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some known results. Some related results about £(G) are also
mentioned.
© 2015 Elsevier Inc. All rights reserved.

1. Introduction

Let G be an ordinary graph, and A(G) be the adjacency matrix of G. We denote
the set {1,2,---,n} by [n]. Hypergraph is a natural generalization of ordinary graph
(see [1]). A hypergraph G = (V(G), E(G)) on n vertices is a set of vertices, say V(G) =
{1,2,--- ,n} and a set of edges, say E(G) = {e1,e2, -+, em}, where e; = {iy,ia, - ,4},
ij€n],j=1,2,---,0l.If |ej] = k for any ¢ = 1,2,--- ,m, then G is called a k-uniform
hypergraph. In particular, the 2-uniform hypergraphs are exactly the ordinary graphs.
For a vertex v € V(G) the degree dg(v) is defined as dg(v) = |{e; : v € e; € E(G)}|.
Vertex with degree one is called pendent vertex in this paper.

An order k dimension n tensor T = (T iy.i,) € C*7 %™ is a multidimensional
array with n* entries, where i; € [n] for each j = 1,2,--- , k.

To study the properties of uniform hypergraphs by algebraic methods, adjacency
matrix, signless Laplacian matrix and Laplacian matrix of graph are generalized to ad-
jacency tenor, signless Laplacian tensor and Laplacian tensor of uniform hypergraph.

Definition 1. (See [6,11].) Let G = (V(G), E(G)) be a k-uniform hypergraph on n vertices.
The adjacency tensor of G is defined as the k-th order n-dimensional tensor A(G) whose
(i1 - - - ig )-entry is:

(A iz = {ﬁ it {in iz, i} € E(C),

0 otherwise.
Let D(G) be a k-th order n-dimensional diagonal tensor, with its diagonal entry Dy;...;
the degree of vertex 4, for all ¢ € [n]. Then Q(G) = D(G)+ .A(G) is the signless Laplacian
tensor of the uniform hypergraph G, and £(G) = D(G) — A(G) is the Laplacian tensor
of the uniform hypergraph G.

The following general product of tensors, was defined in [12] by Shao, which is a
generalization of the matrix case.

Definition 2. Let A € C™1xn2X X2 gnd B € C"2*nsX " X"k+1 he order m > 2 and k > 1
tensors, respectively. The product AB is the following tensor C of order (m—1)(k—1)+1
with entries:
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Cial"'amfl = Z AiiQ'“imBizal T Bimamfl7 (1)
i, ,im €[]
where i € [n], a1, -, Qm—1 € [N3] X -+ X [Ngt1]-

Let 7 be an order k dimension n tensor, let x = (x1,--- ,2,)" € C® be a column
vector of dimension n. Then by (1) Tz is a vector in C™ whose ith component is as the
following

n
(Ta)i= Y Tiioiniy -+ iy (2)
g, ip=1
Let zlFl = (2% .. 2¥)T. Then (see [2,11]) a number A € C is called an eigenvalue of

the tensor 7 if there exists a nonzero vector x € C™ satisfying the following eigenequa-
tions

T = Al (3)

and in this case, z is called an eigenvector of T corresponding to eigenvalue .
An eigenvalue of 7T is called an H-eigenvalue, if there exists a real eigenvector cor-
responding to it (see [11]). In this paper we will focus on the largest H-eigenvalue of

tensor 7T, denoted by A(T).
The concept of power hypergraphs was introduced in [4].

Definition 3. Let G = (V(G), E(G)) be an ordinary graph. For every k > 2, the kth
power of G, GF := (V(G*), E(G¥)) is defined as the k-uniform hypergraph with the edge
set

E(Gk) = {6 @] {ie,la ce ,ie,k_g} | e c E(G)}
and the vertex set
V(G*) =V (G)U (Ueer@)lie1, - siek—2})-

For convenience here G2 = G. In [4], the k-th power of path, and cycle is called loose
path, and loose cycle, respectively. Denote by S, the star with m edges. The k-th power
of star is called sunflower in [4], or hyperstar in [10].

Definition 4. (See [4].) Let G = (V, E) be a k-uniform hypergraph. If there is a disjoint
partition of the vertex set V as V =1oUViU---UV; such that [Vo| =1 and |[Vi|=--- =
[Val =k —1,and E = {Vo UV, | i € [d]}, then G is called a sunflower. The degree d of
the vertex in Vj, which is called the heart, is the size of the sunflower. Denote by S¥ the
k-uniform sunflower of size d.
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For even k, when G is a cycle or star, Hu, Qi and Shao proved that {\(Q(G*))}
is a strictly decreasing sequence in [4]. They believed that it is true for any graph G,
see Conjecture 4.1 of [4]. This phenomena was also observed in [16] when G is a path
(namely, G¥ is a loose path).

Conjecture 5. (See [/].) Let G be an ordinary graph, k = 2r be even and G* be the k-th
power hypergraph of G. Then {\(L(G*)) = M(Q(G*))} is a strictly decreasing sequence.

For t > 1 let tST be t disjoint union of S¥. We may point out that when G = tS?, we
have A(L(G*)) = A\(Q(G*)) = 2 for any k > 2. Namely, in this case Conjecture 5 is false.

Let H be a uniform hypergraph and H # tS¥, and H' be obtained from H by
inserting a new pendent vertex in each edge. In Section 3, we will prove that A(Q(H')) <
A(Q(H)) in Theorem 10. So for any ordinary graph G # tS; (maximum degree A > 2),
{A(Q(G*))} is a strictly decreasing sequence, which affirm Conjecture 5 for A(Q(GF)).
We also determine the value limy_, o, A(Q(G*¥)) in Theorem 20.

For an ordinary graph G, the definition for k-th power hypergraph G* has been
generalized by Khan and Fan in [7].

Definition 6. Let G = (V, E) be an ordinary graph. For any k¥ > 3 and 1 < s < k/2.
For each v € V (and e € E), let V,, (and V) be a new vertex set with s (and k — 2s)
elements such that all these new sets are pairwise disjoint. Then the generalized power
of G, denoted by G**. is defined as the k-uniform hypergraph with the vertex set

o (ol

veV ecE

and edge set
E(GF*) = {V, UV, UV, :e={u,v} € E}.

If s = 1, then G** is exactly the kth power hypergraph G*. The eigenvalues prop-
erties about A(G*) was discussed in [17], and A(G**/2) was discussed in [7] and [8].
In Section 4, we will prove some eigenvalues properties about A(G***), which generalize
some known results.

2. Auxiliary results for nonnegative tensors and H-spectrum of hypergraphs

In [3], the weak irreducibility of nonnegative tensors was defined. It was proved in [3]
and [15] that a k-uniform hypergraph G is connected if and only if its adjacency tensor
A(G) (and so Q(G)) is weakly irreducible.

Let 7 be a kth-order n-dimensional nonnegative tensor. The spectral radius of 7T is
defined as (see [10,7,8])
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p(T) = max{|u| : u is an eigenvalue of T }.

Part of Perron-Frobenius theorem for nonnegative tensors is stated in the following for
reference.

Theorem 7. (See [2,14].) Let T be a nonnegative tensor. Then we have the following
statements.

(1) p(T) is an eigenvalue of T with a nonnegative eigenvector x corresponding to it.

(2) If T is weakly irreducible, then x is positive, and for any eigenvalue p with nonneg-
ative eigenvector, p = p(T) holding.

(3) The nonnegative eigenvector x corresponding to p(T) is unique up to a constant
multiple.

In virtue of (1) of Theorem 7, the largest H-eigenvalue of A(G) (or Q(G)) is ex-
actly the spectral radius of A(G) (or Q(G)). For weakly irreducible nonnegative 7 of
order k, the positive eigenvector « with ||x||;, = 1 corresponding to p(7) (i.e., the largest
H-eigenvalue) is called the principal eigenvector of 7 in this paper.

Lemma 8. (See [7].) Suppose that T is a weakly irreducible nonnegative tensor of order k.
If there exists a nonnegative vector y such that Ty < py* =Y and (Ty); < uyf_l holding
for some i, then \(T) < p.

The H-spectrum of a real tensor 7, denoted by H spec(T ), is defined to be the set of
distinct H-eigenvalues of T [13]. Namely,

Hspec(T) = {p | p is an H-eigenvalue of T}.

Lemma 9. Let G = U!_,G;, where G; is a connected uniform hypergraph. Then

Hipec(£(G)) = | Hspee(£(G)), (4)

and so

AL(G)) = max {A(L(Gi))}-

1<i<t

Proof. Without loss of the generality, we may assume that the vertices of G are ordered
in such a way that if ¢ < j, then any vertex in G; precedes any vertex in G;. Let = be a
column vector of dimension |V(G)|. We write « in the following block form

€T = (x{axgv' o 7x?)T7 (5)
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where z; is a column vector corresponding to the vertices of G;. Then it is not difficult
to see that

L(G)z = ((L(G1)21)", (L(G2)a2)T, -, (L(Grae) )T (6)

Now we prove Eq. (4). If A € Hspec(L(G)) with a real eigenvector = as in (5), where
x; # 0. Then by £(G)z = Az!*~1 and Eq. (6) we have

L(Gj)z; = /\a:gkfl].

Thus

A € Hspec(L(G;)) C U H spec(L(G)). (7)
i=1

On the other hand, if A € U§=1 H spec(L(G,)), say, A € Hspec(L(G;)) for some 1 < j <t
with a real eigenvector x;. Take x; = 0 for all ¢ # j and take x as in (5). Then by
Eq. (6) we can verify that £(G)z = Azl*~U, thus A € Hspec(L(G)). Combining these
two aspects, we obtain (4).

Particularly, we have

A(L(G)) = max {A(L(G)}-

1<i<t
Similarly, we may prove that these results are also true for Q(G) and A(G). O
3. Largest H-eigenvalue of signless Laplacian tensor of G*

In this section we will prove that for any graph G with maximum degree A > 2,
{MQ(G*))} is a strictly decreasing sequence. First we will prove a more general result
by constructing a new vector and using Lemma 8.

Theorem 10. Let H be a k-uniform (k > 2) hypergraph, and H' be obtained from H
by inserting a new pendent vertex in each edge. Then AN(Q(H')) < MQ(H)), equality
holding if and only if H = tS¥ for some t.

Proof. If H = tS¥ for some t, then A\(Q(H')) = A\(Q(H)) = 2. We suppose that H # tS¥
for any t.
Denote by

E(H) = {617623' o aeﬂ%}v
and let v; be the new pendent vertex inserted in e; for any 1 < i <m, i.e.,

V(Hl) = V(H) U {U17U2"" avm}~
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(1) First suppose that H is a connected, so Q(H) is weakly irreducible. Let  be the
principal eigenvector to A(Q(H)), namely,

Q(H)z = MQ(H))zF1),

Now we construct a new vector y (of dimension |V (H’)|) from z by adding m components.
If w e V(H), set Yy = Zy; if w = v;, i.e., w is a new pendent vertex inserted in e;, set
Y = min{z, | u € ¢;}.

Now we will show Q(H')y < A\(Q(H))y!*.

For any vertex w € V(H) we have

(Q(H/)y)w = dH' (U))yl,j) + Z Yv;Yts " Yty
{w,vi,ta, -ty }yEE(H')
< dp(w)zk + Z TpTty -+ Tty (8)
{w,vi,ta, -t }YEE(H')
= Iy [dH(w)fo_l + Z Tty - Tty

{w,ta, -t YEE(H)

Ineq. (8) is due to the fact y,, < x,,. Furthermore, if z,, > y,,, namely, z,, > min{z, |
u € e;} for some edge e; containing w, Ineq. (8) becomes strict.

For w = v; for some 1 < i < m, i.e., w is a new pendent vertex inserted in e;, we
suppose e; = {wy, wa, -+ ,w} and Ty, = Min{Ty,, Tw,, - - - Tw, }- Then we have

(QUHY)w = Yy + Yur Yz~ Yo
= ’/Eﬁ)l +mw1$w2 "'mwk
< Tu, dH(wl)xfujl F Ty Ty, (9)

< 2y, (QH )T ),

Ineq. (9) is due to the fact dy(wy) > 1. Furthermore, if dg(wq1) > 1, Ineq. (9) becomes
strict. So we have proved Q(H')y < A\(Q(H))y!*.

If there exists {w,w’} C e; for some e; € E(H) such that z,, > x,, then x,, >
min{z, | u € e;}, and then Ineq. (8) becomes strict. Now we suppose all the vertices
in each edge have the equal corresponding component in z. Furthermore, since H is
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connected, we know that all the components of = are equal, thus H is regular. We
suppose H is a d-regular. Since H # S, we have d > 2. Now for some edge e;, set
Ty, = min{ax, | u € ¢;}, then dy(w1) = d > 1, and Ineq. (9) becomes a strict one.
Thus we have proved that (Q(H")y); < )\(Q(H))yz[k] for some i, therefore, A(Q(H")) <
AQ(H)) by Lemma 8.
(2) If H=HyUHyU---UHy, where H; is a connected component of H for 1 <1i <t
and t > 2, then

H' =H{UH,U---UH,.

Since H # tS¥, we may suppose that H; # SF for 1 <i <# <t,and ' > 1. Then for
1 <i <t wehave A(Q(H})) < A(Q(H;)) by the above arguments. It is obvious that for
1 <i <t we have A(Q(H;)) > M(Q(SF)) and A(Q(H!)) > A\(Q(S¥1)). By Lemma 9 we
have

MQ(H")) = max {NQ(H)))} < max {MQ(H,))} = MQ(H)).

1<i<t! 1<i<t/

The proof is completed. O

By Theorem 10, we have the following result for {\(Q(GF))}, which affirm Conjec-
ture 5 for Q(G*).

Theorem 11. Let G be an ordinary graph with maximum A > 2. When k > 2 we have
AQ(GFH)) < MQ(G)).

The notion of odd-bipartite even-uniform hypergraphs was introduced in [5].

Definition 12. (See [5].) Let k be even and G = (V, E) be a k-uniform hypergraph. It is
called odd-bipartite if either it is trivial (i.e., E = (}) or there is a disjoint partition of
the vertex set V as V = V3 U V5 such that Vi, V5 # 0 and every edge in E intersects V;
with exactly an odd number of vertices.

For even uniform odd-bipartite hypergraph, the following result was proved in [6] (see
Theorem 5.8 of [6]), or in [13] (see Theorem 2.2 of [13]).

Lemma 13. (See [6,15].) Let G be a connected even uniform odd-bipartite hypergraph.
Then A\(L(G)) = AM(Q(G)).

In fact Lemma 13 is also true for general even uniform odd-bipartite hypergraph G,
see Lemma 14.

Lemma 14. Let G be an even uniform odd-bipartite hypergraph. Then A(L(G)) =
MQ(G)).
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Proof. By Lemma 13, we only need to consider the case that G is not connected. Set
G = UﬁzlGi, where G; is a connected component of G for 1 < i <t and ¢t > 2. Since G
is even uniform and odd-bipartite, each G; is connected even uniform and odd-bipartite.
Thus by Lemma 13 we have A(L(G;)) = AMQ(G;)) (i = 1,---,t), and moreover, by

Lemma 9 we have

AL(G)) = max {A(L(Gi))} = max {MQ(G:))} = A(Q(G)).

1<i<t 1<i<t

The proof is completed. O

Remark 15. We can mention here that the condition A(L(G)) = A(Q(G)) does not imply
that G is an even uniform odd-bipartite hypergraph. In fact take G = G; U G2, where
G, is not odd-bipartite and G is a sunflower with size A satisfying

A>ANQ(G1)) = AL(Gh))-
From Proposition 3.2 of [6] and Lemma 13, we know that

ME(G2)) = NQ(G2)) > A.
Then G is not odd-bipartite (since Gy is not), but we have

AL(G)) = max {A(L(Gi))} = AL(Ga)) = MQ(G2)) = max {A(Q(Gi))} = MQ(G)).

1<i<2 1<4<2

Obviously, when k is even and k > 4, the k-th power hypergraph G* is odd-bipartite.
Then Lemma 14 and Theorem 11 imply that Conjecture 5 is true for £(G¥).

Theorem 16. Let G = (V, E) be an ordinary graph with mazimum A > 2, k = 2r be
even and G* be the k-power hypergraph of G. Then {\(L(GF)) = A\(Q(G*))} is a strictly
decreasing sequence.

The value limy_, o A(Q(G¥)) was determined for a regular graph G by Zhou et al.
in [17].

Lemma 17. (See [17].) For any d-regular graph G with d > 2, we have limy,_, o A\(Q(G*))
=d.

Now we will prove that when k goes to infinity, A\(Q(S%)) converges to d, the maximum
degree of S¥.

Lemma 18. When k > 2,d > 2 we have limy_, o )\(Q(SL’;)) =d.

Proof. Write Ay = A(Q(S¥)) for short. Let @ be the principal eigenvector of Q(S¥)
corresponding to \gx. Let a be the component of x corresponding to the heart of Sg.
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By the symmetry of the pendent vertices in the same edge, we see that they have the
same component in z. Furthermore, by the uniqueness of x (see (3) of Theorem 7), we
see that all the pendent vertices in S% have the same component in z, say b. Then A
satisfies the following equations

{ Apab=t = dabt 4 dbFL,
ApbFt = bE1 4 abh 2,
By eliminations of a and b, we obtain

M —d) M — DL —d=0.
Set

fr) = (A =d)(A -1 —d,

then Ay is the largest real root of the equation fi(\) = 0.
Particularly,

M1 — d) A1 — 1)F = d.
Since fi(d) = —d < 0, and limy_, o fx(A\) = +00, we have Ay > d.
So {\} is a strictly decreasing sequence and A > d when d > 2. Thus limy_,cc Ak
exists. From

e —d)( A — 1) =d,

we have

d
lim Ay —d =
k1—>n;o k hmk%oo()\k — 1)k_1

=0,

thus limy o0 Ap = d, i.e., limg_ oo )\(Q(S(’j)) =d holds. O

To determine the value limy_, o, A(Q(G*)) for a general graph G, we first cite a result
just for a graph due to Koing.

Lemma 19. (See [9].) Every graph G of mazimum degree A is an induced subgraph of
some A-regular graph.

Theorem 20. Let G be an ordinary graph with maximum degree A > 2. Then we have
limg 00 A(Q(GF)) = A.
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Proof. We have proved that {\(Q(G¥))} is a strictly decreasing sequence by Theorem 11.
Obviously, A(Q(G*)) > 0 for any k > 2. Thus limg_, . A\(Q(G¥)) exists.

It is known that if F is a sub-hypergraph of F, then A\(Q(F")) < A(Q(F)) (see
Proposition 4.5 in [6]).

Since G has maximum degree A, G contains star S as a sub-graph, and then G* con-
tains the sunflower S% as a sub-hypergraph. Thus A(Q(G*)) > A\(Q(S%)). Furthermore
Lemma 18 implies that

lim A(Q(G*)) > lim A\Q(S%)) = A.

k—o0 k—o0

On the other hand, by Lemma 19, G is a subgraph of some A-regular graph F. Then
G* is a sub-hypergraph of F*. Thus A\(Q(G*)) < A(Q(F*)). Furthermore by Lemma 17
we have

lim A(Q(G*)) < lim A(Q(F*)) = A.

k—o0 k—o0

So we obtain

lim AM(Q(GF))=A. O

k—o0

4. Largest H-eigenvalue of adjacency tensor of G**

2

In [17], it was proved that A(A(G*)) = A(A(G))¥; in [7] it was proved that
MA(GFF/2)) = N\(A(QG)). By using the technique provided in [17], we will prove a general
case.

Theorem 21. If u > 0 is an eigenvalue of the adjacency matriz A(G) of graph G having
a nonnegative eigenvector, then ,u% is an eigenvalue of the adjacency tensor A(G**)

2s

having a nonnegative eigenvector. Moreover A(A(G*#)) = M\(A(G))* .

Proof. Suppose that x is a nonnegative eigenvector of the eigenvalue p > 0 of A(G). As
shown in Definition 6, for any edge e = {u, v} denote by V,, UV, UV, the corresponding
edge of G*+*.

Now we construct a new nonnegative vector y (of dimension |V (G**)|) from x by
adding components. Set

{ (z)% if w €V, for some v,
Yw =

(utzyx,)®  if w e V, for some edge e = {u,v}.

Now we will show A(G**)y = p% y*~1] holding.
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For any w € V,, for some v, by the formula

Z Ly = ULy,

{u,v}€eE(G)
we have
AGF)y) = Ty et Ty & Ly e
Y Y
{u,v}EE(G)
= /«L%_l(xv)% Z Ty
{u,v}€E(G)
= 1% (2,) T
25
=pryn (10)

s 2s 2s k—2s—1
(-A(Gk’» Jw = (Tu) ® (20) * (0 Tywy) *
= ¥ ()
28 p_
= pryh !

Hence p% is an eigenvalue of A(G**) with a nonnegative eigenvector ¥.

If G is connected and 1 = A(A(G)), then we may choose x as a positive eigenvector of
MA(G)) by Perron-Frobenius theorem for irreducible nonnegative matrix. In this case
y is a positive eigenvector of the eigenvalue A(A(G))% of the tensor A(G**). In virtue
of (2) of Theorem 7 (or see Lemma 15 of [17]), we have

MA(GH*)) = MA(G)) *.

IfG=G1UG3U--- UG, where G; is a connected component of G for 1 <+¢ <t and
t > 2, then by Lemma 9

=

ACA(G™*)) = max {A(A(G])} = max {A(A(G7) ¥ } = A(A(G))

1<i< 1<i<t

The proof is completed. O

Take s = 1, or s = k/2 for even k, and noting that G*¥ = G*', we have Corollary 22
and Corollary 23.

Corollary 22. (See [17].) If > 0 is an eigenvalue of the adjacency matriz A(G) of graph
G having a nonnegative eigenvector, then ,u% is an eigenvalue of the adjacency tensor
A(GF) of the hypergraph G* having a nonnegative eigenvector. Moreover A\(A(G*)) =

2

AA(G))E.
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Corollary 23. (See [7].) Let G be a connected ordinary graph, and let x > 0 be vector

defined on V(G). Let y > 0 be a vector defined on V(G**/?) such that y, = ok for each
vertez u € V,,. Then x is an eigenvector of A(G) corresponding to N(A(Q)) if and only if
y is an eigenvector of A(G**/?) corresponding to \(A(G**/?)). Hence \(A(G**/?)) =
A(A(G)).

Corollary 24. Let G be an ordinary graph with mazimum A > 2, s > 1 be a fized integer.
Then M(A(GFT1)) < M(A(G**)), and limy_,o0 A(A(GF*)) = 1.
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