





190 COMPLEX VARIABLES AND APPLICATIONS

Thus

Q) f f2(2) dz = 2mi exp (~ani).
C>
Since f(z) = f,(z) on the ray arg z = ¢, it is also true that

@ [ 5@de+ [ f@de= [ rde- [ pwds

+| fdz+ [ 2@dz+ [ 1@ dz+ [ 1,64z

where T, is the large circular arc and Y« 18 the small circular arc of the simple
closed contour C, (k =1, 2) shown in Fig. 52.

WhenzisonT, (k =1, 29

| /(2)| =

gzt R
= ;
2 ElRR, =
and since the arc I’y is a portion of a circle whose circumference is 27R,

—a

| #@dz| < = 2mr.
Ik — 1
Hence
() lim [ f(z)dz =0 (k=1,2)
R— 00 VI
When z is on y, (k =1, 2),
s e
= < :
REl=E e i
Consequently,
[ £ dz| <L 2z,
43 1 - p
and
(6) lim [ fuz)dz=0 R, 9).
P=0 Yy

It follows from equation (4) and the results obtained in equations (5) and
(6) as well as equations (2) and (3) that

lim (fRfl(x) dx — fsz(x) dx) = 2mi exp (— ami).
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Since
[fwax—[° g
1X) ax —f Fo()dx = e aloex _ o—a(logx+2mi)
P P Jp x + 1 [ - “ldx
~R x4 (1 e
e — e~ 2nai
T Y dx
we thus arrive at the result
: .~R x—a 2 . .
lim - d = L EXp (—am) [Hint: Multiply numerator
R Wil e - -~ *+ and denominator
2 S exXp (=2ami) oy exp(iapi))
That 18,
© 4@
J oy = 0
o x+1 sin ar 0 <a<l.


[Hint:  Multiply numerator
and denominator
 by exp(ia\pi)}]


