21.6) Suppose f : S1 — Sz and g : S3 — S3 are both continuous. Consider the function go f : S — Ss.
Let U C S3 be open. Since g is continuous, g~!(U) C Sy is open by Theorem 21.3. Since f is continuous,
(g7 (U)) C S is open by another application of Theorem 21.3. Then (go f)~}(U) = f~1(¢~*(U)) by
the definition of composition and inverse. Thus, (g o f)~'(U) C S; is open. Since U was arbitrary, this
holds for all U C S3. Therefore, g o f is continuous by Theorem 21.3.

21.8) Suppose f : S — S* is uniformly continuous and {s,} C S is a Cauchy sequence. Let € > 0 be
given. Since f is uniformly continuous,

36 > 0 such that Vz,y € S with d(z,y) < d = d*(f(z), f(y)) <e. (1)

Since {s,} is Cauchy, for this §

3N such that Vm,n > N = d(sm, sp) < 0.

Then, for this N, we have

Vm,n > N = d(spm, Sn) < 0= d"(f(sm), f(sn)) <,

by (1). Therefore, {f(sn)} is a Cauchy sequence as well.

21.10) (a) Let f:(0,1) — [0,1] be defined as

0 fo<z<j
flx) = 233—% if%gxgg
1 if2<z<l1

(b) Let g : (0,1) — R be defined as g(x) = tan(mz — 7).

(c) Let h: [01] U [2,3] — [0,1] be defined as h(z) = —3a? + 22



31.4) Use the following smooth function at a template

1
ez ifz>0
f(x)_{o ifz <0

where £ (0) =0 Vn € N (See Example 3 in book).

(a) 1
_Jemae ifx>a
Ja(@) = {0 ifr<a
(b) 1
_Je=b ifx<b
folw) = {0 ifz>a
(© 1
h () = e @@= if z € (a,b)
“ 7 o itz ¢ (a,b)
(d)

__1
« % if x € (a,b)
@) = { e e
0 if v & (a,b)

31.6) Fix > 0. Let M be the unique solution to

f@zgﬂ%%u%f.
Define . . .
PO = 10+ 30 E 0 4 MO
for t € [0, z].
() Taking the derivative (using the Product Rule)
+§j< Gt i+ S gy ) - p E 0

T — n—1 T — n—1 T — n—1
=f@—fﬁwﬁ0;ﬂﬂﬂwm+wﬂmfgl=(mfg!wm@—ﬂm

where the sum collapsed because it was telescoping. Then, F' is differentiable on [0, z] with

F/(t) _ (1" — t)n_l

W[f(")(t)—M],

(b) We have



Also, we have

(gt Pl (0) Ma"
F(0) = f(0) + ; P+ M= = kZ:O ot e = ),

by the definition of M. Thus, F(0) = f(z) = F(z), proving the claim.

(c) Since F is differentiable and (thus) continuous on [0, z] along with F(x) = F'(0), by Rolle Theorem,
there exists ¢ € (0,x) such that

(ZL‘ _ C)n—l

(n_ 1)| [f(”)(c) —M] :0<:>f(n)(c) — M,

F'l(c)=0%

proving Taylor’s Error Formula (Theorem 31.3).



