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15.2 Area, Moments, and Centers of Mass 1073

From these values of M, M,, and M., we find

’ oM 12y 4 - M,
M T g Ty ad y=gs 176 ~ 5
P

L The centroid is the point ( 1/2,2/5).

17. Find the average height of the paraboloid = = 7+ 2 over the

. . . 2 ,

I Ehercises |8, sketch the region bounded by the given lines and Squared = v = 2,0 =y = 2.
cui s Then express the region’s area as an iterated donble integral 18. Find the average value of f(x,y) = | /(xv) over the square
ar« 2valuate the integral. N2 =y=2m2,In2 = y=2hn2

1. ihe coordinate axes and the linex + y =2

2. thelinesx = 0,y = 2¢ . and v=4

3. Vhe parabola x = ~y* and the line v=x+2 19. Finding center of mass  Find a center of mass of a thin plate of
4. The parabola x = y — 12 and the line y = —y density 8 = 3 bounded by the lines x = 0.v=x and the

‘ T ’ parabola v = 2 — i the first quadrant,

5 “he curve y = ¢* and the lines y=0,x=0,andx = In2 .

. . . . 20. Finding moments of inertia and radii of gyration Find the
0. "ihe curves v = Inyand ¥ = 2lnxand the line y = e, in the first >

moments of inertia and radij of gyration about the coordinate axes

“tuadrant of a thin rectangular plate of constant density § bounded by the

7. The parabolas x = y? and x = A linesx = 3and y = 3 in the first quadrant.
8. “he parabolas x = v? ~ | ang r = 2y =2 21. Finding a centroid Find the centrojd of the region in the first
quadrant bounded by the v-axis, the parabola y* = 2y, and the line
X+ y=4
Th: ) wegrals and sums of integrals in Exercises 0- 14 give the areas of 22. Finding a centroid Find the centroid of the triangular region

reg'cos in the xv-plane. Sketch each region, label each bounding curve

£ ! > - ! cut from the first quadrant by the line 1 + y =3
WIL .15 equation, and give the coordinates of the points where the

. . - . 23. Finding a centroid Find the centroid of the semicircular region
curves intersect. Then find the area of the region. . P =
" 3 i1 bounded by the x-axis and the curve y = V1 — 2
9. ; / dx dy 10. // dy dv 24. Finding a centroid The area of the region in the first quadrant
R S0 S bounded by the parabola y = 6y — 2 and the line v = y is
cFMfeosy IR 5/ : H H
i > 125/6 square units. Find the centroid.
L) N / dv dx 12. / / dax dy N . '
S i -1y 25. Finding a centroid Find the centroid of the region cut from the
JA R first quadrant by the circle ¢* + = et
3./ / vy de + / dv dx e . . - .
Seidoay Jo Joer 26. Finding a centroid Find the centroid of the region between the

9o A v-axis and the arch y = siny. @ = X = o
l4. ; / dvdy + / / dy dx 27. Finding moments of inertia Find the moment of inertia about
I 700 the x-axis of a thin plate of density & = | bounded by the circle
v* + 7 = 4 Then use your result to find 1. and I, for the plate.

L ) . . ; 28. Finding a moment of inertia  Find the momen: of inertia with
15
3 adthe average value of f(v. v) - sin(v + V) over i . . : N
_ respect to the y-axis of a thin sheet of constant density & : |
the rectangle 0 = ¢ - T Uy bounded by the curve Poosintx)/x? and  the interval
the vectangle ) +: y - o 0y ilig)2 T 20X LD 27 of the v-axis,
6. ich do you think will be larger, the average value of 29. The centroid of an infinite region Find the ceniroid ot the
© ) v over the squate 0 v 2T L0 2y st ] o the aver- infinite region in the secong quadrant enclosed by the coordinate
value of f over the quarter circle v + 17 7 | iy the first axes and the curve v o (Use Improper integrals in the miss-
sdrant? Caleulate them to find cut. moinent formulas.)
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30. The first moment of an infinite plate Find the first moment
about the y-axis of a thin plate of density 8(x, y) = 1 covering the
infinite region under the curve y = 72 in the first quadrant.

Variable Density

31. Finding a moment of inertia and radius of gyration Find the
moment of inertia and radius of gyration about the x-axis of a thin
plate bounded by the parabola x = y —y? and the line
x+y=0ifd(x,y) = x + y.

32. Finding mass Find the mass of a thin plate occupying the
smaller region cut from the ellipse x% + 42 = 12 by the
parabola x = 4y2if §(x, y) = 5x.

33. Finding a center of mass Find the center of mass of a thin tri-
angular plate bounded by the y-axis and the lines y = x and
y=2-xifdx,y) = 6x + 3y + 3.

34. Finding a center of mass and moment of inertia Find the
center of mass and moment of inertia about the x-axis of a thin
plate bounded by the curves x = yland x = 2y — y? if the den-
sity at the point (x, y) is 8(x, y=y+1

35. Center of mass, moment of inertia, and radius of gyration
Find the center of mass and the moment of inertia and radius of
gyration about the y-axis of a thin rectangular plate cut from the
first quadrant by the lines x = 6 and y=1if 8(x,y) = x +
y+ 1.

36. Center of mass, moment of inertia, and radius of gyration
Find the center of mass and the moment of inertia and radius of
gyration about the y-axis of a thin plate bounded by the line
y = 1 and the parabola y = x? if the density is 8(x, y)=y+ 1

37. Center of mass, moment of inertia, and radius of gyration
Find the center of mass and the moment of inertia and radius of
gyration about the y-axis of a thin plate bounded by the x-axis, the
lines x = £1, and the parabola y = x? if 8(x, y») =Ty + 1

38. Center of mass, moment of inertia, and radius of gyration
Find the center of mass and the moment of inertia and radius of
gyration about the x-axis of a thin rectangular plate bounded by
the lines x = 0, x = 20,y = -1, and y =1 if 8(x,y) =1+
(x/20).

39. Center of mass, moments of inertia, and radii of gyration
Find the center of mass, the moment of inertia and radii of gyra-
tion about the coordinate axes, and the polar moment of inertia
and radius of gyration of a thin triangular plate bounded by the
linesy =x,y = —x,and y = 1 ifé(x,y) =y + 1.

40. Center of mass, moments of inertia, and radii of gyration
Repeat Exercise 39 for 6(x, y) = 3x2 + .

Theory and Examples

41. Bacterium population If flx, ¥) = (10,000e*)/(1 + |x}/2)
represents the “population density” of a certain bacterium on
the xy-plane, where x and y are measured in centimeters, find
the total population of bacteria within the rectangle
S=x=5and-2=y=<y.

42. Regional population If f(x,y) = 100 (+ 1) re

43.

44,

45,

46.

47.

population density of a planar region on Earth, wh
measured in miles, find the number of people

ere x and y m i
2 in the i(m :
bounded by the curves x = y2and x = 2y = y2, Tegio

Appliance design When we design an appliance, one of the
concerns is how hard the appliance will be to tip over.

tipped, it will right itself as long as its center of mass lies op ﬂ)e
correct side of the filerum, the point on which the appliance i
riding as it tips. Suppose that the profile of an appliance of
proximately constant density is parabolic, [ike an old-fasbiomd’ :
radio. It fills the region 0 < y < a(1 ~ x?), =] < , < l,in‘the“
xy-plane (see accompanying figure). What values of g wij] guar-
antee that the appliance will have to be tipped more than 451
fall over?
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Minimizing a moment of inertia A rectangular plate of con-
stant density 8(x,y) = 1 occupies the region bounded by the
lines x = 4 and y = 2 in the first quadrant. The moment of iner-
tia I, of the rectangle about the line ¥ = a is given by the integral

4 p2
Ia=//(y-a)2dde-
0 JO

Find the value of a that minimizes 1,

Centroid of unbounded region Find the centroid of the infinite
region in the xy-plane bounded by the curves y=1/V1-x}
¥ =—=1/V1 — %% and the lines x = 0,x = 1.

Radius of gyration of slender rod Find the radius of gyration

of a slender rod of constant linear density 8 gm/cm and length L -~ ;
cm with respect to an axis

a. through the rod’s center of mass perpendicular to the rod’s
axis.
b. perpendicular to the rod’s axis at one end of the rod.

(Continuation of Exercise 34.) A thin plate of now constant den-

sity & occupies the region R in the xy-plane bounded by the curves

x=3p%andx = 2y — y2,

a. Constant density Find 8 such that the plate has the same
mass as the plate in Exercise 34.
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b. Average value Compare the value of & found in part (a)
with the average value of 8(x, y) = y + 1overR.




