj)z . (25b)

Let C := C Diag(w) denote the unnormalized matrix C, and & := T'(@, b, I) denote the unnormalized
update in (). The goal is to bound dist (¢,C;). Consider any z. L C; such that [|z.|| = 1. Then,
we have

(2¢,8) = T(a,b, ze) = T(a,b, z.) + V(a, b, z).

" As mentioned in the assumptions, from perturbation bound in [[A6)} only the bound 1 < “=in is required here.
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Substituting & and b from ([25d) and ([258), we have

~

T(a,b,2.) = (aj,a)(b;,D)T(aj,bj, ze) + (a;, a) dist(b, b;)T(a;, 2}, 2c)
S1 52
+ dist(a, a;)(bj, )T (2, bj, ) + dist (@, a;) dist(b, b;) T (2%, 25, z¢) -

53 S4

In the following derivations, we repeatedly use the equality that for any u,v € R% we have
T(u,v,I) = C(ATux BTv). For S, we have

S1 < |T(aj,bj, zc)| = 2. C(ATa; * B b))
_ZCTU[ (JA*JB)”
2Ty (Tax Jp)Y (

Vk

S wmaxa d Y

where equalities AT A = I + J4 and B' B = I + Jp are exploited in the second equality, and the
assumption that z. L C; is used in the last equality. The last inequality is from Assumption [(A4)
For S5, we have

Sz < e|T(a), 2, 2c))| —Ebl C(Aa;+ B %)
T _x
TC\J [ JA T (By) ]

< a[Oyll- () \JH )

2
<w @ 1—1—04\/E €
>~ max\/a 0 d bs

for some a = polylog(d) and ap = O(1). Second inequality is concluded from |ju*v|| < ||ul|o - [|v]],
and Assumptions [(A2)| and |(A3)|are exploited in the last inequality. Similarly, for S3, we have

S3 < €

0y |Un)) * (4y) =]

2
<w S 1—|—oz\/E €
= max\/a 0 d a-

S < eaep|T(22, 255 2¢)| < €aep||T]| < Wmaxo€qkp,

Finally, for S4, we have

for some oy = O(1). The bound on ||7| is from Assumption [(A4)l Note that for random compo-
nents, we showed in Lemma [l that this bound holds w.h.p. exploiting Assumption|(A5)/and results
of IGuédon and Rudelson (2007). For the error term ¥(a,b, z.), we have

\Il(d7 87 ZC) S 1/}7
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which is concluded from the definition of spectral norm of a tensor. Note that all vectors a, 13, Ze
have unit norm.
Let € := max{e,, ,}. Then, combining all the above bounds, we have w.h.p.

<ZC7 6> < wmaxf(@ k, d) + 1/}7

vk 2 k ?
. o « K 2
flek,d) = a—- +_\/E <1+a0\/;) € + ape”.

T(a,b, 1)+ 9(a,b,I)
> wila, @) {bi, b)e; + ©(a,b, 1)

= wj{aj,a){b;,be; + > wilai, a){b;, b)e; + ¥(a,b, I),
i#j

where f(e; k,d) is

For ¢, we have

&

and therefore,

Il = |[w(as. @) ;. Bhe | - ~ %G, b D)

Z wi<ai, &><b2, 6>CZ
i#]

> wj — wiet — wmax f €k, d) — 1,

where inequality (a;,a)(b;, 13> > 1 — €2 is exploited in the last inequality. Hence, as long as this
lower bound on ||¢|| is positive (small enough € and 1), we have

R wmaxf(e; k, d) Ty
N\ < ’
dist(c, CJ) T wj— wj62 — ’wmaxf(E; k,d) —¢

(26)

Since dist(+, ) function is invariant with respect to norm, we have dist (¢, ¢;) = dist (E, Ej) which
finishes the proof for bounding dist (¢, ¢;). Note that ¢ = ||¢||¢, and Cj; = wjc; where w; > 0.
Now, we provide the bound on |w; —w|. As assumed in the lemma, we have distance bounds

max {dist (a,aj),dist <l3, bj> ,dist (¢, cj)} <e.

The estimate @ = 7' (a, b, ¢) proposed in (7)) can be expanded as

T(a,b,¢) + ¥(a,b,é)

= wilai, a){bi, b) {ci, &) + (@, b, ¢)

= ’wzj<aj= ay(bj, b){c; &) + > wilas, a){bi, b){cs, €) + U(a, b, ¢),
i#]

w
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and therefore,

lw; —w| < ‘w] (1 —(aj,a >(b],b cj, €) ‘Zwl ai,a bl,b>(cz, + ‘\I’ )‘

<wy (1= (1=)") + wnacf(esk,d) + ¥
< 2wj€2 + Wmax f (€ k, d) + 9,

where (aj, a)(bj,b)(c;, &) > (1—€?) "% is exploited in the second inequality. Notice that this argu-
ment is similar to the argument provided earlier for lower bounding ||¢|.

O
Proof of Lemma [I1k The result is proved by applying Lemma [I0, and incorporating additional
conditions |(A6)] [(A8) and [(A9)l f(eo; k,d) in (22]) can be bounded as

2
k2 k
fleosk,d) = 04\/7_ + 7(2 (1 + 040\/g> €0 + g€l

2
VE | 2 \/E
< o—— — |1 — /
_Oéd + a + ag P + 8 €

VEk  Wmin
=a— +
d 2Wmax

geo,

where ¢y < o " from Assumption [(A9)|is exploited in the inequality. The last equality is concluded
from definition of contracting factor ¢ in (ZI). On the other hand, the denominator in (23]) can be
lower bounded as

1 1 1 ;
Wiin |1 — wmaxeg - wmaxf(eo;k7d) - ¢ :| > Wmin |:1 —————— :| = wmm,

Wmin Wmin Wmin

where Assumptions|(A9)| and [(A6)| are used in the inequality. Applying Lemma [0, the result on
dist(¢, ¢j) is proved.
From Lemma [I0, we also have

| — w;| < 2wjeg + Wmax f (€05 k, d) +¢

mm

< Const. +2w360 —|— 2 qeo
w
< MmN Const. FWming€o-
where eg < 2% from Assumption [(A9)]is used in the last inequality. O

B.2 Convergence of removing residual error: Algorithm 4

In this section, we provide convergence of the coordinate descent of Algorithm [ for removing the
residual error. We first provide the following definition.
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Definition 2 ((no,n1)-nice). Suppose

k
(Al 151,11 < my

Given an approzimate solution {E,E,é,@}, we call it (ng,m)-nice if matriz A (similarly B and

C') satisfies
. VE o
1AA = lla; — aill <mo—7=, Vi€ [k],
~ k
12 <y,

Vk

|w; — w;| < nmeaxj-

and the weights satisfy

Given above conditions are satisfied, we prove the following guarantees for removing residual
error, Algorithm Ml

Lemma 12 (Local convergence guarantee of the iterations for removing residual error, Algo-
rithmM]). Consider T as the input to Algorithm[f, where T is a rank-k tensor. Suppose Assumptions
[(AIH(A5) and|(A11) hold (which are satisfied whp when the components are uniformly i.i.d. drawn

~ ~

from unit d-dimensional sphere). Given initial solution {A\(O),B(O),C(O),@(O)} which is (o, m)-

nice, all the following iterations of Algorithm [J] are (2ng,3m1)-nice. Furthermore, given the exact
tensor T', the Frobenius norm error max{||AA| r, ||AB| r, ||AC| F, |Aw|/wmin} shrinks by at least
a factor of 2 in every iteration. In addition, if we have a noisy tensor T = T+ such that ||¥| < 1,

then
zNE)

Wmin

max{[| A [, |ABO [, [ACO ], 80| fumin} < 270" + 0 (

Proof: iteration for removing residual error in Algorithm [4]

We now prove Lemma [12] as the local convergence guarantee of the iterations for removing residual
error, Algorithm Ml

To prove this lemma, we first observe that the algorithm update formula in (@) is (before
normalization) w;(a;, a;)(b;, b;)c; + €; where

ei =Y (wilaj,@;) by, bi)e; — @i (@i, aj) (bi, b;)%)).
J#i
In the following lemma, we show that the error terms ¢;’s are small.

Lemma 13. Before normalization w;¢; = wi(ai,ai><bi,gi>ci + €; where

k
Z leill* < o(1) (wmax (1A + 1AB)[E + [AC)F) + [Aw]?).
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Proof: By the update formula in (@), we know
ei =Y (wilaj,ai) by, biye; — (@i, aj) (bi, b;)3)).
J#i

We expand it into several terms as follows.

ei =Y _(wilaj,a;)(bs, bi)e; — (@i, a;) (bi, b;)2))

i
= {ai, a;)(bi, b)(wjc; — @;e;)  (type 1)

i

+ Z w; <CL]', AAZ><b], bi>Cj + Z wj<aj, ai><bj, ABZ'>C]' (type 2)
i#i i#i

= @ylag, ai) (b, ABi)e; — Y @i{aj, ai)(AB;, b;)E
i#i i#i

= > wjlag, AA) by, bi)es — Y @i (AA; ) (b, bi)T
i#i i#i

+ Z(aj, AA;)(bj, ABj)c; (type 3)
i#i

=D @ilaz, AA (b, ABi)T — ) @i(AA;, ) (b, AB)E;
i#i i#i

= > Wj{aj, AAN(AB; b:)E; — Y 05(AA;, @) (AB;, b;)E.
i#i i#i

The norm of three different types of terms mentioned above are bounded in Section [B.2] which
conclude the desired bound in the lemma. ([l
We are now ready to prove main Lemma R
Proof of Lemma Since w; is the norm of w;(a;, a;){b;, b;)c; + €;, we know

|®; — wi| < Jlei]l + wi(O(| A4 + | AB;|?)),
and therefore
[0 — w[| < o(1)(wWmax (|A(A)|[F + |AB)||F + |AC)|IF) + [[Aw]]).

On the other hand, since the coefficient wi(ai,ai><bi,gi> is at least 1 —o(1), we know ||&; — ¢;|| <
4||€;]] /wimin. This implies

IC = Cllr < o)A IF + [AB)IIF + IAC)|IF) + | Aw] /wiin)-

By Lemma 4 we know after the projection procedure, we get |C — C|p < 2||C — C|lp.
Therefore combining the two steps we know

IC = Cllr < 2/C = Cllr < o()(|AA)[F + IAB)I|F + [AC) £ + | Aw]| /wmin).

When we have noise, all the ¢;’s have an additional term \I/(’di,gi,f ) which is bounded by 1,

and thus, the second part of the lemma follows directly.
O
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Handling Symmetric Tensors: For symmetric tensors we should change the algorithm as com-
puting the following:

d
1 PR 1
al, iy 1 — E: (e e, 1 JE#Z w;((@s, a;)(bi, bj) — E)cj. (27)

The result of this will be a change in the term of type 1. Now the Q matrix will be (A® A)T (A®
A) — (1 — 5)I — 1J which has desired spectral norm for random matrices.
Claims for proving Lemma [T3]
The first term deals with the difference between C' and C.

Claim 1. We have

k
DD i ag)(bis by) (wie; — @5E)||? < o(1)(Wimax |AC| F + [|@ = w]).
i=1  j#i

Proof:  This sum is equal to the Frobenius norm of a matrix M = (QZ. Here the matrix @) is a
matrix such that is equal to Q = (A® B)'(A® B) — I

Q= (ai,a;)(bi,bj), i # 7,
oL i=J

The matrix Z has columns Z; = w;¢; — w;¢;. By assumption we know [|Q| < o(1), and ||Z||p <
Wiax||AC||F + || — w]|. Therefore we have

[IM||r = [1QZ]lr < IR Z]lF < o(1)(wmax [AC||F + [l — w]]).

O
Of course, in the error ¢;, we don’t have >, (a;,a;)(bi, bj)wic;, instead we have terms like

> j2i(Gis aj>(gi, bj)w;c;. The next two lemmas show that these two terms are actually very close.

Claim 2. We have

k
DD (AL (b3, b)) Wi 2 < 0(winax) | AA] -

\ i=1  j#i

k
DI (A @) (b3, b)) Wi 12 < 0(wimax) | AA] -

\ i=1  j#i

Same is true if any ™ is replaced by the true value.

Proof:  Similar as before, we treat the left hand side as the Frobenius norm of some matrix
M = QZ. Here Z; = w;c;, and Q is the following matrix:

Qi = (AAZ7a]><bZ7bJ>7 Z#])
I 0, =7,
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We shall bound || M || by | Z||||Q|| 7. By assumption we know || Z|| < wmax-2m1v/k/d = O(wWmaxr/k/d).
On the other hand, we know (b;, b;) < O(1/v/d) hence |Q||r < O(1/VA)|ATAA|r < O(1/VA)|A|||AA|F =
O(Vk/d)|AA| . Therefore we have

[M|lF <[ Z|IQllF < O(wmax k/d)'é(wmax\/g/d)”AAHF = O(k/d\/E)HAAHF = 0(Wmax) | AA]|F.
Notice that the proof works for both terms. O
Claim 3. We have

k
\l DI (AAL G AB, b)) B 1% < o(wmax) (|AA] 7 + | AB| ).

i=1  j#i

The same is true if the inner-products are between (AA;,a;) or (AB]-,E), or if any ™~ is replaced by
the true value.

Proof:  Similar as before, we treat the left hand side as the Frobenius norm of some matrix
M = QZ. Here Z; = w;c;, and Q is the following matrix

Q' - <AA27aJ><ABlvb]>7 Z#])
" 0, =7,
Now using definition of 2 — 4 norm and 2ab < a? + b? we first bound the Frobenius norm of the
matrix Q:

k
S (AALENABLB)? < S UAAL G +(ABL BN < S AT fona [AAN +|BT [l AB*
i+ i+ i=1
Now we first bound the 2 — 4 norm of the matrix AT = AT+ AAT. By assumption we already
know [|A"||24 < O(1). On the other hand, for any unit vector u

k k

S (A, u)t < ’3 (DA u)? S (A4 u)? < O /dP) = o(1).

i=1 =1 i=1

Here we used the assumption that [|AA;|| < O(Vk/d) and | AA|| < O(y/k/d). Therefore |AT [|os <

AT la—4 + |AAT Ja—s < O(1) (and similarly for BT).
Therefore

k
1QllF < J D NAT lamaAA [+ | BT [z ABg

i=1

k
< 0(1)J ST IA4 ) + [AB*
=1

k
k
< O(1) (| AA; + AB»J S IAA2 + [ AB?

i=1

< O(Vk/d)(|AAllF + |AB|F).
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On the other hand we know || Z]| < O(wmax/k/d), hence ||M||r < [|Z]|||Q]lF < o(wmax)(||AA| r+
|AB|[F)-
g

Projection Procedure

In this section, we describe the functionality of projection Procedure@ Suppose the initial solution
{121\0, B°, (O, @°} is (1o, n1 )-nice. Then, given an arbitrary solution {4, B, C, &}, we run projection
Procedure[Hlto get a (219, 471 )-nice solution without losing too much in Frobenius norm error. This
is shown in the following Lemma.

Lemma 14. Suppose the initial solution {1{0, EO, 60, @°} is (o, m )-nice. For any solution {A, B,C,w},
let error E = max{||A— Al|r, ||B— B||r,||C —C|F, |0 —wl|/wmin}. Then after the projection Pro-
cedure [3, the new solution is (219, 3m1)-nice and has error at most 2E.

Proof: Intuitively, by truncating D the matrix we get is closest to A among matrices with
spectral norm n;+/k/d. We first prove this fact:

Claim 4. . 3
Q@ —Allr= min__|[M—Alp.
IM<n/k/d
Proof: By symmetric properties of Frobenius and spectral norm (both are invariant under

rotation), we can rotate the matrices @, M, A simultaneously, so that A becomes a diagonal matrix
D. Since M has spectral norm bounded by 71+/k/d, in particular all its entries must be bounded

by m+/k/d. Also, we know |D — D||p = miHV(i,j)Mi,jgm
7 ||D — M||p. By the rotation invariant property this implies the claim. O

i |D — M|, therefore |D — D|p =
R RE

Since the optimal solution A has spectral norm bounded by 7, \/m, in particular from above
claim we know ||Q — A||r < ||A — A||r. By triangle inequality we get ||Q — A||r < 2E. In the next
step we are essentially projecting the solution @ to a convex set that contains A (the set of matrices
that are column-wise 11vk/d close to 121\0), so the distance can only decrease. Similar arguments
work for B , C , W, therefore the error of the new solution is bounded by 2F.

By construction it is clear that the columns of the new solution is within nyv/k /d to the columns
of the initial solution, so they must be within 2nyv/k/d to the columns of the true solution. The
only thing left to prove is that [|A|| < 3n/k/d.

First we observe that A = A9 + Z where Z is a matrix whose columns are multiples of @ — 121\0,
and the multiplier is never larger than 1. Therefore IA]l < ||[RAY)| + (|1 Z]| < |A°|| + [|lQ — A°|| <
20 A + QI < 3 \/F/d. O

C SVD Initialization Result

In this section, we analyze the SVD-based initialization technique proposed in Procedure Bl The

goal is to provide good initialization vectors close to the columns of true components A and B in
the regime of k = O(d).
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Given a vector # € RY, matrix T'(I,I,0) results a linear combination of slices of tensor T'. For
tensor 7' in (I8]), we have

T(1,1,0)= Z w; (0, ¢i)aib, Z Aia;b; = ADiag(\)BT, (28)
ic[k] i€ (k]

where \; := w;{0,¢;),i € [k], and X := [A1, Aa,..., A\x] | € RF is expressed as
A = Diag(w)C'" 6.

Since A and B are not orthogonal matrices, the expansion in (28] is not the SVD[ of T(I,1,0).

But, we show in the following theorem that if we draw enough number of random vectors # in the

regime of k = O(d), we can eventually provide good initialization vectors through SVD of T'(I,1,6).

Define

In(in(L)) +¢
2In(L)

Theorem 3 (SVD initialization when k = O(d)). Consider tensor T =T + U where T is a rank-k

tensor, and V is a perturbation tensor. Let Assumptions|(A1) hold and k = O(d). Draw L

i.i.d. random vectors 09 ~ N(0,14),j € [L]. Let ugj) and vlj) be the top left and right singular
vectors of T(I, I,H(j)). This is L random runs of Procedure [2. Suppose L satisfies the bound

g(L) > Wmax(1 + 41 44/log k,

Wmin — pwmax(l + ,u)

g(L) :=+/2In(L) — 21In(k).

with p = 2”R+ﬁ ! < womin — 1, for pr and pmin defined in [BI), and some 0 < fi < 1. Note that
p < \7& is also defined as the incoherence parameter in Assumption |(A2). Then, w.h.p., at least

one of the pairs (ug ), (])) Jj € [L], say j*, satisfies

max {dlSt( U g ) dlst< (") 51)} 4wmax}$:ji; P))\jf\/jwao\/_w

where 1) := ||U|| is the spectral norm of perturbation tensor ¥, and cg > 1 is a constant.

Proof: Let A\U) := Diag(w)C"0U) € RF and \V) := CT9U) € R¥. From Lemmata [I5 and 16}
there exists a j* € [L] such that w.h.p., we have

(G Y i (o0 )Y < FminAe) L O]
max{d1st<u1 ,a1>,dlst<v1 ,b1>}_ VLo

Y

From (29), with probability at least 1 — 2k~!, we have
)\gj*) > wming(L)'
From (B0), with probability at least 1 — k=7, we have

)\8;) < Wiax (Pj\gj*) + 4\/ lOg k) < 4wmax(1 + '0) \ IOg k’

-

where in the last inequality, we also applied upper bound on 5\3] . Combining all above bounds
and Lemma 20l finishes the proof. O

2Note that if A and B are orthogonal matrices, columns of A and B are directly recovered by computing SVD of
T(I,1,0).
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C.1 Auxiliary lemmata for initialization

In the following Lemma, we show that the gap condition between the maximum and the second
maximum of vector A required in Lemma [16]is satisfied under some number of random draws.

Lemma 15 (Gap condition). Consider an arbitrary matriv C € RP>* with unit-norm columns
which also satisfies incoherence condition max;+; |(c;,c;)| < p for some p > 0. Let

A := Diag(w)C' 6 € R¥,

denote the vector that captures correlation of @ € R® with columns of C. Without loss of generality,
assume that A\; = max; |\i|, and let N9y := maxz1 [N;|. Draw L i.i.d. random vectors 6l ~
N(0,1,),7 € [L], and \Y9) := Diag(w)CT0Y). Suppose L satisfies the bound

In(L) < | In(n(L) +¢ ln(k:)> o (i)
81n(k) 41n(L) In(L) ] = wmin — pwWmax(1 +p)’

for some 0 < pu < %a;“p — 1. Then, with probability at least 1 — 2k~ — k=7, we have the following
gap condition for at least one draw, say j*,

)\gj ) > (1 —I—,u))\g)).

Proof:  Define \ := Diag(w) A\ = CT0. We have \; = w; ), € [k].
Each vector AU) is a random Gaussian vector AU) ~ N'(0,CTC). Let j* := arg mMax e[z 5\?). Since

maxe(z] 5\? ), is a 1-Lipschitz function of L independent N(0,1) random variables, similar to the
analysis in Lemma B.1 of [Anandkumar et al. (2014a), we have

<) ~ In(In(L)) +c¢ - 2
Pr |\’ > \/2In(L) EWOTE (D) Vv2n(k)| >1 X (29)

Any vector ¢;,i # 1, can be decomposed to two components parallel and perpendicular to ¢; as
¢ = (¢i,e1)e1 + P, (¢;). Then, for any \;,i # 1, we have

S\i = (9, Ci> = 9T<Ci, Cl>61 + HT'PJ_Cl (Cz) .
—_——
=i =N, 1

Since P, (¢;) L c1,i # 1, we have 5\,4,2' # 1, are independent of A1 := 0" ¢q, and therefore, the
following bound can be argued independent of bound in (29). From Lemma [I8 we have

Pr mﬁlx S\Z(Jl) > 44/logk| < kT

For 5\i7||, we have
)\27” = 9T<Ci,61>61 < pHTcl = p)\h

where we also assumed that A; := 6"¢; > 0 which is true for large enough L, concluded from 29).
By combining above two bounds, with probability at least 1 — k=7, we have

Ay < phi+4y/logh. (30)
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From the given bound on L in the lemma and inequalities (29) and (B0, with probability at least
1 -2k~ — k™7, we have

S0 > Wmax(1+ 1) 0% 56"
)\1 " Wmin — pwmax(l + ,U) <)\(2) p)\l ) '

Simple calculations imply that

wminj\gj*) Z (1 + N)wmaxj\g;)-
Incorporating inequalities A; > wminj\l and )\(2) < wmaxj\@) finishes the proof saying that the result
of lemma is valid for the j*-th draw. O

In the following lemma, we show that if a vector § € R? is relatively more correlated with ¢;
(comparing to ¢;,i # 1), then dominant singular vectors of T(I ,1,0) provide good initialization
vectors for a; and b;.

Before proposing the lemma, we define

2
k k « k .
UE = a\/g <2 + 2040\/; + ﬁ) , R = (1 + ao\/g) s Mmin = min{up, 4R} (31)

where a = polylog(d), and ag > 0 is a constant.

Lemma 16. Consider T' = T + W, where T is a rank-k tensor, and ¥ is a perturbation tensor.
Let assumptions hold for T. Let ui and vi be the top left and right singular vectors of
T(I,1,6). Let

A := Diag(w)C' 6 € R”,

denote the vector that captures correlation of 0 with different c;,i € [k], weighted by w;,i € [k].
Without loss of generality, assume that A\; = max; |\;|, and let \g) := max;x |\i|. Suppose the
relative gap condition

A2 (14 p)A), (32)
is satisfied for some p > m%m — 1, where pur and pmin are defined in [B1). Then, with
high probability (w.h.p.),

:umin)‘(2) + ”\IJ(Iu I7 9)”

dist dist(vy,b1)} <
max{dist(u,ay),dist(vy,b1)} < A — |[W(1,1,0)]

for |[®(I,1,0)||/\ < fp <1 defined as

i LR 2R
e

Proof: From Assumption [(Al)| T'(I,1,6) can be written as equation (28)), Expanded as

T(I,I, 9) = )\1(11()]— + Z )\ZaZbZT .

i#1
R
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From here, we prove the result in two cases. First when up < pgr and therefore pmin = pg, and
second when pup > pup and therefore pmin = pR.

Case 1 (ug < pr): According to the subspaces spanned by a; and by, we decompose matrix
R to two components as R = P (R) + Py (R). First term P, (R) is the component with column
space orthogonal to a; and row space orthogonal to by, and 77||(R) is the component with either
the column space equal to aq or the row space equal to b;. We have

PL(R) = (I - Pu)R(I - Py,),
P”(R) = PalR + RPbl — Pa1 RPbl,
where P,, = alalT is the projection operator on the subspace in R? spanned by ai, and similarly
Py, =b blT is the projection operator on the subspace in R¢ spanned by b;. Thus, for T=T-+ v,
we have
T(I,1,0) = Marb{ + Py (R)+P)(R)+¥(I,1,0).
N——

=M = F

Looking at M, it becomes more clear why we proposed the above decomposition for R. Since the
column and row space of P, (R) are orthogonal to a; and by, respectively, the SVD of M has a;
and by as its left and right singular vectors, respectively. Hence, M has the SVD form

0

M = [a1 UQ] [ )E)l 22 :| [bl ‘72]—'—7

where P (R) = ﬁgigff; is the SVD of P (R). Let &9 := max,-(ig)“-. From gap condition (32)
assumed in the lemma and inequality ([33)), we have A\; > 02, and therefore, a; and by are the top
left and right singular vectors of M. On the other hand, T'(1, I, ) has the corresponding SVD form

01 0
0 3

where uy and v are its top left and right singular vectors. We have

o2 = [[PL(R)|| < | B|

k
> Naib]
=2

< 40l B

T(I,1,0) = [uy Us] [ } [v1 Vo],

<A 141l ||BT|

2
k
< <1 + ao\/%) A@2) =t HRA@2), (33)

where the sub-multiplicative property of spectral norm is used in the second inequality, and the
last inequality is from Assumption |[(A3)| From Weyl’s theorem, we have

o1 = M| < BN+ [, L, 0)]

k k «
< — _
<oy <2+2a0\fd ¥ \/a> (1,6

Ay + W1, 1,0)]) (34)
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where (B8] is used in the second inequality. Therefore, we have

01— 0 =01 — A+ — 09
> —ppXe) — U, 1,0)|| + A1 — prA(2)

T+

=: 11\ — H‘IJ(I,L 0)” =

>

where bounds ([B3]) and (B4]) are used in the first inequality, and the second inequality is concluded
from the gap condition (B82]) assumed in the lemma. Therefore since o1 > B+ v and g9 < (8 for
some > 0, Wedin’s theorem is applied to the equality T(I,1,0) = M + E + ¥(I,1,6), which
implies that

o [T T < [ YL

1%

pEA2) + (L, 1,0)]
fur — [[W(I, 1,0)|

PminA2) + [[W(1, 1,0)]]
A= [W(I,1,0)|

where we used pumin = g and fiy > [ in the last inequality when up < pg. Since dist2(u1, a) +
(u1,a1)? = 1, the proof is complete for this case.
Bounding the spectral norm of E: For any i # j, let p(-a) =

b
i o= (@i, a;)| and p(-.) = [(bs, bj)|. We
have

v

FE = P”(R) = PalR + RPb1 — Pa1 RPbl,
= aja] R+ Rbib] — aja] Rbib]
= " Nara] aib] + > Nab[bib] = Naraf ab] bib!

i#1 i#l i#l
= Z )\,plZ ale + Z )\,p1Z a,bT Z )\th p12 alblT
i#1 i#1 i#l
= Aq Diag(Aq)) B\, + A\1 Diag(A@)) B(y) — Ay Diag(Aa)) B());
Eq Eo Es

k—1 times
e e
where A = [al|a1| a |a1} e R By, = [bafbs| - o] € R *=D and Ay := it ]iz1 €

R*=1. The other notations are similarly defined.
For E1, we have

11| < | Aq) Diag(Aa)IlI B |
= M@ llaa B
< VEN2)p|| BT |

k k
< )\(Q)CM\/; <1 —l—()éo\/g) .
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Where the first equality is concluded from Lemmal[l9] and Assumptions|(A2)|and|(A3)|are exploited
in the last inequality. Similarly, for Fs and E3, we have

k k
< — —
1] < AW\/; <1 - O‘0\/;> ’

Vk
B3] < >\(2)0427-

k E o«
HE” < )\(2)04\/; (2 + 204()\/2-1- %> . (35)

Case 2 (ug < pg): The result can be similarly achieved when ur < pug. Here we directly apply
Wedin’s theorem to T'(I,1,0) = A\ja;b] + R+ W(I,1,0), treating R + (I, 1,6) as the error term.
From Weyl’s theorem, we have

Therefore, we have

IR
>\ — _ >(1- _
o1 =M —|R|| = ¥(L,1,0)[ > (1 1 +u> A — UL, 1,0)]],

=:fi2

where ([33) and gap condition (32) are used in the second inequality. Since 2 = 0, by Wedin’s
theorem, we have

< pRrRA@2) + [[U(,1,0)]
T e — [[Y(L, L 0)|
PminA2) + [[W(1, 1,0)]]
A= [W(I,1,0)

max{\/l — (u1,a1)?, \/1 - (U17b1>2}

where we used pumin = pg and fip > i in the last inequality when pr < pp. Since dist?(ui,a1) +
(u1,a1)? = 1, the proof is complete for this case. O
The above lemma concludes the proof for initialization procedure, except for a few auxiliary
lemmata that we prove next.
First we use Gaussian tail bounds to prove that the largest entry of a Gaussian vector can be
quite large with inverse polynomial probability:

Lemma 17. Let x ~ N(0,0) be a Gaussian random variable with mean zero and variance o.

Then, for any t > 0, we have

g O'3

<? ~ t_3> ft/o) <Prlz >1] < %f(t/a),

where f(t) = \/%—We_tQ/Q.

Proof: Let z = 2, where z ~ N(0,1) is a standard Gaussian random variable. Then, we have
Pr[z > t] = Pr[z > t/o], and therefore, the result is proved by using standard tail bounds for

Gaussian random variable. O
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Lemma 18. Consider r = [r1,ra,... ,rk]T € R* as a k-dimensional random Gaussian vector with
zero mean and covariance 3, i.e., v ~ N (0,3). For any k > 2, we have

Pr [7‘(1) > 4domax/log k} <k 7
Proof: From Lemma [I7 for any i € [k], we have
1
P [ i| > domax /1 k‘} < ———k
il = 4o BN =5 Arlogk
where the last inequality is concluded from the fact that £ > 2. The result is then proved by taking

a union bound. O
Next we prove a basic fact about spectral norm that is used in the proof of Lemma

—8 < k,—S’

Lemma 19. Given h € R™ and v € R", let H = [h|h|---|h]Diag(v) € R™*™. Then, ||H| =
1Al

Proof: By definition

[H]| = sup [[Hz|.
lell=1

We have Hx = (v, z)h, and therefore, ||[Hz| = |(v,z)|||h||. This is maximized by z = v/|v||, and
this finishes the proof. O

Finally, we show that noise matrix ¥ (I, I,6) has bounded norm with high probability which is
useful for initialization argument in Theorem [Bl

Lemma 20. Let § € R? be standard multivariate Gaussian as N'(0,1;). Then, for any g > 1, we
have 2
Pr[I0(7,1,0)] < apv/dy] > 1 ¢~leo VP2,

where ¢ := ||¥|| is the spectral norm of error tensor V.

Proof: Let 6, := ”T}HH denote the normalized version of 6. Then, we have
(L, LO) || = 0] - [ (L, 1,00)]| < [16]],

where the last inequality is from the definition of tensor spectral norm. Applying the bound on
10| in Lemma 2] finishes the proof. O

The following lemma provides concentration bound for the norm of standard Gaussian vector
which is basically a tail bound for the chi-squared random variable.

Lemma 21 (Lemma 15 of Dasgupta et all (2006)). Let the random wvector 0 is distributed as
N(0,1;). Then, for any ag > 1, we have

Pr [[6]] > apv/d] < el
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D Clustering Process

In the last step of main algorithm, we need to cluster the generated 4-tuples into k clusters. The-
oretically, we only have convergence guarantees when the initialization vectors are good enough,
while the other initializations can potentially generate arbitrary 4-tuples. In the worst case, these
arbitrary 4-tuples can make the clustering process hard, and therefore, we provide specific Proce-
dure [3] for which the output properties are provided in Lemma 24]

Note that the key observation for the algorithm is if T'(a, b, ¢) is large for some (a, b, ¢), then
these vectors are close to (a4, b;, ¢;) for some i € [k].

For simplicity, we only prove this when the initialization procedure in Theorem [2] takes poly-
nomial time, namely k = O(d) and wmax/wmin = O(1). Without loss of generality, we also assume
Wmax = W1 > Wg > +++ > Wi = Wnin. In this case, we choose the threshold € in the following
lemmata to be some small constant depending on k/d and wmax/Wmin. Also, we work in the case
when noise ¥ = 0, however the proof still works when the noise ¢ = || V|| = o(1).

Lemma 22. Suppose
max{|<ai7&>|v |<b27 l;>|7 |<Cl7é>|} <€ Vi € [t - 1]7

for some t € [k]. Let 6 := O <%63_p>, and assume |T(a,b,¢)| > (1 — 8)w,. Then, there exists
some j such that
Wmin

max{dist(a, a;), dist(b, b;), dist (&, ¢;) } < T

Proof:  Partition tensor T = Zie[k] wia; ® b; ® ¢; to T + 15, where T contains all the terms
indexed from 1 to ¢t — 1, and 75 contains the remaining terms. From Corollary [, we have

|T1 (&7 67 é)| < Wiax

Aj_yé

o Nteabl [ ialy

where A_q) € R**(t=1) denotes the first ¢ — 1 columns of A, and similarly for By and Cp_y).

We also have )

|48l < 47

. AP = O (3P
, max [{ai a)] (€77),

where Assumption [(A10)| and the assumption in the lemma are exploited in the last step. Similar
arguments hold for b and c¢. Combining with the earliest inequality, we have

|T1 (&7 67 é)| < WinaxO (Eg_p) < wt&

where the definition of § is exploited in the last inequality. Applying assumption |T'(a, A,é)\ >
(1 — d)w; to the above bound, we have

| To(a, b, &) > (1 — 26)w;. (36)
On the other hand, from Corollary [3]

[ Ta(a,b,¢)| < well AT alls] B Blls)|C e
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Since all the 3-norms are bounded by 1+ o(1), each of them must be at least 1 — O(J) to let
inequality (B36) hold. Now we have

k
Z aj,8)° < max{|(a;,a \}“Z\a], )P < (1+ o(1)) max{|(a;, )|},

where the last inequality is from Assumption [(A10)| This implies max{|{a;,a)|} = 1—O(J), which
in turn implies there exists a j such that

dist(a, CL]') < wmin/lowmax

when € and ¢ are small enough.
By symmetry we know there is also a j’ such that dist(b, bjr) < Wmin/10Wmax. If j # j', then it
is easy to check Th(a, 5, ¢) cannot be large. Hence, j = j' and the Lemma is correct. O
On the other hand, we know if there is a good initialization, the largest T'(a, 13, ¢) must be large.

Lemma 23. Suppose there exists a good initialization (see initialization condition (I3)) in the local
convergence theorem) for some column t € [k], and

max{](a;, &)1, (b, 6V), [{ci, éV)} < e, Vi#t.

Let 6 :== O (“’ma: 3= 1”). Then the corresponding output of iterations in Algorithm [1 denoted by

A~

(a,b,¢) satisfy
|T(&7 67 é)| > (1 - 5)wt

Furthermore, for any i # t, max{|(a,a;)|, |(b,b:)], (¢, c:)|} < o(e).

Proof:  Similar to the proof of Lemma 22|, partition tensor T = Zie[k} w;ia; ® by ® ¢; to Ty =
wear @ by @ ¢ and T7 = T — T5. Since the initialization is good, by the local convergence result in
Theorem [II, we have

dist(a, a¢) < O (wmax \/_E> < o(9),

Wmin d

~

where the incoherence condition and p > 2 are exploited in the last step. Therefore, |T5(a,b,¢)| >
(1 —4/2)w.
Similar to Lemma 22 by using Corollary B, we have |T3(a, Z),é)| < wyd/2. Applying these
bounds, we have
|T(a,b,¢)| > |Ta(a,b,é)| — |Ti(a,b, &) > (1 —6)w.

The last part of the Lemma is trivial because dist(a,a;) is small and (a;, a;) is small by inco-
herence. .
Finally we prove the clustering process succeeds.

Wmax f

IIll n

Lemma 24. Procedure [3 outputs k cluster centers that are O < ) close to the true compo-

nents of the tensor.
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Proof:  We prove by induction to show that every step of the algorithm correctly computes one
component.

Suppose all previously found 4-tuples are O(wmax\/E/wmind) close to some (a;,b;,c;) (notice
that this is true at the beginning when no components are found). Let ¢ be the smallest index that
has not been found. Then all the remaining 4-tuples satisfy

max{|{a;,a)|, |(bi, b), |(ci, &)} < e, Vi<t

By Lemma 23 we know there must be a 4-tuple with [T'(, b, ¢)| > w;(1—6). On the other hand, by
Lemma 22l we know the 4-tuple we found must satisfy max{dist(a, a;), dist (b, bj)} < Wmin/10Wmax
for some j (and this cannot be some j that has already been found). This tuple then satisfies the
conditions of the local convergence Theorem [l Hence, after N iterations it must have converged

to (aj,bj,c;j). At this step the algorithm successfully found a new component of the tensor.
O
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