
Proof of Carchy-Riemann (CR) ④

Theorem (CR) Assume f(E) =(x ,) + [v(x ia)
,
and

-
--

assume u andV are differentiable (in the

sense of Real Valued functions
1 :->, v : R<I

at the Pint zo = xo + 260. Then

f'(20) = him f(z+Nz) - f(zd) (D)

-z-

-

DZ

exists independent of how 12->
0 iff CR holds:

Ux(40 ,) = Vy (Xocdr) (CR)

Uy (40 ,&r) = -Vx(Xo ,%0).

Note : We don't need the
derivatives to be

continuous
,
or even

defined away from &

Proof(E)forthiswemustassumefiloe).
This we already did by takingUz-UX
and getting f'(z) = Ux + & Vx i then

8z = <Gy
of

to get f'(z0) = Vy- =UX = UVy &My
= - Vxr







-

Taking - = E = 10) = (0 , 1) gives ⑭
C

->

-u(( +te ,) = (ab) · (1 , 0)
= a = Ux = A

m
defn of Py(20)

d n(2 . + te) =(,b)0(u, 1)
= b => My = b

-
defn of My (20)

Conclude : (diff) implies that (b)
= TU (10)

in the usual sense of partial derivatives.

·N : The defn of derivative says U(x ,y

must have a tangent plane covering every

direction and its not enough
to say

↳ My exist










