
⑪ Complex Exponential Function ④

· Recall that the real exponential y = e
*

and the

trigonometric fractions -sinx , y =10sx are given

by globally convergent power series
which look

mysteriously similar-
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· Recall that you can differentiate
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· Theorem : e = e"(cosytising) defines
-

a complex valued function which is ente

in the sense that its derivative exists VzeC

Proof : It suffices to check that the Carchy-
-

Riemann equations hold (CR) : U
= Vy , y

= -V
y

For this write :
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More over: Since fa = e
* satisfies (CR) U - + ,

it follows that f'(z) exist indept of 02-o
z

for every z ,
and f'(z) Ux + [Vy=

↳ =↳*





· Note the proof of (i) requires establishing
i(y ,+ 42)

= ee
it

, sil,

which says (remarkably)

cos(1 , + 1 -) + [sin (3 ,+-2) = (CO2 y ,+[Si(1)
· (cosy

,

+ iSiNy2)
a wonderful identity which follows from

the sum/angle identities for sin/os.

An immediate Corollary is :

The m: (DeMoire's Formula)
--
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aorsyrising)" = Cosmetisinuy

· Essentially , DeMoire's
Formula uses

complex numbers to organize
the sum

angle formulas of trigonometry
into simple

complex multiplication : (eia)" = eing &
↑

This turns out to make Fourier Series

much simpler with complex numbers,
and
&

so complex variables is the language of
signal

-

proLeSSING .











& Q : How can we extend 20sx & sinx to ⑭

complex valued functions cosz sinz who
/

appealing to power
series ?

Ans : Use e = cosx + isinx , #

Lemma ! For real xE/R we have
--

COS = ensteie sinx=ei
i

Proof : (HW) le e
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· From this it makes sense
to de

E
iz - it

C - e

P : sinz=- losz
=

ei

22 In

claim : This correctly extends sinx & cosx

to complex functions which satisfy CR-







Since cost and sinz satisfy CR , we know ⑭

dusz andA sinz exist . We calculateo->

de

them as follows :

Theorem
:Acosz = -sinz , sinz

= 16-
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(HW) Check sinz = cost both m
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· Note : We usedChain Rule
: Assume fiq

exist-

then f(g(z)) = f'(w) q'(z) , w =q(z),-
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