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ABSTRACT. We study extensions of compressive sensing and low rank matrix recovery to the
recovery of tensors of low rank from incomplete linear information. While the reconstruction of
low rank matrices via nuclear norm minimization is rather well-understand by now, almost no
theory is available so far for the extension to higher order tensors due to various theoretical and
computational difficulties arising for tensor decompositions. In fact, nuclear norm minimization
for matrix recovery is a tractable convex relaxation approach, but the extension of the nuclear
norm to tensors is NP-hard to compute. In this article, we introduce convex relaxations of the
tensor nuclear norm which are computable in polynomial time via semidefinite programming.
Our approach is based on theta bodies, a concept from computational algebraic geometry
which is similar to the one of the better known Lasserre relaxations. We introduce polynomial
ideals which are generated by the second order minors corresponding to different matricizations
of the tensor (where the tensor entries are treated as variables) such that the nuclear norm
ball is the convex hull of the algebraic variety of the ideal. The theta body of order k for such
an ideal generates a new norm which we call the 8;-norm. We show that in the matrix case,
these norms reduce to the standard nuclear norm. For tensors of order three or higher however,
we indeed obtain new norms. By providing the Groébner basis for the ideals, we explicitly
give semidefinite programs for the computation of the fi-norm and for the minimization of
the Ox-norm under an affine constraint. Finally, numerical experiments for order three tensor
recovery via f1-norm minimization suggest that our approach successfully reconstructs tensors
of low rank from incomplete linear (random) measurements.
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1. INTRODUCTION AND MOTIVATION

Compressive sensing predicts that sparse vectors can be recovered from underdetermined
linear measurements via efficient methods such as ¢;-minimization [9, 15, 18]. This finding has
various applications in signal and image processing and beyond. It has recently been observed
that the principles of this theory can be transferred to the problem of recovering a low rank
matrix from underdetermined linear measurements. One prominent choice of recovery method
consists in minimizing the nuclear norm subject to the given linear constraint [17, 47]. This
convex optimization problem can be solved efficiently and recovery results for certain random
measurement maps have been provided, which quantify the minimal number of measurements
required for successful recovery [47, 6, 5, 27, 26, 36].

There is significant interest in going one step further and to extend the theory to the recovery of
low rank tensors (higher-dimensional arrays) from incomplete linear measurements. Applications
include image and video inpainting [38], reflectance data recovery [38] (e.g. for use in photo-
realistic raytracers), machine learning [48] and seismic data processing [34]. Several approaches
have already been introduced [38, 20, 31, 44, 45], but unfortunately, so far, for none of them
a completely satisfactory theory is available. Either the method is not tractable [51], or no
(complete) rigorous recovery results quantifying the minimal number of measurements are available
[20, 38, 44, 45, 32, 14, 35], or the available bounds are highly nonoptimal [31, 16, 39]. For instance,
a version of the nuclear norm for higher order tensors can be introduced, but unfortunately, its
computation (and therefore, also its minimization) is NP-hard [19] — nevertheless, some recovery
results for tensor completion via nuclear norm minimization are available in [51]. Moreover,
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versions of iterative hard thresholding for various tensor formats have been introduced [44, 45].
This approach leads to a computationally tractable algorithm, which empirically works well.
However, only a partial analysis based on the restricted isometry property has been provided,
which so far only shows convergence under a condition on the iterates that cannot be checked a
priori. Nevertheless, the restricted isometry property (RIP) has been analyzed for certain random
measurement maps [14, 45, 46]. These near optimal bounds on the number of measurements
ensuring the RIP, however, provide only a hint on how many measurements are required because
the link between the RIP and recovery is so far only partial [15, 16].

This article introduces a new approach for tensor recovery based on convex relaxation. The
idea is to further relax the nuclear norm in order to arrive at a norm which can be computed
(and minimized under a linear constraint) in polynomial time. The hope is that the new norm is
only a slight relaxation and possesses very similar properties as the nuclear norm. Our approach
is based on so-called theta bodies, a concept from computational algebraic geometry [10, 22, 2]
which is similar to the better known Lasserre relaxations [37]. We arrive at a whole family of
convex bodies (indexed by a polynomial degree), which form convex relaxations of the nuclear
norm ball. The resulting norms are called theta norms. The corresponding unit norm balls are
nested and contain the nuclear norm ball. They can be computed by semidefinite optimization,
and also the minimization of the 6; norm subject to a linear constraints is a semidefinite program
(SDP) whose solution can be computed in polynomial time — the complexity growing with k.

The basic idea for the construction of these new norms is to define polynomial ideals, where
each variable corresponds to an entry of the tensor, such that its algebraic variety consists of the
rank one tensors of Frobenius norm one. The convex hull of this set is the tensor nuclear norm
ball. The ideals that we propose are generated by the minors of order two of all matricizations of
the tensor (or at least of a subset of the possible matricizations) together with the polynomial
corresponding to the squared Frobenius norm minus one. Here, a matricization denotes a matrix
which is generated from the tensor by combining several indices to a row index, and the remaining
indices to a column index. In fact, all such minors being zero simultaneously means that the
tensor has rank one. The k-theta body of the ideal corresponds then to a relaxation of the convex
hull of its algebraic variety, i.e., to a further relaxation of the tensor nuclear norm. The index
k € N corresponds to a polynomial degree involved in the construction of the theta bodies (some
polynomial is required to be k-sos modulo the ideal, see below), and k& = 1 leads to the largest
theta body in a family of convex relaxations.

We will show that for the matrix case (tensors of order 2), our approach does not lead to new
norms. All resulting theta norms are rather equal to the matrix nuclear norm. This fact suggests
that the theta norms in the higher order tensor case are all natural generalizations of the matrix
nuclear norm.

We derive the corresponding semidefinite programs explicitly and present numerical experiments
which show that #;-norm minimization successfully recovers tensors of low row rank from few
random linear measurements. Unfortunately, a rigorous theoretical analysis of the recovery
performance of THy-minimization is not yet available but will be the subject of future studies.

1.1. Low rank matrix recovery. Before passing to tensor recovery, we recall some basics on
matrix recovery. Let X € R™*"2 of rank at most r < min{nj,ns}, and suppose we are given
linear measurements

y = A(X),
where A : R"*"2 — R™ ig a linear map with m < nins. Reconstructing X from y amounts

to solving an underdetermined linear system. Unfortunately, the rank minimization problem of
computing the minimizer of

min rank(Z) subject to A(Z) =y
ZERm1%n2

is NP-hard in general. As a tractable alternative, the convex optimization problem

min ||Z||. subject to A(Z) =y (1)
ZERn1 X2
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has been suggested [17, 47], where the nuclear norm || - ||« = >, 0;(Z) is the sum of the singular
values of Z. This problem can be solved efficiently by various methods [3]. For instance, it can be
reformulated as a semidefinite program [17], but splitting methods may be more efficient [13, 49].

While it is hard to analyze low rank matrix recovery for deterministic measurement maps,
optimal bounds are available for several random matrix constructions. If A is a Gaussian

measurement map, i.e.,

A(X); = ZAJMXM, j€|m]:={1,2,...,m},

k.0

where the Aji, j € [m],k € [n1],£ € [ng], are independent mean-zero, variance one Gaussian
random variables, then a matrix X of rank at most r can be reconstructed exactly from y = A(X)
via nuclear norm minimization (1) with probability at least 1 — e~“™ provided that

m > Crn, n = max{ni,na}, (2)

where the constants ¢, C' > 0 are universal [5, 10]. Moreover, the reconstruction is stable under
passing to only approximately low rank matrices and under adding noise on the measurements.
Another interesting measurement map corresponds to the matrix completion problem [6, 8, 26, 11],
where the measurements are randomly chosen entries of the matrix X. Measurements taken
as Frobenius inner products with rank-one matrices are studied in [36], and arise in the phase
retrieval problem as special case [7]. Also here, m > Crn (or m > Crnlog(n) for certain
structured measurements) is sufficient for exact recovery.

1.2. Tensor recovery. An order d-tensor (or mode-d-tensor) is an element X € R"™1Xm2x X4
indexed by [n1] X [ng2] X -+ x [ng]. Of course, the case d = 2 corresponds to matrices. For d > 3,
several notions and computational tasks become much more involved than for the matrix case.
Already the notion of rank requires some clarification, and in fact, several different definitions

are available, see for instance [33, 25]. We will mainly work with the so-called canonical rank
or CP-rank in the following. A dth order tensor X € R™ *™2X"X"d ig of rank one if there exist
vectors u! € R, u? e R™, ..., u? € R™ such that X =u' @ u? @ - - - @ u? or elementwise

X =l u? .oyl

i1i2~--id 11 712 id'

The CP-rank (or canonical rank and in the following just rank) of a tensor X € Rm1 *n2X X0,

similarly as in the matrix case, is the smallest number of rank one tensors that sum up to X.

Given a linear measurement map A : R™ > %74 — R™ (which can represented as a (d 4 1)th
order tensor), our aim is to recover a tensor X € R™* %" from y = A(X) when m <
ni - ng---ng. The matrix case d = 2 suggests to consider minimization of the tensor nuclear
norm for this task,

mzin |Z]|. subject to A(Z) =y,

where the nuclear norm is defined as

T T

|X||, = min {Z lex| : X = E:ckul”C @urt @ @u* reN, ||ui’]’“He2 =1,i€ld),ke€ [r}} :
k=1 k=1

Unfortunately, in the tensor case, computing the canonical rank of a tensor, as well as computing

the nuclear norm of a tensor is NP-hard in general, see [30, 29, 19]. Let us nevertheless mention

that some theoretical results for tensor recovery via nuclear norm minimization are contained in

[51].

The aim of this article is to introduce relaxations of the tensor nuclear norm, based on so-called
theta bodies, which is both computationally tractable and whose minimization allows for exact
recovery of low rank tensors from incomplete linear measurements.

Let us remark that one may reorganize (flatten) a low rank tensor X € R™**™*" into a low
rank matrix X € R™*"* and simply apply concepts from matrix recovery. However, the bound
(2) on the required number of measurements then reads

m > Crn?. (3)
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Moreover, it has been suggested in [20, 50, 38] to minimize the sum of nuclear norms of the
unfoldings (different reorganizations of the tensor as a matrix) subject to the linear constraint
matching the measurements. Although this seems to be a reasonable approach at first sight, it
has been shown in [42], that this approach cannot work with less measurements than stated by
the estimate in (3).

Bounds for a version of the restricted isometry property for certain tensor formats in [40]
suggest that

m > Cr’n
measurements should be sufficient when working directly with the tensor structure — precisely,
this bound uses the so-called tensor train format [11]. (Possibly, the term r? may even be lowered

to r when using the “right” tensor format.) However, connecting the restricted isometry property
in a completely satisfactory way with the success of an efficient tensor recovery algorithm is still
open. (Partial results are contained in [46].) In any case, this suggests that one should exploit
the tensor structure of the problem rather than reducing to a matrix recovery problem in order
to recover a low rank tensor using the minimal number of measurements. Of course, similar
considerations apply to tensors of order higher than three, where the difference between the
reduction to the matrix case and working directly with the tensor structure will become even
stronger.

1.3. Some notation. We write vectors with small bold letters, matrices and tensors with capital
bold letters and sets with capital calligraphic letters. The cardinality of a set S is denoted by |S].
For a matrix A € R™*" and subsets Z C [m], J C [n] the submatrix of A with columns
indexed by Z and rows indexed by J is denoted by Az 7. A set of all minors of A order k is of
the form
{det(Az7): T C[m],J C[n],|Z] = |T| = k}.

The Frobenius norm of a matrix X € R™*" is given as

IXl 7 =

where the o; list the singular values of X. The nuclear norm is given by || X||, = Zf;irf{m’n} o Tt

is well-known that its unit ball is the convex hull of all rank one matrices of Frobenius norm one.

The vectorization of a tensor X € R™*m2XXnd ig denoted by vec(X) € R™"2 "4 The
ordering of the elements in vec(X) is not important as long as it remains consistent. Fibers are a
higher order analogue of matrix rows and columns. For k € [d], the mode-k fiber of a dth order
tensor is obtained by fixing every index except for the k-th one. The Frobenius norm of a d-th
order tensor X € R *"2X"Xnd ig defined as

ni ng ng
HX”F = Z Z o Z Xi21i2"'id’
i1=113=1 ig=1

Matricization (also called flattening) is the operation that transforms a tensor into a matrix.
More precisely, for a dth order tensor X € R"t*m2X"Xn"d and an ordered subset S C [d], an
S-matricization XS € Rllics 7 *Ilrese "¢ ig defined as

X§ =X

(ir)kes,(ie)rese ERERERZE
i.e., the indexes in the set S define the rows of a matrix and the indexes in the set S° = [d]\S
define the columns. For a singelton set S = {i}, for ¢ € [d], we call the S-matricization the
i-th unfolding. Notice that every S-matricization of a rank one tensor is a rank one matrix.
Conversely, if every S-matricization of a tensor is a rank one matrix, then the tensor is of rank
one. This is even true, if all unfoldings of a tensor are of rank one.

We often use MATLAB notation. Specifically, for a dth order tensor X € R™ *m2XXnd ' we
write X(:,:,...,:, k) for the (d — 1)-order subtensor in R™*"2%"*"d-1 ghtained by fixing the

last index i4 to k. For simplicity, the subscripts 4149 - - - 74 and 2122 - ~%d will often be denoted
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by I and f, respectively. In particular, instead of writing Xivis.iaX; 5, 3,0 We often just write
X1X;. Below, we will use the grevlex ordering of monomials indexed by subscripts I, which in
particular requires to define an ordering for such subscripts. We make the agreement that I > I
if iy >4y or if iy = i1,49 = 49,...0p—1 = tg—1 and iy > i, for some £ € [d].

1.4. Structure of the paper. In Section 2 we will review the basic definition and properties
of theta bodies. Section 3 considers the matrix case. We introduce a suitable polynomial ideal
whose algebraic variety is the set of rank one Frobenius norm one matrices. We discuss the
corresponding f-norms and show that they all coincide with the matrix nuclear norm. The case
of 2 x 2-matrices is described in detail. In Section 4 we pass to the tensor case and discuss first
the case of order three tensors. We introduce a suitable polynomial ideal, provide its reduced
Grobner basis and define the corresponding 6-norms. Then we pass to order four tensors, where
it turns out that one may define different ideals (corresponding to different sets of matricizations)
whose algebraic variety is the set of rank one Frobenius norm one tensors. These different ideals
lead to different 8-norms, and we discuss two possibilities in detail. The general d-th order case is
discussed at the end of Section 4. Here, we concentrate only on one possibility for the polynomial
ideal which corresponds to the set of all possible matricizations of the tensor. We show that a
certain set of order two minors forms the Grobner basis for this ideal, which is key for defining
the f;-norms. Section 5 briefly discusses the polynomial runtime of the algorithms for computing
and minimizing the #;-norms showing that our approach is tractable. Numerical experiments
for low rank recovery of third order tensors are presented in Section 6, which show that our
approach successfully recovers low rank tensor from incomplete Gaussian random measurements.
Appendix 7 discusses some background from algebraic geometry (monomial orderings and Grobner
bases) that is required throughout the main body of the article.

2. THETA BODIES

As outlined above, we will introduce new tensor norms as relaxations of the nuclear norm in
order to come up with a new convex optimization approach for low rank tensor recovery. Our
approach builds on the concept of theta bodies, a recent concept from computational algebraic

geometry, which is similar to Lasserre relaxations [37]. In order to introduce it, we first discuss
the necessary basics from algebraic geometry. For more information, we refer to [12, 13] and to
the appendix.

For a non-zero polynomial f = 3" _ aax® in R [x] = R [z, 22, ..., 2,] and a monomial order >,
we denote

a) the multidegree of f by multideg (f) = max (a €EZ% :aa # 0),

b) the leading coefficient of f by LC (f) = amuitideg(s) € R,

¢) the leading monomial of f by LM (f) = x™ultides(f),

d) the leading term of f by LT (f) = LC (f) LM (f).
Let J C R[x] be a polynomial ideal. Its real algebraic variety is the set of all points in x € R”
where all polynomials in the ideal vanish, i.e.,

wp(J)={xeR": f(x) =0, forall feJj}.

By Hilbert’s basis theorem [13] every polynomial ideal in R [x] has a finite generating set. Thus,
we may assume that J is generated by a set F = {f1, fa,..., fx} of polynomials in R [x] and
write

J={(fi,fas. o fu) = <{fi}i€[k]> or simply J = (F).
Its real algebraic variety is the set
v (J) ={x €R": fi(x) =0 for all i € [k]}.

Throughout the paper, R [x], denotes the set of polynomials of degree at most k. A degree one
polynomial is also called linear polynomial. A very useful certificate for positivity of polynomials
is contained in the following definition [22].
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Definition 1. Let J be an ideal in R[x]. A polynomial f € R[x] is k-sos mod J if there
exists a finite set of polynomials hi, hs,...,hs € R[x], such that f = St k2 mod J, ie, if

. Jj=1""J
f=352 h3eJ.

A special case of theta bodies was first introduced by Lovész in [10] and in full generality they
appeared in [22]. Later, they have been analyzed in [21, 23]. The definitions and theorems in the
remainder of the section are taken from [22].

Definition 2 (Theta body). Let J C R [x] be an ideal. For a positive integer k, the k-th theta
body of J is defined as

THy (J) :={x € R": f(x) > 0 for every linear f that is k-sos mod J}.

We say that an ideal J C R [x] is THy-ezxact if THy, (J) equals conv (vg (J)), the closure of the
convex hull of vg (J).

Theta bodies are closed convex sets, while conv (vg (J)) may not necessarily be closed and by
definition,

TH; (J) 2 THy (J) D -+ 2 conv (vg (J)) . (4)
The theta-body sequence of J can converge (finitely or asymptotically), if at all, only to
conv (vg (J)). More on guarantees on convergence can be found in [22, 23]. However, to
our knowledge, none of the existing guarantees apply to the cases discussed below.

Given any polynomial, it is possible to check whether it is k-sos mod J using a Grobner basis
and semidefinite programming. However, using this definition in practice requires knowledge of
all linear polynomials (possibly infinitely many) that are k-sos mod J. To overcome this difficulty,
we need an alternative description of THy, (J) discussed next.

As in [2], we assume that there are no linear polynomials in the ideal J. Otherwise, some
variable z; would be congruent to a linear combination of other variables modulo J and we
could work in a smaller polynomial ring R [xﬂ = Rlz1,22,..., -1, Tit1,-..,2Tn). Therefore,

Rx], /J = R[x]; and {1+ J,z1 +J,...,z, + J} can be completed to a basis B of R[x]/J.
Recall that the degree of an equivalence class f+.J, denoted by deg (f + J), is the smallest degree
of an element in the class. We assume that each element in the basis B = {f; + J} of R[x] /J
is represented by the polynomial whose degree equals the degree of its equivalence class, i.e.,
deg (f; + J) = deg (fi). In addition, we assume that B = {f; + J} is ordered so that f;11 > fi,
where > is a fixed monomial ordering. Further, we define the set By

B.:={f+Je€B:deg(f+J) <k}

Definition 3 (Theta basis). Let J C R[x] be an ideal. A basis B = {fo+ J, f1 +J,...} of
R [x] /J is a B-basis if it has the following properties

1) Bi={1+Jax1+J,...,0, +J},

2) if deg (fi +J),deg (f; +J) < k then f;f; + J is in the R-span of Ba.

As in [2, 22] we consider only monomial bases B of R [x] /J, i.e., bases B such that f; is a
monomial, for all f; + J € B.

For determining a 6-basis, we first need to compute the reduced Grébner basis G of the ideal
J, see Definitions 7 and 8. The set B will satisfy the second property in the definition of the
theta basis if the reduced Grobner basis is with respect to an ordering which first compares the
total degree. Therefore, throughout the paper we use the graded reverse monomial ordering
(Definition 6) or simply grevlex ordering, although also the graded lexicographic ordering would
be appropriate.

A technique to compute a 6-basis B of R [x] /J consists in taking B to be the set of equivalence
classes of the standard monomials of the corresponding initial ideal

Jinitial = <{LT(f)}feJ> = <{LT(gi)}i€[s]>’

where G = (g1, 92,...,9s) is the reduced Grobner basis of the ideal J. In other words, a set
B={fo+J, f1+J,...} will be a 6-basis of R[x] /J if it contains all f; + J such that
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1) f:; is a monomial
2) f; is not divisible by any of the monomials in the set {LT(g;) : ¢ € [s]}.
As the next important tool we need the so-called combinatorial moment matrix of J. To this
end, we fix a f-basis B = {f; + J} of R[x] /J and define [x]5 to be the column vector formed by

all elements of By in order. Then [x]; [X]gk is a square matrix indexed by By and its (4, j)-entry
is equal to f;f; +J. By hypothesis, the entries of [x] [X]Z;k lie in the R-span of Bay. Let {/\ﬁj}
be the unique set of real numbers such that f;f; +J =32, jep,, A (fi+ ).

The theta bodies TH; can be characterized via the combinatorial moment matrix as stated in
the next result from [22], which will be the basis for computing and minimization the new tensor
norm introduced below via semidefinite programming.

Definition 4. Let J, B and {)\l”} be as above. Let y be a real vector indexed by Boy with yg = 1,
where yg is the first entry of y, indexed by the basis element 1 4 J. The k-th combinatorial
moment matriz Mp, (y) of J is the real matrix indexed by By whose (i, j)-entry is [Mg, (y)]

> it g€ M-
Theorem 1. The k-th theta body of J, THy, (J), is the closure of
Qp, (J) = m=e {y € RP* : Mp, (v) = 0,50 = 1},

where Trn denotes the projection onto the variables y1 = Yuy 47y > Yn = Yo, +J-

i

Table 1 shows a step-by-step procedure for computing THy(J).

Algorithm for computing THy(J)

Input: An ideal J € R[x] = Rz1,22,...,2,].
Compute the reduced Grobner basis for the ideal J
Compute a 0-basis B=B;UBxU...={fo+J, f1+J,...} of R[x] /J (see Definition 3)
Compute the combinatorial moment matrix Mg, (y):
(1) [x]g, = {all elements of By, in order}
(2) (XB;C)Z;J' = ([X]Bk [X]Z;k)” =fifi+J= E‘fﬁ‘]es% Aé,j (fi+J)
(3) Mg, (Y)]” = ZflJrJeng )‘é,jyl
Output: THy, (J) is the closure of

QBk (J) = TR~ {y € RB% : MBk (y) t O7y0 = 1} .

TABLE 1. Algorithm for computing THy(J)

3. THE MATRIX CASE

As a start, we consider the matrix nuclear unit norm ball and provide hierarchical relaxations
via theta bodies. The k-th relaxation defines a matrix unit #-norm ball with the property

Xl < [IX]] for all X € R™*" and all k € N.
O Or+1

However, we will show that all these 6, -norms coincide with the matrix nuclear norm.

The first step in computing hierarchical relaxations of the unit nuclear norm ball consists in
finding a polynomial ideal J such that its algebraic variety (the set of points for which the ideal
vanishes) coincides with the set of all rank one, Frobenius norm one matrices

vr(J) = {X e R™*" : | X]| =1, rank (X) = 1} . (5)

Recall that the convex hull of this set is the nuclear norm ball. The following lemma states the
elementary fact that a non-zero matrix is a rank one matrix if and only if all its minors of order
two are zero.
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For notational purposes, we define the following polynomials in R [x] = R [z11, %12, - - - , Tmn]

g(x) = ZZQE?J —1land fiju(x) =zuyzr; — e, for 1<i<k<m,1<j<i<n. (6)
i=1 j=1

Lemma 1. Let X € R™*"™\ {0}. Then X is a rank one, Frobenius norm one matriz if and only

if
XeR:={X:9(X)=0 and fi;u(X) =0 for all it <k,j <l}. (7)
Proof. Tf X € R™*™ is a rank one matrix with | X||z = 1, then by definition there exist two
vectors u € R™ and v € R” such that X;; = w;v; for all i € [m], j € [n] and [Jul|, = ||v||, = 1.
Thus
Xij X — XaXij = wvjupvy — usvjurv; =0 and ZZX% = Zuf ZUJQ =1
i=1 j=1 =1 j=1

For the converse, let X.; represent the i-th column of a matrix X € R. Then, for all j,I € [n]
with j <[, it holds

Xy Xy X1 X — XuXom
Xoj Xoi Xoj Xmi — XX

Xt X~j - ij . X~l =X - . - ij ' : = : =0,
ij Xml ijXml - ijXml

since X;; X, = XyXp; for all i € [m — 1] by definition of R. Thus, the columns of the
matrix X span a space of dimension one, i.e., the matrix X is a rank one matrix. From
Yoty >y X7 — 1 =0 it follows that the matrix X is normalized, i.e., | X[z = 1. O

It follows from Lemma 1 that the set of rank one, Frobenius norm one matrices coincides with
the algebraic variety vg (Jas,,, ) for the ideal Jyy,,, generated by the polynomials g and f;;x, i-e.,

I = (GM,) With Gar,,, = {9(0)F U {fiju(x) : 1<i<k<m,1<j<l<n}  (8)
Recall that the convex hull of the set R in (7) forms the unit nuclear norm ball and by definition
of the theta bodies,

conv (Z/R (Jan)) g s g THk+1 (Jan) g THk (Jan) Q e g TH1 (Jan) .

Therefore, the theta bodies form closed, convex hierarchical relaxations of the matrix nuclear
norm ball. In addition, the theta body THy, (Jas, ) is symmetric, THy (Jay,,, ) = — THy (Jas,,,)-
Therefore, it defines a unit ball of a norm that we call the 6;-norm.

The next result shows that the generating set of the ideal Jyy,, , introduced above is a Grébner
basis.

Lemma 2. The set Gy, forms the reduced Grobner basis of the ideal Jy,, with respect to the
grevlex order.

Proof. The set Gy, is clearly a basis for the ideal Jjs By Proposition 1 in the appendix, we
only need to check whether the S-polynomial, see Definition 10, satisfies S (p, q) —g,,, = 0 for all
D, q € Gy, whenever the leading monomials LM (p) and LM (g) are not relatively prime. Here,
S (p,q) —Gar,,, 0 means that S (p,q) reduces to 0 modulo Gyy,,, , see Definition 9.

Notice that LM (g) = 2%, and LM (fi;jri) = zyxk; are relatively prime, for all 1 <i < k <m
and 1 < j <! <n. Therefore, we only need to show that S(fi;x, f;;,;[) —Gu,,,, 0 whenever the

leading monomials LM(fi;) and LM(f;5;) are not relatively prime. First we consider

mn *

fijii(x) = zaxr; — vijam and fijm(x) = Ty Tps — TinTy
forl1<i<k< k <m,1<j< j <l <n. The S-polynomial is then of the form
S(figuvs fizie) = @y fijra(x) = @ fi550(X) = —@ijumay; + 25050,

= @y fiin; (%) — ij fr30(%) € Iur,,
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so that S(fijkl, fij’fcl> —Gyy,,. 0. The remaining cases are treated with similar arguments.

In order to show that Gy, is a reduced Grobner basis (see Definition 8), we first notice
that LC(f) =1 for all f € Gpy,,,. In addition, the leading monomial of f € Gy, is always of
degree two and there are no two different polynomials f;, f; € Gar,,,, such that LM(f;) = LM(f;).
Therefore, Gyy,,,, is the reduced Grobner basis of the ideal Jyy,,, with respect to the grevlex
order. O

The Grobner basis Gyy,. of Jar,. = (G, ) vields the O-basis of R[x]/Jyy,,, . For the sake of
simplicity, we only provide its elements up to degree two,

Bi={1+Jum,,,..x11 + Ity T12 + It - - Toan + I, }

By =B U {xijxkl + M, (i,j, k, l) € 332} ,

where S, = {(i,7,k,1) : 1 <i<k<m,1 <j<I<n}\(1,1,1,1). Given the #-basis, the theta
body THy(Jas,,,,) is well-defined. We formally introduce an associated norm next.

Definition 5. The matrix 0;-norm, denoted by |||y , is the norm induced by the k-theta body
THy (Jas,,, ), i€,
HXHek =inf{r: X € rTHg (Jr,,,)}-

The €i-norm can be computed with the help of Theorem 1, i.e., as
X[y, =mint  subject to X € tQp, (Jm,,,)-

Given the moment matrix Mg, [y] associated with J, this minimization program is equivalent to
the semidefinite program

min ¢t subject to Mp,[y] =0,y0 =1, y5 =X. (9)

teR,y €RBxk

The last constraint might require some explanation. The vector ys, denotes the restriction of y to
the indices in By, where the latter can be identified with the set [m]x [n] indexing the matrix entries.
Therefore, yp, = X means componentwise Yz, +7 = X11, Yzio+J = X12, -+ Yzyun+J = Xmn- FOI
the purpose of illustration, we focus on the #;-norm in R2*? in Section 3.1 below, and provide a
step-by-step procedure for building the corresponding semidefinite program in (9).

Notice that the number of elements in B; is mn+1, and in By\B is W NG ) N R %,
i.e., the number of elements of the #-basis restricted to the degree 2 scales polynomially in the
total number of matrix entries mn. Therefore, the computational complexity of the SDP in (9)
is polynomial in mn.

We will show next that the theta body TH;(J) and hence, all THy(J) for k € N, coincide with
the nuclear norm ball. To this end, the following lemma provides expressions for the boundary of
the matrix nuclear unit norm ball.

Lemma 3. Let O, (O,) denote the set of all matrices M € R™"*™ with orthonormal columns
(rows), i.e., Oc = {M e R™™ : MM =1,,} and O, = {M € R"™*™ : MM” =1, }. Then

{XeR™™: X[, <1} ={XeR™":tr(MX) <1, foralMe O, UO,}. (10)
Remark 1. Notice that O, = 0 for m > n and O, = 0 for m < n.

Proof. If suffices to treat the case m < n because || X||, = HXTH* for all matrices X, and M € O,
if and only if MT € O.. Let X € R™*" such that [|X||, <1 and let X = UXV7 be its singular
value decomposition. For M € O,, the spectral norm satisfies | M|| < 1 and therefore, using that
the nuclear norm is the dual of the spectral norm, see e.g. [1, p. 96],

tr (MX) < [[M]] - [| X[} < [IX]l, < 1.

For the converse, let X € R™*™ be such that tr (MX) < 1, for all M € O.. Let X = UV’
denote its reduced singular value decomposition, i.e., U,3 € R™*™ and V € R"™™ with
UTU =UUT =V' V =1,,. Since M := VUT € O, it follows that

1> tr(MX) = tr(VUTUSV) = tr(2) = | X], .
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This completes the proof. O

Next, using Lemma 3, we show that the theta body TH;(J) equals the nuclear norm ball.
This result is related to Theorem 4.4 in [23].

Theorem 2. The polynomial ideal Jyy,,,, defined in (8) is TH;-ezact, i.e.,
TH; (Ju,,,) = conv (x : g(x) =0, fiju(x) =0 for alli <k,j <l).
In other words,

{X e R™*":X € TH; (Ju,,,)} = {X e R™*": |X]||, < 1}.

Proof. By definition of TH;(J), it is enough to show that the boundary of the unit nuclear
norm can be written as 1-sos mod Jy, which by Lemma 3 means that the polynomial

mn?

— >ty > oj—y wigMj; is 1-sos mod Jay,, for all M € O, U O,.. We start by fixing M = (16">

R*** is the identity matrix. For

incase m <nand M = (In O) in case m > n, where I, €
this choice of M, we need to show that 1 — Z _1 Ty is 1-sos mod Jy

mn )

where ¢ = min {m,n}.

Note that
0 1 4 2 m n
E § : 2 2
1-— Tii :5 1-— Tii + 11— E E Ty + E (a:ij — J?ji)
i=1 i=1 i=1j=1 i<j<e
m m
-2 E (wizj; — i) + g g xu + E g x” ;
1<j<tl i=1 j=m+1 i=n+1j=1
since
‘ 2
1—5 Tii —1—25 x”—i—g E ac“x”—l—QE Tii + 2 E x”xﬂ—&—g m
i=1 =1 j=1 1<j<t
m n m n m n ¢ ¢ L
2 2 2 2 2 2 2
_E E xij—i—g E xg; + E E xij—l—g E acl-j—l— E (%‘j"‘%‘i)_g Tii,
i=1 j=1 i=1 j=m+1 i=n+1j=1 i=1j=1 i<j<e i=1
and
2 2 2
> (@i =) =2 ) (wawgy — wigag) = Y (ad + af - 2wy — 2wy + 2ag)
i<j<t i<j<t i<j<e
2 : 2 2 2 :
= (xij + xji) -2 x“-xjj.
i<j<¢ i<j<e

Therefore, 1 — Zz 1 %4 is 1-sos mod Jyy,, ., since the polynomials 1 — Zle Tiiy Tij — Tjiy Tij,
and xj; are linear and the polynomials 1 — 371", 37" | @7, and 2 (z47j; — x4525;) are contained
in the ideal, for all ¢ < j < /.

Next, we define transformed variables

/ {Zk 1 Migzj  ifm <n,

€T, =
1j .
> heq Ti My if m > n.

Since x7; is a linear combination of {w;}7; U{Zix};_;, for every i € [m] and j € [n], linearity of

the polynomials 1 — Zz 1T

. —

tir Th; — Ty, wy;, and @ is preserved, for all ¢ < j. It remains to bhOW

7
that the ideal is invariant under this transformatlon. For the polynomial 1 — >3, 377 xij
this is clear since M € R™*™ has unitary Columns in case when m < n and unitary rows in case

m > n. In the case of m < n the polynomial zj;z’; — z},2”; is contained in the ideal J since

! A
Ty — il = E E M My (zrizy; — TrjTe)
k=1 1=1
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and the polynomials xklxlj xijli are contained in J for all 4 < 5 < m. Similarly, in case m > n

the polynomial x,z’; — ;27 is in the ideal since

n

n

! A

LT — i, = E § M My (zipzji — zaxjn)
k=1 1=1

and polynomials x;,x; — x4 are in the ideal, for all ¢ < 7 < n. [l

The following corollary is a direct consequence of Theorem 2 and the nestedness property (4)
of theta bodies.

Corollary 1. The matriz 61-norm coincides with the matriz nuclear norm, i.e.,

X, = [IXllg,, forall X € R™*".

Moreover,
TH1 (Jan) = TH2 (Jan) = .- = conv (I/R (J]V[mn)) .

Remark 2. The ideal (8) is not the only choice that satisfies (5). For example, in [10] the
following polynomial ideal was suggested

m n

i=1 j=1
in R[x,u,v] = R[Z11,..., Zrmn, ULy .- oy Um, V1, ..., Up]. Some tedious computations reveal the
reduced Grobner basis G of the ideal J with respect to the grevlex (and grlex) ordering,

m n

g:{g?—xzy uivj:ie[m]vje[n]}u gQ:Zufilvg?):Zsz*l

i=1 j=1

m
U{gij’k = 22U — Tpjui 1 <i<k<m, j€ [n]}U{gg :injui —v; 1€ [n}}
i=1

n
U{gé’j’k:xijvk—xikvj:ie[m],1§j<k’§n}U g%:injvj—ui:ie[m}
j=1
n m
U{géa_zarmz]k U 1§i<j§m}U{ggJ_Z:ck7xkj ViU 1<z<]<n}
k=1 k=1
n m
U{giO—meju 2<i<m U{g{l—fojv] 2§j§n}
7j=1 =1

U g13 = T3, — ZZx,J+Zu +Zv —15. (12)

1=2 j=2

Obviously, this Grébner basis is much more complicated than the one of the ideal Jys, , introduced
above. Therefore, computations (both theoretical and numerical) with this alternative ideal seem
to be more demanding. In any case, the variables {u;};~, and {v; };L:l are only auxiliary ones,
so one would like to eliminate these from the above Grobner basis By doing so, one obtains the

Grobner basis Gar,,, defined in (8). Notice that 357" | 37 a2, — 1= g1+ 21" 0 glo + 210 11

,]k:l

together with {g}y"™"} form the basis G, -
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1z 12 o1 Ty TuTip TuTo Ty LTy Tialan I3 Toilay X3y

Yo Ti1 Ti2 T21 T22 hn Y2 Ys Ya Ys Yo yr Ys
TABLE 2. Linearization of the elements of By for matrix 2 x 2 case. The
polynomial f in the first row refers to the element f + J € Bs.

3.1. The #;-norm in R?*2. For the sake of illustration, we consider the specific example of 2 x 2
matrices and provide the corresponding semidefinite program for the computation of the 6;-norm
explicitly. Let us denote the corresponding polynomial ideal in R [x] = R [x11, 12, 21, o] simply
by

J = JM22 = <$121721 — T11T22, 13?1 + SC%Q + $§1 + .ZE%Q — 1> (13)

The associated algebraic variety is of the form
vr (J) = {X D T1o%o1 = T11To9, T2y + T2y + 22 + 220 = 1}

and corresponds to the set of rank one matrices with ||X||p = 1. Its convex hull consists of
matrices X € R?*? with | X||, < 1. According to Lemma 2, the Grobner basis G of J with
respect to the grevlex order is

G = {g1 = 212221 — T11%22, g2 = BTy + 2T, + 25, + 25, — 1}
with the corresponding #-basis B of R [x] /.J restricted to the degree two given as
By ={1+J,z11 + J,x12 + J, 221 + J, 200 + J}
By =58y U {xllxlg + J,x11201 + J, 211000 + J, 039 + J, 10200 + J, 25 + J, 201209 + J, 159 + J} .

The set Bs consists of all monomials of degree at most two which are not divisible by a leading
term of any of the polynomials inside the Grébner basis G. For example, 11212 + J is an element
of the theta basis B, but x2; + J is not since z?; is divisible by LT (gz).

Linearizing the elements of By results in Table 2, where the monomials f in the first row
stand for an element f + J € Bs. Therefore, [X]B1 = (1,x11,x12,x21,x22)T and the following
combinatorial moment matrix Mp, (x,y), see Definition 4, is given as

Yo T11 Ti2 T21 T22
Tl —Ya—Ye—Yst+Yo Y1 Y2 Y3
Ms, (x,y) = |12 (7 Ya Y3 Ys
21 Y2 Y3 Y Yt
T22 Y3 Ys Yr s
For instance, the entry (2,2) of [x]z [x]g1 is of the form 2%, + J = —a%, — 23, — 23, + 1 + J,

where we exploit the second property in Definition 3 and the fact that go € J. Replacing 22, + J
by ya, etc. as in Table 2, yields the stated expression for Mg, (x,¥), 5.
By Theorem 1, the first theta body TH; (J) is the closure of

Qs, (J) = mx {(va) eR%: Mg, (x,¥) = 0, yo = 1}»

where m, represents the projection onto the variables x, i.e., the projection onto x11, 12, o1,
2. Furthermore, #;-norm of a matrix X € R*** induced by the TH; (J) and denoted as [|-4,
can be computed as

X, = inft st. X € 1Qg, () (14)
which is equivalent to
t X1 X2 Xo1 Xoo
X1 ~VYa—yYs—¥yYs+t y1 Y2 Y3
te]RinfeRSt st. M= |Xp (7 ys Y3 s | = 0. (15)
Y Xo1 Y2 Ys  Ye Yt

Xo2 Y3 Ys  Yr  Ys
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Notice that trace(M) = 2t. By Theorem 2, the above program is equivalent to the standard
semidefinite program for computing the nuclear norm of a given matrix X € R™*"

Wll W12 Xll X12

1
min — (trace (W) + trace (Z))  s.t. Wia Waz Xor X

= 0.
W.Z 2 Xu Xo1 Zn Zio| T
Xoo Xoo Zi2 Zao
Notice that the matrix M in (15) can be written as the following sum
2 2 8
M=t -My+ E E XijMij + E Yy My,
i=1 j=1 k=1
where
m o0 0 0 0 0 0 0 0 0] 0 0 0 0 0 o0 0 0 0
01 0 0 0 00 1 0 0 00 0 1 0 00 0 0 1
Mo=1[0 0 0 0 0/, My=(0 1 0 0 O|,Ma=[0 0 0 0 O], Mg=1|0 0 0 1 0O,
00 0 0 0 00 0 0 0 01 0 0 0 00 1 0 0
o o 0 0 O lo o o o o 0 0o 0 0 o0 lo 1 0 o o
0 0 0 0 O 0 0 0 0 0 0 0 0 0 o 0 0 0 0
0 -1 0 0 0 00 0 0 0 0 -1 0 0 0 00 0 0 O
Ms=[0 0 1 0 O], Ms=|{0 0 0 0 1|,Mg=|[0 0O O 0 O, M;=|0 0 0 0 Of,
0 0 0 0 0 00 0 0 0 0 0 0 1 0 00 0 0 1
lo o o o o lo 0 1 0 o lo 0 0 0 o0 o o 0o 1 o
0 0 0 0 0 M 1 0 0 0 00 1 0 0 0 0 0 1 0
0 -1 0 0 0 1 0 0 0 0 0 0 0 0 O 00 0 0 0
Mg=|0 0 0 0 Of,Mu=|0 0 0 0 O0f,Mpz=[1 0 0 0 0, Myy={0 0 0 0 0f,
0 0 0 0 0 00 0 0 O 0 0 0 0 0 1 00 0 0
lo o o o0 1] lo o o o o 0 0 0 0 0 00 0 0 O
M 0 0 0 1
00 0 0 0
Maz= [0 0 0 0 0
00 0 0 0
[t o o o o

4. THE TENSOR 0;,-NORM

Let us now turn to the tensor case and study the hierarchical closed convex relaxations of the
tensor unit nuclear norm ball defined via theta bodies. Since in the matrix case all 8 -norms are
equal to the matrix nuclear norm, their generalization to the tensor case may all be viewed as
natural generalizations of the nuclear norm. We focus mostly on the §;-norm whose unit norm
ball is the largest in a hierarchical sequence of relaxations. Unlike in the matrix case, the 6;-norm
defines a new tensor norm, that up to the best of our knowledge has not yet been studied before.

The polynomial ideal will be generated by the minors of order two of the unfoldings — and
matricizations in the case d > 4 — of the tensors, where each variable corresponds to one entry
in the tensor. As we will see, a tensor is of rank one if and only if all order two minors of the
unfoldings (matricizations) vanish. While the order three case requires to consider all three
unfoldings, there are several possibilities for the order d case when d > 4. In fact, a d-th order
tensor is of rank one if all minors of all unfoldings vanish so that it may be enough to consider
only the unfoldings. However, one may as well consider the ideal generated by all minors of all
matricizations or one may consider a subset of matricizations including all unfoldings. Indeed,
any tensor format — and thereby any notion of tensor rank — corresponds to a set of matricizations
and in this way, one may associate a f-norm to a certain tensor format. We refer to e.g. [28, 45]
for some background on various tensor formats. We will mainly concentrate on the case that
all matricizations are taken into account for defining the ideal. Only for the case d = 4, we will
briefly discuss the case, that the ideal is generated only by the minors corresponding to the four
unfoldings.

Below, we consider first the special case of third order tensors and continue then with fourth
order tensors. In Subsection 4.3 we will treat the general dth order case.
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4.1. Third order tensors. As described above, we will consider the minors of order two of all
unfoldings of a third order tensor. Our notation requires the following sets of subscripts

So:{ijk:%}l%:léi<§§n1, 1§j<5§”271§k<kgn3}’ (16)

S = {ikijh: 1<i<i<m 1<j<j<nn1<k<h<n). i)

Sf{ijk%j’l%;lg 'gigm,1§j<3§n271§k<’;§”3}’ (s

Ssz{ijkij'l%:léi<§§n1, 1§j§ﬁ§”271§k<k§n3}' (19)

The following polynomials in R [x] = R[z111,Z112,-..,%Zn nyns] correspond to all order two
minors,

fjk%j‘fc(x) = —TijkT357 + 5T Uk%jl;: € Sy, (20)

ikiE () —TijkTp + Tty ikik € Sy, (21)

;jk%jfc(x) = —TijkT355 + T ijkijk € Ss, (22)

nyp N2 N3

g3(x) =D 3 > ady - 1. (23)

i=1 j=1k=1
Lemma 4. A tensor X € R™*™2X"3 4s g rank one, Frobenius norm one tensor if and only if
93(X) =0 and f5HX) =0 forall ijkijk e Sy, (€3], (24)

Proof. Sufficiency of (24) follows directly from the definition of the rank one Frobenius norm one
tensors. For necessity, the first step is to show that mode-1 fibers (columns) span one dimensional
space in R™*. To this end, we note that, for j < j and k < k, the fibers X.;; and X-j‘/} satisfy

X1k lel% _X131%ijk + le‘chnljk
Xojk X23‘1% (20),(22) _ijicijk + ijicijk

nljl:' + nijk - : - 07
Xnajk ik =X 5 Xk + X 56X i

where we used (20) for j < j and k < k and (22) for j = j and k < k. From (23) and (24) it
follows that the tensor X is normalized.

Using similar arguments, one argues that mode-2 fibers (rows) and mode-3 fibers span one
dimensional spaces in R™2 and R"3, respectively. This completes the proof. O

A third order tensor X € R™*"2X"3 ig a rank-one tensor if and only if all three unfoldings
Xt e Rmaxmana, X2t e Rrexmns and X{3} ¢ R™X™n"2 are rank-one matrices. Notice
that féjkijk(X) = 0 for all zgki}l;: € Sy is equivalent to the statement that the /-th unfolding
X{% is a rank one matrix, i.e., that all its minors of order two vanish, for all ¢ € [3]. In
order to define relaxations of the tensor nuclear norm ball we introduce the polynomial ideal
J3 C R[x] = Rz111, %112, - - -, Tnynans| as the one generated by

Gy = { ijkisk (x) : ijkijk € Syl € [3]} U{gs(x)}, (25)

e., J3 = (Gs). Its algebraic variety equals the set of rank one order three tensors with unit
Frobenius norm and its convex hull coincides with the tensor nuclear norm ball. The next result
provides the Grobner basis of J3.

Theorem 3. The basis G3 defined in (25) forms the reduced Gréobner basis of the ideal J3 = (Gs3)
with respect to the grevlex order.
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X e R¥22 || |XW, IX@|, X, | X
NI IO
(bt 2 o
S1ER T G
qbefpd) = = 2
ol S i | s ven |

TABLE 3. Matrix nuclear norms of unfoldings and #;-norm of tensors X &
R2X2x2 which are represented in the second column as X = [X (:,:,1) | X (3,:,2)].
The third, fourth and fifth column represent the nuclear norms of the first, second
and the third unfolding of a tensor X, respectively. The last column contains
the numerically computed 6;-norm.

Proof. Similarly as in the proof of Theorem 2 we need to show that S (p, ¢) —g, 0 for all relatively
prime polynomials p,q € Gs. The leading monomials with respect to the grevlex ordering are
given by LM(g3) = 2%, and

LM(f750%) = vy, ijkigh € Sy,
LM(fiM%) = a0 ijkijh € Sa,
LM(f5") = @ pa,,  ijkijk € Ss.

The polynomial g3 is relatively prime Withfzyery other polynomial in the l?{i?is Gs. First we
consider two distinct polynomials f, g € {f;jkijk : zgk:ijl;: € S3}. Solet f = ;jkijk and g = f?’;jkijk
for ijkijk € So, i.e.,

f==@igpip + 25025, 9= T T
Then o
_ _ ijkigk
S(f.9) = wijk (_x%jfcx%jk + %k%k> = Tijkfo —g, 0.

Next we show that S (f,g) € Js, for f € {f;jkijk cijkijk € o} and g € {ffjkiﬂc cijkijk € St}
Let f = f;jkijk = —TijhT5h T 5T,k and g = ffj’”jk = —TijhTi T 5Tk for some 2]162312: € Sp.
Then
S(f,9) = wisn (=2 o Y = g gk pigkih 0
19) = Tijk | —Z5%550 T %55k | = Tijk 1 + f3 —gs 0.
For the remaining cases one proceeds similarly. In order to show that Gs is the reduced Grébner
basis, one uses the same arguments as in the proof of Lemma 2. O

Remark 3. The above Grobner basis Gs is obtained by taking all minors of order two of all
three unfoldings of the tensor X € R™1*"2X"s (not considering the same minor twice). One might
think that the §;-norm obtained in this way corresponds to a (weighted) sum of the nuclear
norms of the unfoldings, which has been used in [20, 31] for tensor recovery. The examples of
cubic tensors X € R2*2%2 presented in Table 3 show that this is not the case. Assuming that
f;-norm is a linear combination of the nuclear norm of the unfoldings, there exist «, 3, v € R
such that of X1 ||, + 8| X {2, 4 || X3}, = | X]|s,. From the first and the second tensor in
Table 3 we obtain v = 0. Similarly, the first and the third tensor, and the first and fourth tensor
give 8 =0 and « = 0, respectively. Thus, the 6;-norm does not coincide with a weighted sum of
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the nuclear norms of the unfoldings. In addition, the last tensor shows that the 8;-norm does not
equal maximum of the norms of the unfoldings.

4.2. Fourth order tensors. For the case of fourth order tensors, we have several possibilities
of defining polynomial ideals generated by order two minors whose algebraic variety is the set of
rank one tensors of Frobenius norm one. Indeed, we can choose the minors corresponding to any
set of matricizations such that the tensor is of rank one if and only if all order two minors of the
matricization vanish. Each set of matricizations possibly defines a different family of 6x-norms.
Note that different notions of tensor rank and tensor format are associated to different sets of
matricizations. We will first discuss the set of all unfoldings and the related 6;-norm and then
the set of all matricizations and the corresponding ;-norm. Other tensor formats [28] — e.g. the
tensor train decomposition [11] — and their associated 0 -norms are left to future investigations.

The unfolding theta norm. We start by 1ntroducmg some notation. We denote by I the
subscript ¢1i2¢374 and similarly write I= 21222324 For S C [d] we introduce

S={(I,1) :i < iy, forall k € S, iy < iy, for all £ ¢ S}
Si={(I,1) i < iy, forall k € S, iy = iy, for all £ ¢ S}.

As already noted, a tensor is a rank one tensor if and only if all its unfoldings are rank one
matrices. Therefore, the following set of polynomials (corresponding to the order two minors of
all unfoldings)

({11];)( X) = ~TirinisiaT,iyigia T TirigiaiaLirinigiar (L I)e st =pthett

<{12 % (X) = ~TisizisiaTi,igigia T TorigigiaTininisio (L 1) € S3 = DN {eMuelh)

({13% (X) = =TirigisiaTi igigiy T TivigigiaTirinisir (D> I eSt=pBh{eWueBueth

P (0 = ~@iiinis®h iy + T Thiniaie (1) €81 =DUNEW UM U U

ni no ns N4

x) = Z Z Z Z 351211'21‘31'4 -1, (26)

i1=113=143=1144=1

generates a polynomial ideal J, 4 in R [x] = R[%1111, %1112, - - - » Tnynansn,] Such that its algebraic
variety vg (Jy,4) coincides with the set of rank one Frobenius norm one fourth order tensors.
Unfortunately, the set of generators

Houa = {f({lli) (I,1) e 51} {f({f}) (I,D) e Sg}u{f({% (I,D) e S§}U{f({;% (I,D) e sgf}u{g4}

does not form a Grobner basis of the ideal J, 4 with respect to the grevlex ordering. To see this,
let f1, f2, f3 € Hy,a be defined as

fi = —x211122222 + T2211T2122,
fo = —T1122%2222 + T2120T1222,
f3 = —Z111122222 + T2111T1222-
Notice that S(fl, fg) = —11222%2111L2222 + £1122L2222L2211 and after the division by f3, we obtain
S(fl, fg) = —$2222f3 +r, where
_ 2
T = —T1111%5990 + T112272211%2222-

However, no monomial of r is divisible by any of the leading monomials in H, 4. In other words,
we found two polynomials f1, fo € H, 4 such that S(f1, f2) A, , 0, i.e., the set H, 4 does not
form a Grobner basis with respect to the grevlex ordering. '

Applying Buchberger’s algorithm we can extend the generating set #,, 4 to the reduced Grobner
basis G, 4 of the ideal J, 4 (for details about this procedure see [13, 12]). Notice that

deg(f) >3, forall feGys\Hya

since there are no two polynomials in #H, 4 that have the same leading term.
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However, in order to compute the first theta body TH;(Jy 4), we do not need to compute the
full reduced Grébner basis G, 4 because this requires only the #-basis reduced to degree two. The
first theta body THj(J, 4) defines a new norm which we call the unfolding-6;-norm denoted as
[Il4.6,- Again, this norm cannot be written as the convex combination of the nuclear norms of
the unfoldings (see Table 4).

The full theta norm. Next, we consider all matricizations in order to define another theta
norm for fourth order tensors, which we call the full 0-norm. Again, we use the fact a tensor
is rank one if and only if all its matricizations (not just the unfoldings) are rank one matrices.
This leads to the following polynomials (completing the set 7, 4), each one corresponding to a
specific matricization,

x {1 3f({11’]}) (X) = —Tiyizigia tinisia T TivinisiaTirinisias , f) €S|
x {2} if({f’}}) (x) = “Tivinizia Ty iniain T VinyiniaraLirininia? (1, f) € S§
X2 0 () = ~@iriaiaia®i,igigi, T Tiisigi i (1) €53
x4 rf({;% (X) = —TirizisiaTi,inigia T TiriniainTivinisias (L 1) € S1
X2 M () = Tisiaisia i, iigis T Tty Tiriigie (1) €S0
x {13} :f({;’f')} (X) = —TirinigiaTiiginis T TirininiaLiriniaias (L I)e S
X{1’4} :f({IlijL)} (X) = T Livigizgiad3 3,3.7, + Li1303354Lirinizia> (Iv j) € So

mi MnNa N3 N4
94 (x) = Z Z Z Z 951211‘21‘31‘4 -1 (27)

i1=1142=113=114=1

where Sy = {z <i,j<jk< k1< i} and the sets Sf, S, Si, and S} are defined as in (26).
We then define J4 as the polynomial ideal in R [x] = R [Z1111, 1112, - - - s Tnynangn, | generated by
these polynomials, i.e.,

o {2} {3} {4}
Ji=(Gs) = <{f(1,f)}(17f)65% J {f(f,f)}(l,f)esé Y {f(fj)}(li)esg1 Y {f(z,f)}(fyf)esi
{1,2} {1,3} {1,4}
Uity Yanes, YU Yahes, YLy Yabes, Y 94> :

Note that the above set of polynomials does not include all second order minors for all matriciza-
tions. For instance, the polynomial

h(X) = —1234%2343 + £1243T2334

which corresponds to a minor of the matricization X{*2} does not belong to the basis G4. However,
h (x) is in the ideal Jy since h = f — g with
f(X) = —2123372344 + T124372334 € G4

and g (X) = —%1233%2344 + T1234%2343 € Ja.

In fact, all possible minors of all possible matricizations belong to the ideal Js4 (and can be
expressed similarly as above as a difference of two polynomials from the basis G4), but to define
the reduced Grobner basis, it is enough to consider the generating set Gy.

Theorem 4. The set G4 forms the reduced Grébner basis of the ideal Jy.

Proof. The statement is a special case of Theorem 5 below concerning general d-th order
tensors. 0
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X eR®22 | X, X, XEL XX e, X e,
X(:y 1) = L0102

1 ool o 1+Ve 24V3 V24VE V24+VE | B 42361
X(:y:2) = 1 olo o
X(1) = [1 o|l0 2]

2 0o 0l 1+ve V2+VE 243 V2+VE | 5 42361
XHon2) =11 glg o
X(:,: 1):'1 olo 1]

3 o 00 0] 243 V245 146 V245 5 4.2361
X552 =13 olo o
X(oony= [ 00 1]

4 oot ol | VBEYVE V24VE6 V24V6 VB+VE| 6 4.6503
X552 =13 olo o
X 1) = [1 o]0 2]

5 '8 (1)(1) 8‘ V24v6 V34V5E V345 V246 6 4.6503
Xesnn2)=11 glo o
X(:y 1) = 2 o]0 1]

6 ooor | 1+vE V2H+VE 14V V2+VE | 5 44142
X(:,5:2) = 1 olo o

TABLE 4. Nuclear norms of unfoldings of fourth order tensors together with
their #;-norm and unfolding-0;-norm which were computed numerically.

4.3. The theta norm for general dth order tensors. Let us now consider dth order tensors
in RMxnm2xxXna for general d > 4. Our approach relies again on the fact that a tensor X €
R71xn2xxna §g of rank one if and only if all its matricizations are rank one matrices, or
equivalently, if all minors of order two of each matricization vanish.

The description of the polynomial ideal generated by the second order minors of all matriciza-
tions of a tensor X € R™1*"2X"X7d ynfortunately requires some technical notation. Again, we
do not need all such minors in the generating set that we introduce next. In fact, this generating
set will turn out to be the reduced Grébner basis of the ideal.

Similarly as before, the entry (i1,is,...,4q) of a tensor X € R™1*"2X" X4 corresponds to the
variable z;,,...;,. We aim at introducing a set of polynomials of the form

S.M
!

d, (1,1 (28)

) = 7$]:EI”S +xl$vafs,M

which will generate the desired polynomial ideal. These polynomials correspond to a minor of
a matricization XM — thus, {I(k), Is(k)} = {Is m(k), Is pm(k)}, for every k € [d], where I(k)
denotes the k-th entry of I. For instance, if I = 13579, then I(3) = 5. The set S denotes the
indices where I and Ig differ. Since for a minor of order two of a matricization X the sets I
and Is need to differ in at least two indices, S is contained in

S[d] ={Sc[d:2<|S5 <d}.
For two multiindices I, and S € Sja);, we define a monomial X 7, Wwith subscripts

. ir, ifk¢S,
Fs(k)=1"
s(k) {zk ifkes.

Given the set S of differing indices, we require all subsets M C S of possible indices which are
“switched” between and I and Is aq for forming the minors in (28). The set M corresponds to an
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associated matricization X*. The set of possible subsets M is given as

Mc s M < 5o, if |S| is odd,
MCS: M| < L'S‘T‘IJ}U{M cS: M =51 eM}\{@}, if |S] is even.
Notice that Ps U Pse U {0} US with Pse := {M : S\M € Ps} forms the power set of S. The

constraint on the size of M in the definition of Ps is motivated by the fact that the role of I and

15, can be switched and only lead to the negative of the polynomial fj’(/}/tf) below.

, M € Pg, with the corresponding subscripts

Ps =

Next, we define the monomials Xg ,, X

fS,M
i, ifkeM - ir, ifkeM

I k) = and I k) =14 .

sm(F) {ik, if k € S\M s.m(k) {zk if k € S\M
Finally, for fixed S € Sjg) we introduce the polynomials

S,M 7

fd,(I,f)(X) =TT+ syt ,, for M € Ps and (I,I)eTF,

where R R A
TS ={(I,1) : i, < iy, for all k € S and iy = iy, for all £ ¢ S}. (29)

For notational purposes, we define
Ny =170  MePs, (L) € TP} for S € Sy

Since we are interested in Frobenius norm one tensors, we also introduce the polynomial

niy  no ng
ga (x) = Z Z Z x?ll-gn_id -1

i1=11=1 ig=1

Our polynomial ideal is then the one generated by the polynomials in

Ga= |J {1 ufoa} CRX =Rlz11 1,211 2, Tpumoma]» L Ja = (Ga)-
SES[d]

As in the special case of the fourth order case, not all second order minors corresponding to all
matricizations are contained in the generating set G; due to the condition ij, < i for all k € S in
the definition of 7;5 . Nevertheless all second order minors are contained in the ideal J; as will
also be revealed by the proof of Theorem 5 below. For instance, h(x) = —21234%2343 + T1243%2334
— corresponding to a minor of the matricization X for M = {1,2} — does not belong to G4, but
it does belong to the ideal J4. Moreover, it is straightforward to verify that all polynomials in Gy
differ from each other.

The algebraic variety of J; consists of all rank one Frobenius norm one order d tensors as
desired, and its convex hull yields the tensor nuclear norm ball.

Theorem 5. The set Gy forms the reduced Grébner basis of the ideal Jg with respect to the
grevlex order.

Proof of Theorem 5. Again, we will use Buchberger’s criterion stated in Theorem 6. First notice

that the polynomials g; and fc‘ls’(/;/tj) are always relatively prime, since LM(gq) = 2%,..; and

LM(fi’(/I\jtf)) = Z1s mZj, ,, for § € Sjgj, M € Ps and (I,I) € TS. Therefore, we need to show
that S(f1, f2) —g, 0, for all f1, fo € Ga\{ga} with f1 # f2. To this end, we analyze the division
algorithm on (Gg).

Let f1, fa € Gqg with f1 # fo. Then it holds LM(f1) # LM(f2). If these leading terms are not

relatively prime, the S-polynomial is of the form
S(fla fQ) I SRS S PR S PR

with {Il(k),lg(k’),Ig(k)} = {jl(k),jg(k),jg(k')} for all k € [d]

The step-by-step procedure of the division algorithm for our scenario is presented in Table 5.
We will show that the algorithm eventually stops and that step 2) is feasible, i.e., that there always
exist k and ¢ such that (30) holds — provided that S? # 0. (In fact, in some sense the purpose of
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the algorithm is to achieve the condition ij, < i; for all k that appears in the definition (29) of
the set of allowed indices in a finite number of steps.) This will show then that S(f1, f2) =g, 0.

Division algorithm on (G;)

Input: polynomials fi, fo € G4
S0 = S(f1, f2) = xr 2, — wp e, 1 =0
while S* # 0 do
1) Let LM(S") = x; xj x; and NLM(S) = |S* — LT(S)|
2) Find indices I ;,I>; € {jl,i,j27i,j37i} such that there exist at least one k
and at least one ¢ for which
[171'(143) < [271(16) and 117,(6) > 1271(6) (30)

and let I5; be the remaining index in {j—l’i,j—z’i,j—g’i}\{ILi,IQyi}.
3) Define
Sl,i = {k c [d] : Il’l(k') < IQ’i(k)}, 8212' = {E S [d] : 11774(6) > I27i(€)},
Si = Sl,i ] 8271‘.

If |S;| is odd set M, :=

Sii, if |8y, < [ Siil =15l and 1€ 8,
If|8i|isevenset/\/li:_{ v S <] 2 Jor [Siif =55 an L

821‘, if |82’i| < L‘Siz_lj or |82i = 15 and 1 € 82,1‘.

’ ) 2
Define
Lo () o= { BratE) N and Tae(k) i 4 iR R E S
Ig’i(k') if k& ¢ 81’2‘ ‘ IQ’Z(k) if k € Sl,i
. . ; Si M B .
4) Divide S* by fdy(IM,“IMg) =L L~ T, Ty 8O obtain

St = LC(SW) {mls,'i(_xIMixIMf + xll,z’x[z,i) + xIMi'rIngIS,i - NLM(Si) :

5) Define _ _
Sitl.— Tlpg, CLge Tls s — NLM(S*).
6) i=i+1
end while

TABLE 5. The division algorithm on the ideal (Gg).

Before passing to the general proof, we illustrate the division algorithm on an example for
d = 4. The experienced reader may skip this example.

— pl{2} _ _ pla {12} —
Let f1 = f4’(1112’2223) = —T1112T2223 + T121272123 € G4 and fo = 4,(2111,3323) — 211173323 +

T2123%3311 € Ga. We will show that S(fi, fo) = —Z111202223%3311 + T1212%2111%3323 —¢g, 0 by
going through the division algorithm.

In iteration 7 = 0 we set SO = S(fl, fg) = —X1112%222373311 + T121222111L3323- The leading
monomial is LM(S®) = x1112%222373311, the leading coefficient LC(S°) = —1 and the non-leading
monomial NLM(S%) = x1212211173323. Among the two options for choosing a pair of indexes
(I10,120) in step 2), we decide to take I; o = 1112 and Iy = 3311 such that S' = {1,2}
and My = 8% = {4}. The polynomial ThoTlho = Tlug Tl then equals the polynomial
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{1,2,4},{4} _ :
4,(1111,3312) — — *111173312 + 7111273311 € G4 and we can write

S0 =-1. (952223 (—Z1111%3312 + T11123311) + T1111T2223%3312 — T1212L2111 %3323 )
=gt
The leading and non-leading monomials of S* are LM(S?!) = 1111220373312 and NLM(S?!) =
T1212T21113323, respectively, while LC(S*) = 1. The only option for a pair of indices as in
(30) is 1., = 2223, I»; = 3312, so that ST = {1,2}, 82 = {3,4} and M, = S'. The divisor

: (4].{1.2} _
TL 1Ly = Tlpg, Ty I the step 4) equals f4’(2212’3323) = —9919T3323 + T2223%3312 € G4 and we

obtain

1
S =1- <$1111 (—$2212$3323 + $2223$3312) + T111172212%3323 — T12122211123323 )
= S2
The index sets of the monomial xj, xr, 1, = T11112221223323 in 52 satisfy

L(k) < Iy(k) < Is(k), for all k € [4]

and therefore it is the non-leading monomial of S?, i.e. NLM(S?) = x1111%221273323. Thus,
LM(S?) = 21212%211173323 and LC(S?(f1, f2)) = —1. Now the only option for a pair of indices
as in step (30) is I; o = 1212, Iy 5 = 2111 with S = {1}, §% = {2,4} and My = S'. This yields
§?=-1- (333323 (—I1111I2212 + 351212352111) + T111172212%3323 — T1111%221273323 )
=S3=0
Thus the division algorithm stops and we obtained after three steps
S(f1, f2) = 8° = LC(S )amas f{ it Aty + LO(S®) LO(S a3 oy

+ LO(S®) LC(SY) LC(S) s f L Tt  iatay-

Thus, S(fl, fg) —Ga 0.

Let us now return to the general proof and first show that there always exist indices I ;, I2;
satisfying (30) unless S* = 0. We start by setting x* = Ti [ Tp, T Wit?h Ti o 2 Tj, 2T
to be the leading monomial and x% be the non-leading monomial of S*. The existence of a
polynomial h € Gg such that LM(h) divides LM(S") = z; x; x; = x“%i is equivalent to the
existence of Iy ;,12; € {fl, fg, fg} such that there exists at least one k and at least one ¢ for
which Iy ;(k) < Iz(k) and I; ;(€) > I ;(¢). If such pair does not exist in iteration ¢, we have

I (k) < Ipi(k) < I34(k)  for all k € [d]. (31)

We claim that this cannot happen if S* # 0. In fact, (31) would imply that the monomial
X% =g hi iy Ty is the smallest monomial z;x yxy, (with respect to the grevlex order) which
satisfies

{1(k), J(k), L(k)} = {fl,i(k)vf2,i(k)7j3,i(k)} for all k € [d].

However, then x* would not be the leading monomial by definition of the grevlex order, which
leads to a contradiction. Hence, we can always find indices I ;, Iz ; satisfying (30) in step 2)
unless S = 0.

Next we show that the division algorithm always stops in a finite number of steps. We start
with iteration i = 0 and assume that S° # 0. We choose I g, I20, 30 as in (30). Then we
divide the polynomial LM(S?) = Th 0Ty Ly = TIoTlhoTls by a polynomial h € G4 such
that LM(h) = 7, ,x1, .. The polynomial h € Gy is defined via the sets Si,9, S2,0 and M as
introduced in step 3) of the algorithm, i.e.,

So,M _
h(x) = fde(IM(:)JMS) = Fhotlao T g Tlag € Ga.
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The division of S by h results in

0 __ 0 . So,Mo _ 0
S —LC(S)(:EIM fd,(IMOJMB)+x1MOxIM8x13,U NLM(S)).

=g!
Note that by construction
In (K) < Iamge(k)  forall k € [d]. (32)
If S' # 0, then in the following iteration i = 1 we can write LM(S') = z 221, .- Due
0 (32), a pair Iy 1, I as in (30) can be either Irq,, I3, or Ine, I30. Let us assume the former.
Then this iteration results in

1 _ 1 . S1, M1 _ 0
S =LC(S )(x,m N () 000 Vs NLM(S ))

=52
with
I, (k) < Tag(k), Img (k) for all k € [d].
Next, if $? # 0 and LM(S?) = T p, Tlag Tlogg then a pair of indices satisfying (30) must be
IamgIag so that the iteration ends up with

2 2 . So, Mo _ 0
S2 = LO(S )(%2 N 1o 1) T T T T, NLM(S ))

=53
such that
Trp, (k) S @py, (k) < Tl (k) forallk € [d].
Thus, in iteration i = 3 the leading monomial LM(S?) must be NLM(S?).

A similar analysis can be performed on the monomial NLM(S?) and therefore the algorithm
stops after at most 6 iterations. The division algorithm results in

P 1
j Si,M;
S f2) Z HLC(S ) xls’ifi(IM-JM@)’
=0 \j=0 g H
where f = —1, Tl + 1,21, € Gg and p < 5. All the cases that we left out
d, (IM JMC) i e,

above are treated in a similar way. This shows that G, is a Grobner basis.

In order to show that Gy is the reduced Grobner basis, first notice that LC(g) = 1 for all
g € G4. Furthermore, the leading term of any polynomial in G, is of degree two. Thus, it is
enough to show that for every pair of different polynomials f‘g1 M fs"”M"’ € Gy it holds that

d,(I1,11)" 7V d,(I2,12)
LM( fflIM; ) # LM( fSZvIM; ) with (Ix, I) € TP for k = 1,2. But this follows from the fact
that all elements of G4 are different as remarked before the statement of the theorem. O

Remark 4. We have concentrated above on the polynomial ideal generated by all second
order minors of all matricizations of the tensor. One may also consider a subset of all possible
matricizations corresponding to various tensor decompositions and notions of tensor rank. For
example, the Tucker(HOSVD)-rank (corresponding to the Tucker or HOSVD decomposition) of a
dth order tensor X is a d-dimensional vector rgosyp = (11,72, ..., 74q) such that r; = rank (X{i})
for all ¢ € [d], see [24]. The unit unfolding-6;-norm (defined above for order four tensors) forms
the corresponding relaxation of the tensor nuclear norm.

The tensor train (TT) decomposition is another popular approach for tensor computations
[41]. The corresponding TT-rank of a dth order tensor X is a (d — 1)-dimensional vector
rrr = (r1,72,...,74—1) such that r; = rank (X{l’“"i}), i € [d—1]. By taking into account
only minors of order two of the matricizations 7 € {{1},{1,2},...,{1,2,...,d — 1}}, one may
introduce a corresponding polynomial ideal and 0-norm.

We leave the investigation of such f-norms to future contributions.
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5. COMPUTATIONAL COMPLEXITY

The computational complexity of the semidefinite programs for computing the 6;-norm of a
tensor or for minimizing the 6;-norm subject to a linear constraint depends polynomially on the
number of variables, i.e., on the size of By, and on the dimension of the moment matrix M. We
claim that the overall complexity scales polynomially in n, where for simplicity we consider d-th
order tensors in R™*™* X" Therefore, in contrast to tensor nuclear norm minimization which is
NP-hard for d > 3, tensor recovery via f1-norm minimization is tractable.

Indeed, the moment matrix M is of dimension (1 + n9) x (1 +n9) (see also (15) for matrices
in R2*2) and if a = n¢ denotes the total number of entries of a tensor X € R™*"*" then the
number of the variables is at most % ~ O(a?) which is polynomial in a. (A more precise
counting does not give a substantially better estimate.)

Symmetric tensors. We may reduce the complexity of our semidefinite program by reducing
to tensors possessing symmetries. Of course, in practice this requires additional information about
the tensors to be recovered. For example, let us consider the case of dth order supersymmetric
tensors, i.e., tensors X € R™ ™ *" guch that X i,. i, = Xo(i1)o(is)...0(is) for all possible
permutations o : {i1,42,...,iq} — {i1,42,...,94}. In this scenario, the semidefinite program for
computing the #;-norm is of dimension (a + 1) x (a + 1), where

n+d—1 n+d—1\" d n—1\*

where this inequality uses the general estimate (5) < (ep/q)?, see e.g. [18, Lemma C.5]. The
number of variables in the corresponding semidefinite program for computing the #;-norm equals
the number of monomials x7x; such that i1 < iy < ... < iy <43 < ... < ig, excluding the

monomial 11,1 = LM(gq), which is

n+2d—1 0 n—1)\*
—1< 1 :

We leave it to future investigation to study in the detail the recovery of low rank supersymmetric
tensors via 6,-minimization.

6. NUMERICAL EXPERIMENTS

Let us now empricially study the performance of low rank tensor recovery via 6;-norm
minimization via numerical experiments, where we concentrate on third order tensors. Given
measurements b = ®(X) of a low rank tensor X € R"t*"2X"s  where  : R"1*"2Xns _ R™
is a linear measurement map, we aim at reconstructing X as the solution of the minimization
program

min ||Z|lg, subject to ®(Z) = b. (33)
As outlined in Section 2, the #;-norm of a tensor Z can be computed as the minimizer of the
semidefinite program

r?int subject to  M(t,y,Z) = 0,
Y

where M(t,y,X) = Mg, (t,X,y) is the moment matrix of order 1 associated to the ideal J3, see
Theorem 3. This moment matrix for J3 is explicitly given by

i
ni ng N3 9 |M

|
M (t,y,X) =tMo + Z Z Z XijeMijk + Z Z yeM,
i=1 j=1k=1 i=2 j=1
where ¢/ = 2223 ’M(k_l)’ + j. The matrices My, M, and M; are provided in Table 6. As
discussed in Section 2 for the general case, the #;-norm minimization problem (33) is then
equivalent to the semidefinite program

mint subject to M (¢,y,Z) =0 and ®(Z)=h. (34)

t,y,Z
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f-basis ‘ position (p, ¢) in the matrix H My, ‘ Range of i,1, j, ], k, k
M, 1 (1,1),(2,2) 1
Miji | ik (L f(i, 4, k) 1|i€[n],j€na], k€ ng
M?z l‘gjk (2,2) -1
(f(Z,],k‘),f(’L,j,k)) 1 {ie [Tl1],j€ [nQ]’ke [n3]}
o A A i=j=k=1}
M:}B xzjk‘r”]} (f(ivjvk)vf(ivjalf))’(f(ivjvk)af(ivjvlf)) lLie [nl] J<ik<k
M;LC4 LijkTi5h (f(%]vlf)vf(ivjak))’(f(zvjvlf)vf(;ajvk)) 1 )
(FG G, k), £, 0)), (F( G R), F@ 5, R) || 1] i<ij<ik<k
M?s LijhTs ik (f(ia],k)vf(fv.z'a k))’(f(luza k)af(l;vjv k)) I <f,j € [;’12}7]6 <k
M(}G LijkT35k (f(i7]7k)vf(i7j7k))a(f(iajak)’f(ivjvk)) Lli<i,j<j,ke [nS]
My, | @i | (G, 4,k), F (i, k) 1| i<i,j € [no] K € [n3]
Mi LiikTlijk (f(%.]? k)’ f(i7j7 ]f)) l]ie [nl] J<J)k € [n3]A
M?cg TijiTijk (f(zv.]: k)’ f(ivjv k)) llie [nl] ,J € [nz] k <k

TABLE 6. The matrices involved in the definition of the moment matrix
M (¢,X,y). Due to symmetry only the upper triangle part of the matrices is
specified. The non-specified entries of the matrices M € R(mn2ns+1)x(ninans+1)
from the first column are equal to zero. The index f; of M;j correspond-
ing to the element f; + J of the #-basis is specified in the second column.
For ¢ € [9]\{1}, the function f, denotes an arbitrary but fixed bijection
{(i,%,j,j’,k,l%)} — {1,2,...,|M€ }, where Mf = {M‘}e} with 4,4, 7,7, k, k
in the range of the last column. The function f : Z> — R is defined as
f (i,j,k) =(i— 1)n2n3 +(j— 1)7’L3 +k+1.

For our experiments, the linear mapping is defined as (® (X))r = (X, ®%), k € [m], with
independent Gaussian random tensors ®; € R"1*"2%"s j e all entries of ®;, are independent
N (0, L) random variables. We choose tensors X € R"*"2X"s of rank one as X =u® v ®w,
where each entry of the vectors u, v and w is taken independently from the normal distribution
N (0,1). Tensors X € R"1*"2%%s of rank two are generated as the sum of two random rank one
tensors. With @ and X given, we compute b = ®(X, run the semidefinite program (34) and
compare its minimizer with the original low rank tensor X. For a given set of parameters, i.e.,
dimensions n1,ng, n3, number of measurements m and rank r, we repeat this experiment 200
times and record the empirical success rate of recovering the original tensor, where we say that
recovery is successful if the elementwise reconstruction error is at most 107¢. We use MATLAB
(R2008b) for these numerical experiments, including SeDuMi_1.3 for solving the semidefinite
programs.

Table 7 summarizes the results of our numerical tests for cubic and non-cubic tensors of rank
one and two and several choices of the dimensions. Here, the number my,.x denotes the maximal
number of measurements for which not even one out of 200 generated tensors is recovered and
Mmin denotes the minimal number of measurements for which all 200 tensors are recovered.The
fifth column in Table 7 represents the number of independent measurements which are always
sufficient for the recovery of a tensor of an arbitrary rank. For illustration, we present the average
cpu time (in seconds) for solving the semidefinite programs via SeDuMi_1.3 in the last column.
We remark that no attempt of accelerating the optimization algorithm has been made. This task
is left for future research.

Except for very small tensor dimensions, we can always recover tensors of rank one or two from
a number of measurements which is significantly smaller than the dimension of the corresponding
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n1 X Ny X n3 \ rank \ Mmax \ Mmin \ ningsng \ cpu(sec)

2x2x3 1 4 12 12 0.1976
3x3x3 1 6 19 27 0.3705
3x4x5 1 11 30 60 6.6600
4x4x4 1 11 32 64 7.2818
4x5x6 1 18 42 120 129.4804
5XHxb 1 18 43 125 138.9040
3x4x5 2 27 56 60 7.5494
4x4x4 2 26 56 64 8.6525
4x95%x6 2 41 85 120 192.5787

TABLE 7. Numerical results for low rank tensor recovery in R™ *m2xns,

tensor space. Therefore, low rank tensor recovery via #;-minimization seems to be a promising
approach. Of course, it remains to investigate the recovery performance theoretically.

7. APPENDIX: MONOMIAL ORDERINGS AND GROBNER BASES

An ordering on the set of monomials x* € R[x|, x* = 2" - 252 - %", is essential for dealing
with polynomial ideals. For instance, it determines an order in a multivariate polynomial division
algorithm. Of particular interest is the graded reverse lexicographic (grevlex) ordering.

Definition 6. For a = (a1, qa,...,0,), B = (81,02, .-, Bn) € ZL;, we write X* >yrcpien xP
(or & >greviex B) if || > |B| or || = |B| and the rightmost nonzero entry of o — 3 is negative.

Once a monomial ordering is fixed, the meaning of leading monomial, leading term and leading
coefficient of a polynomial (see Section 2) is well-defined. For more information on monomial
orderings, we refer the interested reader to [13, 12].

A Grobner basis is a particular kind of generating set of a polynomial ideal. It was first
introduced in 1965 in the Phd thesis of Buchberger [4].

Definition 7 (Grobner basis). For a fixed monomial order, a basis G = {¢1,¢2,...,9s} of a
polynomial ideal J C R [x] is a Grébner basis (or standard basis) if for all f € R [x] there exist a
unique r € R[x] and g € J such that

f=g+r
and no monomial of r is divisible by any of the leading monomials in G, i.e., by any of the
monomials LM (g1),LM (g2) ,...,LM (gs).

A Grobner basis is not unique, but the reduced version defined next is.

Definition 8. The reduced Grébner basis for a polynomial ideal J € R [x] is a Grobner basis
G ={91,92,...,9s} for J such that

1) LC(g;) =1, for all i € [s].

2) g¢; does not belong to (LT(G\{g;})) for all i € [s].

In other words, a Grobner basis G is the reduced Grébner basis if for all ¢ € [s] the polynomial
g; € G is monic (i.e., LC(g;) = 1) and the leading monomial LM(g;) does not divide any monomial
of gj, j # i

Many important properties of the ideal and the corresponding algebraic variety can be deduced
via its (reduced) Grobner basis. For example, a polynomial belongs to a given ideal if and
only if the unique r from the Definition 7 equals zero. Grobner bases are also one of the main
computational tools in solving systems of polynomial equations [13].

With ?F we denote the remainder on division of f by the ordered k-tuple F' = (fy, fa,..., fx).
If F is a Grobner basis for an ideal (f1, fo,..., fx), then we can regard F as a set without any
particular order by Definition 7, or in other words, the result of the division algorithm does not

depend on the order of the polynomials. Therefore, ?g = r in Definition 7.
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The following result follows directly from Definition 7 and the polynomial division algorithm
[13].

Corollary 2. Fiz a monomial ordering and let G = {g1, g2, -.,9s} C R[x] be a Groebner basis
of a polynomial ideal J. A polynomial f € R[x] is in the ideal J if it can be written in the form
f=a1g1 4 asge + ... + asgs, where a; € R[], for all i € [s], s.t. whenever a;g; # 0 we have

multideg (f) > multideg (a;g;) -

Definition 9. Fix a monomial order and let G = {g1,92,...,9:} C R[x]. Given f € R[x], we
say that f reduces to zero modulo G and write

f—¢0

if it can be written in the form f = a1g1 + asg2 + ... + argr with a; € R[x] for all ¢ € [k] s.t.
whenever a;g; # 0 we have multideg (f) > multideg (a;g;).

Assume that G in the above definition is a Grébner basis of a given ideal J. Then a polynomial
f is in the ideal J if and only if f reduces to zero modulo G. In other words, for a Grébner basis

g,
f—¢ 0 if and only if ?g =0.
The Grobner basis of a polynomial ideal always exists and can be computed in a finite number
of steps via Buchberger’s algorithm [1, 13, 12].
Next we define the S-polynomial of given polynomials f and g which is important for checking
whether a given basis of the ideal is a Grébner basis.

Definition 10. Let f, g € R[x] be a non-zero polynomials.

(1) If multideg (f) = a and multideg (g) = 3, then let v = (v1,792,...,7n), Where v; =
max {«a;, B; }, for every i. We call x7 the least common multiple of LM (f) and LM (g)
written x¥ = LCM (LM (f) ,LM (g)).

(2) The S-polynomial of f and g is the combination

x7Y xY

! e

The following theorem gives a criterion for checking whether a given basis of a polynomial
ideal is a Grobner basis.

S(f,9)

Theorem 6 (Buchberger’s criterion). A basis G = {g1, g2, - - ., gs} for a polynomial ideal J C R [x]
is a Grébner basis if and only if S (gi,g;) —¢ 0 for all i # j.

Computing whether S (g;, g;) —¢ 0 for all possible pairs of polynomials in the basis G can be a
tedious task. The following proposition tells us for which pairs of polynomials this is not needed.

Proposition 1. Given a finite set G C R[x], suppose that the leading monomials of f,g € G are
relatively prime, i.e.,

LCM (LM (f),LM (g)) = LM (f) LM (g),
then S (f,g) —¢g 0.

Therefore, to prove that the set G C R[x] is a Grobner basis, it is enough to show that
S (gi,95) —¢ 0 for those ¢ < j where LM (g;) and LM (g;) are not relatively prime.
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