Pl 135 Example 4 shows how to
find the center of mass of a circular arch of
variable density.
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16.1 Line Integrals 1131

Notice that the radius of gyration about the z-axis is the radius of the cylinder around
which the helix winds. o
EXAMPLE 4 Finding an Arch’s Center of Mass

A slender metal arch, denser at the bottom than top, lies along the semicircle
yi+z22=1,z=0in the yz-plane (Figure 16.5). Find the center of the arch’s mass if the
density at the point (x, v, z) on the arch is olx,y,z) =2 — =,

Sotution  We know that ¥ = 0 and ¥ = 0 because the arch lies in the yz-plane with its

mass distributed symmetrically about the z-axis. To find Z, we parametrize the circle as
r(t) = (cost)j + (sin 1)k, 0=¢t=q.

For this parametrization,

2 2 2
V(o] = w/(j—f) + (%) + (—) = VA(0)* + (=sin1)? + (cos#)? = 1.

dt

The formulas in Table 16.1 then give
M= /b‘ds =/(2 —z)ds :/ (2 = sint)(1)dr =27 — 2
¢ c 0

M, = /28 ds = /2(2 — z)ds =/ (sin#)(2 — sins) dt
C c 0

=/ (2sint — sin®f) dr = 8 ; I
0
My,
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With z to the nearest hundredth, the center of mass is (0,0,0.57). "

Match the vector equations in Exercises 1—8 with the graphs (a)—(h)
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() =4+ (1 - Dj,
N =i+ Ak, —lst=1

. r(1) = (2costhi + (2sinr)j,

. r(f) = (2cos )i + (2sint)k,

Chapter 16: Integration in Vector Fields
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0=r=1

0=t=2m

r(t)=n, -l=r=1]
ri)=tri+r+k 0=r=2
() =+ (2 -2k, 0=¢r=1
L= - Dj+ 2k, —l=t=1

O=t=7w

Evaluating Line Integrals over Space Curves

9,

10.

11.

12.

13.

14.

Evaluate /((1 + »)ds where C is the straight-line segment
x=ty={1-1#,z=0,from(0,1,0)to(l,0,0).

Evaluate fc (x =y +z—2)ds where C is the straight-line
segmentx = t,y = (1 — t),z = 1, from (0, I, 1) to (1,0, 1).
Evaluate _/'C(,\'y +y + £)ds along the curve r(r) =2 +
tjt+2-20k0=<r=1.

Evaluate f(, Vx? + v2 ds along the curve r(f) = (4 cos i +
(4sinnj + 3rk, =27 =t = 27,

Find the line integral of f(x,y,z) = x + y + z over the straight-
line segment from (1, 2, 3) to (0, —1, 1).

Find the line integral of f(x,y,z) = \/5/(x2 + 3% + z%) over
thecurver(t) = fi + tj + tk,1 = = o0,

. Integrate fl(x,y,z) = x + \/; — 2% over the path from (0, 0, 0)

to (1, 1, 1) (Figure 16.6a) given by

0=r=1

Ci: r(t) =1t + tzj,
Cy r(t)y=1i+j+ 1k,

0=r=1
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FIGURE 16.6 The paths of integration for Exercises 15 and 16,

16. Integrate f(x,y.z) = x + Vy — z? over the path from (0, 0,0)
to (1, 1, 1) (Figure 16.6b) given by

Ci: r(t) = tk,
Gy or(t) =1j + k,
Gy or(n=ti+j+k,

0=r=1
0=r=1

0=t=1

17. Integrate f(x,y,z) = (x + y + z)/(x2 + p? + z7) over the path
ri=f++tk0<ast=bh

18. Integrate f(x,y,z) = —Vx? + z? over the circle

r(f) = (acost)j + (asint)k, 0=rt=27.

Line Integrals over Plane Curves

In Exercises 19-22, integrate f over the given curve.

19. f(x,y) =x3y, C y=x%2, 0=x=<2

20. f(x,y) = (x +y?)/V1 +x% C y=x%2from(l, 1/2)to
(0,0)

21 f,y) =x+y, C
(2,0)t0(0,2)

22, flx,y) = x% - y, C
(0,2)to (V2, V2)

x? + 32 = 4 in the first quadrant from

x% + y? = 4 in the first quadrant from

Mass and Moments

23. Mass of a wire Find the mass of a wire that lies along the curve
r() = (12— 1)j + 21k, 0 < ¢ = 1, if the density is § = (3/2)t.

24. Center of mass of a curved wire A wire of density
8(x,y,z) = 15Vy + 2 lies along the curve r(r) = (¢£* — 1)j +
2tk, —1 = t = 1. Find its center of mass. Then sketch the curve
and center of mass together.

25. Mass of wire with variable density _Find the mass of a Elﬂﬂ
wire lying along the curve r(7) = Vi + \/Etj + (4 — 1)k
0 =t = 1,ifthe densityis(a) 6 = 3rand(b) 6 = 1.




