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15.7  Substitutions in Multiple Integrals
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Xyz-equations for Corresponding uvw-equations Simplified
the boundary of D for the boundary of G uvw-equations
x = yp/2 utv=2vR2=vp u=10
X =(y/2)+ 1 utv=02v2)+ | =y +1 u=1
y=20 2v=0 v=20
yv=4 2v =4 v=2
z=0 3w =190 w=20
z=3 3w=3 w=1
The Jacobian of the transformation, again from Equations (9), is
du dJuv  ow . 0
1
, _ | ey ay| —6
Jl, v, w) = u v awl < 0 2 0f=
0 0 3
du v ow

We now have everything we need to apply Equation (7):

304 pa=(v/2)+1 2x—v Z)
—+ = |dxdydz
A% x=y/2 ( 2 3 Y
1 2 opl
:‘///(ltvLW)IJ(u. v, W) | du dv dw
o Jo Jo
‘12 el 1 r2 u2 ]
= / / / (u + w)(6) dudvdw = 6// [—5 + uw} dv dw
Ja Jo Jo JO Jo 0
g 1 2 1
6/ / (5 + w)zlvdw = 6/ [% + va dw = 6/ (1 + 2w) dw
o Jo Jo 0 0

= 6[w + wz}(l) = 6(2) = 12. e

i

The goal of this section was to introduce you to the ideas involved in coordinate transfor-
mations. A thorough discussion of transformations, the Jacobian, and multivariable substi-
tution is best given in an advanced calculus course after a study of linear algebra.

v = Ix + yof the triangular region with vertices (0, 0),
(1, 1), and (1, —=2) in the xy-plane. Sketch the transformed
region in the uv-plane.

L. .. Solve the system

2. a. Solve the system
u=x-—-y, vs 2y 4oy

VX -

s

- x+ 2y
for x and v in terms of 1 and v. Then find the value of the

Jacobian d(x, v)/alu, v). for x and y in terms of « and v. Then find the value of the

Jacobian d{x, v)/d(u, v).

Find the image under the transtormation i = y - .
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b. Find the image under the transformation v = x + 2y,
v = x — y of the triangular region in the xy-plane bounded
by the lines y = 0,y = x,andx + 2y = 2. Sketch the
transformed region in the yu-plane.

. a. Solve the system

u=3x+ 2, v=x+ 4y
for x and y in terms of u and v. Then find the value of the
Jacobian d(x, y)/d(u, v).

b. Find the image under the transformation
u = 3x + 2y,v = x + 4y of the triangular region in the xy-
plane bounded by the x-axis, the y-axis, and the line
x + v = 1. Sketch the transformed region in the vv-plane.

. a. Solve the system

u =2 — 3y, v=—x+y
for x and v in terms of u and v. Then find the value of the
Jacobian a(x, y)/8(u, v).

b. Find the image under the transformation ¥ = 2x — 3y,
v = —x + y of the parallelogram R in the xy-plane with
boundariesx = —3,x = 0,y = x,and y = x + 1. Sketch
the transformed region in the wv-plane.

Lt

. Evaluate the integral

o=/ +1 2X -y
[
x=1/2

from Example 1 directly by integration with respect to x and y to
confirm that its value is 2.

. Use the transformation in Exercise 1 to evaluate the integral

R

for the region R in the first quadrant bounded by the lines
y=-u+4y=-+Ty=x—2,andy=x+ 1.

. Use the transformation in Exercise 3 to evaluate the integral

/ (3x? + l4xy + 8y*) dx dy

for the region R in the first quadrant bounded by the lines
v=-03/2x+1l,y=-3/2)x+3,y=—(1/4)x, and y =
~(1/4)x + 1.

. Use the transformation and parallelogram R in Exercise 4 to eval-

uate the integral

[/2()( — y)dxdy.
R

9.

10.

11.

12.

13.

14.

15.

16.

17.

Let R be the region in the first quadrant of the xy-planc boungeg
by the hyperbolas xy = 1,xy = 9 and the lines y = v - . 4,
Use the transformation x = /v,y = wv with . > 0 and p = (‘)

to rewrite
// (\/‘ + \/_> dx dy

as an integral over an appropriate region G in the uv-planc. Thep
evaluate the uv-integral over G.

a. Find the Jacobian of the transformation x = w.,y = 1u, and
sketch theregion G: 1 = u = 2,1 = yv = 2inthe vv-plane,

b. Then use Equation (1) to transform the integral

2 2
[z

into an integral over G, and evaluate both integrals.

Polar moment of inertia of an elliptical plate A thin plate of
constant density covers the region bounded by the ellipse
xa* + y*/b% = 1,a > 0,b >0, in the xy-plane. Find the
first moment of the plate about the origin. (Hint: Use the transfor-
mation x = arcosf,y = brsiné.)

The area of an ellipse The area mab of the cllipse
x%/a® + y?/b? = 1 can be found by integrating the function
f(x,y) = 1 over the region bounded by the ellipse in the xy-plane.
Evaluating the integral directly requires a trigonometric substitu-
tion. An easier way to evaluate the integral is to use the transfor-
mation x = au, y = bv and evaluate the transformed integral over
the disk G: u*> + v? = 1 in the uv-plane. Find the area this way.

Use the transformation in Exercise 2 to evaluate the integral

/ / (x + 29)e ™ dx dy

by first writing it as an integral over a region G in the uv-plane.
Use the transformation x = u + (1/2)v,y = v to evaluate the

integral
(+4)/2 N
/ / yH2x = p)e ™ dxdy

by first writing it as an integral over a region G in the uv-plane.
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Find the Jacobian a(x, y)/d(u, v) for the transformation

a. x =wucosv, y=usinv

b. x = usinv, y = ucosv.
Find the Jacobian d(x, v, z)/d(u, v
a. x = ucosv, y=usinv, z=w

b. x=2u—-1, y=3v-4 z=(1/2)(w—4).

Evaluate the appropriate determinant to show that the Jacobian of
the transformation from Cartesian pdd-space to Cartesian )=
space is p* sin @ .

w) of the transformation




