1204  Chapter 15: Integration in Vector Fields

The Fundamental Theorem of Calculus,
/ vergence Theorem all say that the integral of the differentia] operator V -
field F over a region equals the sum of
the region. (Here we are interpreting the
integral in the Divergence Theorem as “syms” over the boundary.)

the normal form of Green’s Theorem, and th
Operating
the boun,
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the normal field components over
line integral in Green’s Theorem

; ‘ o ., region.

1 v The intégral of a differential operator actihg on a field ovér a region equals the
: sum of the field components appropriate to the operator over the boundary of the

. : oo .

Calculating Divergence

In Exercises 14, find the divergence of the field.
‘ 3- 1. 'The spin field in Figure 16.14. .

! [ ~2. The ra'djal field i Figure 16.13.

] “3. The gravitational field in Figure 16.9.

4. The velocity field in Figure 16.12,

Using the Divergence Theorem to Calculate
Outward Flux : '
In Exercises 5-16, use the Divergence Theorem. to find
flux of F across the boundary of the region D, - '
S. Cube F = (y— x)i+(z =¥i+ (- xk
1 D: The cube bounded by the planes x = L,y = %1, and
) z=#1 . ‘
6. F =x2%i + »2j + 22
-8 Cube D: The cube cut from the first octant by the planes
i . x=Ly=1,andz=1 . |
’ b. Cube D: The cube bounded by the planes x = +1, |
y=4=l,andz = +]
¢. Cylindrical can D: The region cut from the solid cylinder
2 +y?<4by the planes z = 0 and -
z=1
7. Cylinder and paraboloid F = yi+xj—zk
D: The region inside the solid cylinder x? + y? < 4 between the

plane z = 0 and the paraboloid z = x2 + y? '

the outward

12

'14. Thick sphere 'F = (xi + yj + K)/Vi? + 7 ¢ 2
D: Theregion 1 < x2 +yl+72=<4
1S. Thick sphere F = (5x° + 120%)i + (3 + e”sinz)j +
(52 + €’ cos 2)k
D: The solid region between the spheres x2 + y2 4 z2 = | and
P4y 22 ) _
16. Thick cjlinder F = In (x? + B — (Z 1 2); 4
. cyl y x| x M.

8. Sphere F = x% + xzj + 3.
D: The solid sphere x2 + 2 + ,2 < 4

9. Portion of sphere F = 32 — 2§ + 3xzk .

D: The region cut from the first octant by the sphere x2 + y?
cngt= g

10. Cylindrical can F = (6x2 + 2yl + (2 + x%)j + dxdd)

D: The region cut from the first octant by the cylinder x2 + 32
" "4andtheplane z = 3 ,
11. Wedge 'F = 2xzi — xyj ~ 2%k
~D: The wedge cut from the first octant by the plane y + z =
and the elliptical cylinder 4x2 + 2 = 16
Sphere F = x% + 33 + 2%
D: The solid sphere x? + y2 + ;2 < 42

Thick sphere F = \/x2 4 2 1 ;2 (i +

D: Theregion 1 =< x? + 32 4 ;2 <'5

13. i + 2k)

zVx? + 2k

D: The thick-walled cylinder 1 =< x2 + =2,

~l=z=<2




Properties of Curl and Divergence -
17. div (curl G) is zerg - R
a. Show that if the necessary partial dedvatives of th'e‘ compo-
nents of the field G = A + Nj + Pk aré continuous, then
V-V¥xG=0.- } o
b. What, if anything, can you conclude aboﬁt the flux of the
fieldV X G across a closed surface? Give reasons for your
answer. '

18. Let Fy and F, be differentiable vector fields and lét a and b be
arbitrary real constants; Verify the following identities.

a. V-(aF, + bF,) = av-F; + bV'Fz
b- VX (aFi+ bF)) = aV X Fy + BV X F,
e. Vo(F; X F;) =FVXF - Fi*VXF,.
19. Let F be a differentiableé vector field and let g(x, 3, z) be a differ-
entiable scalar function. Verify the following identities;
a. V~(gF)=gV-F+Vg-F .
b. VX (gF)=gVXF+VgxF

20. If F = Mi + Nj + Pkisa differentiable vector field, we define

the notation F - V to mean

9 9 g
For differentiable vector fields'Fy and F,; verify the following
identities,

a VX (Fi XF) = (F V)F, - (Fi*V)Fy + (V-Fy)F, —

(V'F])Fz . - .

b. V(Fy‘Fz) = (F]'V)Fz + (Fz‘V)F] +F; X (VX F;) +

EX(VxR) 0 0 =

Theory and Examples

21. Let F be a field whose components have continuous first partial
derivatives throughout a portion of space containing a region D
bounded by a smooth closed surface S, If ]Fl =<1, can any
bound be placed on the size <7f ,

// V-Fav?
D B

Give reasons for your answer. )

22. The base of the closed cubelike surface shown here is the unit
square in the xy-plane. The four sides lie in the planes
*=0x=1y=0,andy= 1. The top is an arbitrary smooth
surface whose identity is unkriown. Let F. = =2 + (z + 3I)k
and suppose the outward flux of F through side 4 is 1 and through
side B is —3. Can You conclude anything about the outward flux
through the top? Give reasons for your answer.

16.8 The Divergence Theorem and a Unified Theoy 1205

/ -y SldeB
. Side A ,1,0) |
23. a. Show that the flux of the position vector field F <=
xi + yj + zk outward through a smooth closed surface § is
three times the.volume of the region enclosed by the surface.
b. Let n be the outward unit normal vector field on S. Show that
it is not possible for F to be orthogonal to n at every point of,
(S.‘ BRI ‘,‘ AN N
24. Maximum flux . Among all rectangular solids defined by the
inequalities 0 < x < 40sy=h0=szx<], ﬁnd,._ the one
for which the total flux of F = (=x? = 4xy)j ~ 6yz} + 12zk
outward through the six sides is greatest. What is the greatest
ﬂuX? ’ L) e . " N B i
25. Volume of a solid region Let F = i + ¥j + zk and suppose
that the surface S and region D satisfy the hypotheses ‘of the
Divergence Theorem. Show tht the volume of D is given by the
formula -~ oo C o :

Volume of D =%/]F-nda*. R
( s : ’
26. Flux of a constant field Show: that the outward flux of a
constant vector field F = C across any closed surface to which

the Divergence Theorem applies is zero. o
27. Harmonic functions A function S, y, 2) is said to be hgr-
monic in a region D in space if it satisfies the Laplace equation
‘ Ff P &*F
U AN

E)x_2 ay? az?

Vf=V.Vf=

throughout ;. . : EAE , P
a. Suppose that f is harmonic throughout a bounded region D
enclosed by a smooth surface § and that n is the chosen unit
normal vector on S, Show that the i tegral over S of Vf -, *
+ the derivative of f in the direction of W, is zero: e

b. Show that if f is harmonic on D, then

/s]fomda:[/lVf(’dV. | :,' :

i




